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Abstract 

In this paper we construct the Nonsymmetric Jordan-Thiry Theory unifying 
N.G.T., the Yang-Mills' field, the Higgs' fields and scalar forces in a geometric manner. 
In this way we get masses from higher dimensions. We discuss spontaneous symmetry 
breaking, the Higgs' mechanism and a mass generation in the theory. The scalar field 
^ (as in the classical Jordan-Thiry Theory) is connected to the efi'ective gravitational 
constant. This field is massive and has Yukawa-type behaviour. We discuss the rela- 
tion between M_|_ invariance and U(1)f from G.U.T. within Einstein A-transformation, 
and fermion number conservation. In this way we connect VF^-field from N.G.T. with 
a gauge field Aj^ from G.U.T. We derive the equation of motion for a test particle from 
conservation laws in the hydrodynamic limit. We consider a truncation procedure for a 
tower of massive pk (or ^k) scalar fields using Friedrichs' theory and an approximation 
procedure for the lagrangian involving Higgs' field up to the second order with respect 
to hi^ i, = g^^jj — rj^^^j and C^~^- The geodetic equations on the Jordan-Thiry manifold 
are considered with an emphasis to terms involving Higgs' field. We consider also field 
equations in linear approximation and an infiuence of electromagnetic and VF^ fields 
on field equations. 

We consider a dynamics of Higgs' field in the framework of cosmological models 
involving the scalar field W. The field ^ plays here a role of a quintessence field. We 
consider phase transition in cosmological models of the second and the first order. Due 
to a tower of massive scalar fields derived from the theory we are able to get a 



warp factor known from some modern approaches. Using a warp factor we build a 
time-machine in the theory. 

We consider a mass of a quintessence particle, various properties of a quintessence 
field. We calculate a speed of sound in a quintessence and fluctuations of a quintessence 
caused by primordial metric fluctuations. 
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Introduction 



In this work wc develop a unification of the Nonsymmetric Gravitational Theory 
and gauge fields (Yang-Mills' fields) including spontaneous symmetry breaking and 
the Higgs' mechanism with scalar forces connected to the gravitational constant and 
cosmological terms appearing as the so-called quintessence. The theory is geometric 
and unifies tensor-scalar gravity with massive gauge theory using a multidimensional 
manifold in a Jordan-Thiry manner (see Refs. [1-70]). We use a nonsymmetric version 
of this theory (sec [23], [24], [25], [26], [27]). The general scheme is the following. We 
introduce the principal fibre bundle over the base V — E x G/Gq with the structural 
group H, where £■ is a space-time, G is a compact semisimple Lie group. Go is its 
compact subgroup and H is a semisimple compact group. The manifold M = G/Gq 
has an interpretation as a "vacuum states manifold" if G is broken to Gq (classical 
vacuum states). We define on the space-time i?, the nonsymmetric tensor gct/3 from 
N.G.T., which is equivalent to the existence of two geometrical objects 



the symmetric tensor g and the 2-form g. Simultaneously we introduce on E two 



where is the dimensionless constant, in a geometric way. Thus we really have the 
nonsymmetric metric tensor on or V = E x G/Gq. 



r is a parameter which characterizes the size of the manifold M = G/Gq. Now on the 
principal bundle P we define the connection a;, which is the 1-form with values in the 
Lie algebra of H. 

After this we introduce the nonsymmetric metric on P right-invariant with respect 
to the action of the group H, introducing scalar field p in a Jordan-Thiry manner 
(see Ref [18]). The only difference is that now our base space has more dimensions 
than four. It is (ni -|- 4)-dimensional, where ni = dim(M) = dim(G) — dim(Go). In 
other words, we combine the nonsymmetric tensor 7ab on V with the right-invariant 
nonsymmetric tensor on the group H using the connection uj and the scalar field p. 



9 = 9[af3]d" A 9^ 



connections from N.G.T. Wfj^ and Pjs^- On the homogeneous space M we define the 
nonsymmetric metric tensor 



9~ai = + Ckl, 
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We suppose that the factor p depends on a space-time point only. This condition can 
be abandoned and we consider a more general case where p = p{x, y), x E E, y E M 
resulting in a tower of massive scalar field Pk,k = 1,2... . This is really the Jordan- 
Thiry theory in the nonsymmetric version but with (ni + 4)-dimensional "space-time". 
After this we act in the classical manner as in Refs. [1], [18], [22], [23], [24], [26], 
[27]. We introduce the linear connection which is compatible with this nonsymmetric 

metric. This connection is the multidimensional analogue of the connection F^^ on the 
space-time E. Simultaneously we introduce the second connection W. The connection 
W is the multidimensional analogue of the VF-connection from N.G.T. and Einstein's 
Unified Field Theory. It is the same as the connection from Refs. [23], [24]. Now 
we calculate the Moffat-Ricci curvature scalar R{W) for the connection W and we 
get the following result. R{W) is equal to the sum of the Moffat-Ricci curvature 
on the space-time E (the gravitational lagrangian in Moffat's theory of gravitation), 
plus {rii + 4) -dimensional lagrangian for the Yang-Mills' field from the Nonsymmetric 
Kaluza-Klein Theory plus the Moffat-Ricci curvature scalar on the homogeneous space 
G/Gq and the Moffat-Ricci curvature scalar on the group H plus the lagrangian for the 
scalar field p. The only difference is that our Yang-Mills' field is defined on (ni -|- 4)- 
dimensional "space-time" and the existence of the Moffat-Ricci curvature scalar of the 
connection on the homogeneous space G/Gq. All of these terms (including R(W)) are 
multiplied by some factors depending on the scalar field p. 

This lagrangian depends on the point of V ~ E x G/Gq i.e. on the point of the 
space-time E and on the point of M = G/Gq. The curvature scalar on G/Gq also 
depends on the point of M. 

We now go to the group structure of our theory. We assume G invariancc of the 
connection iv on the principal fibre bundle P, the so called Wang-condition (see Refs. 
[59], [71]-[76]). According to the Wang-theorem and the Ref. [72] the connection 
u> decomposes into the connection on the principal bundle Q over space-time E 
with structural group G and the multiplet of scalar fields <P. Due to this decompo- 
sition the multidimensional Yang-Mills' lagrangian decomposes into: a 4-dimensional 
Yang-Mills' lagrangian with the gauge group G from the Nonsymmetric Kaluza-Klein 
Theory, plus a polynomial of 4th order with respect to the fields ^, plus a term which 
is quadratic with respect to the gauge derivative of ^ (the gauge derivative with re- 
spect to the connection cDe on a space-time E) plus a new term which is of 2nd order 
in the and is linear with respect to the Yang-Mills' field strength. After this we 
perform the dimensional reduction procedure for the Moffat-Ricci scalar curvature on 
the manifold P. We average R{W) with respect to the homogeneous space M = G/Gq 
as in Refs. [73], [74], [75]. In this way we get the lagrangian of our theory. It is the 
sum of the Moffat-Ricci curvature scalar on E (gravitational lagrangian) plus a Yang- 
Mills' lagrangian with gauge group G from the Nonsymmetric Kaluza-Klein Theory 
(see [23]), plus a kinetic term for the scalar field plus a potential V{$) which is of 4th 
order with respect to ^, plus £int which describes a nonminimal interaction between 
the scalar field $ and the Yang-Mills' field, plus cosmological terms, plus lagrangian 
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for scalar field p. All of these terms (including R{W)) are multiplied of course by some 
factors depending on the scalar field p. We redefine tensor g^^j^ and p (as in [18], [19], 
[50]) and pass from scalar field pioW 

p = e 

After this we get lagrangian which is the sum of gravitational lagrangian, Yang-Mills' 
lagrangian, Higgs' field lagrangian, interaction term >Cint and lagrangian for scalar field 
^ plus cosmological terms. These terms depend now on the scalar field ^. In this 
way we have in our theory a multiplet of scalar fields (iF, . As in the Nonsymmetric- 
Nonabelian Kaluza-Klein Theory we get a polarization tensor of the Yang-Mills' field 
induced by the skewsymmetric part of the metric on the space-time and on the group 

G. We get an additional term in the Yang-Mills' lagrangian induced by the skewsym- 
metric part of the metric (see Ref. [23]). We get also >Cint, which is absent in the 
dimensional reduction procedure known up to now (see [73]-[76], [77]-[80]). Simul- 
taneously, our potential for the scalar — Higgs' field really differs from the analogous 
potential from Refs. [73]-[80]. Due to the skewsymmetric part of the metric on G/Gq 
and on H it has a more complicated structure. This structure offers two kinds of crit- 
ical points for the minimum of this potential: (^^^.^ and ^J^t- The first is known in the 
classical, symmetric dimensional reduction procedure (see [73], [80]) and corresponds 
to the trivial Higgs' field ("pure gauge"). This is the "true" vacuum state of the theory. 
The second, ^crt» corresponds to a more complex configuration. This is only a local 
(no absolute) minimum of V. It is a "false" vacuum. The Higgs' field is not a "pure" 
gauge here. In the first case the unbroken group is always Go- In the second case, it is 
in general different and strongly depends on the details of the theory: groups Gq, G, 

H, tensors £ab, Qal the constants C- 1^ results in a different spectrum of mass 
for intermediate bosons. However, the scale of the mass is the same and it is fixed 
by a constant r ("radius" of the manifold M = G/Gq). In the first case V{^'^^^) = 0, 
in the second case it is, in general, not zero V{$lj.^^) ^ 0. Thus, in the first case, the 
cosmological constant is a sum of the scalar curvature on H and G/Gq, and in the 
second case, we should add the value V{$1^^). We proved that using the constant ^ 
we are able in some cases to make the cosmological constant as small as we want (it 
is almost zero, from the observational data point of view). Here we can perform the 
same procedure for the second term in the cosmological constant using the constant C. 
In the first case we are able to make the cosmological constant sufficiently small but 
this is not possible in general for the second case. 

The transition from "false" to "true" vacuum occurs as a second order phase tran- 
sition (sec [81]-[85]). We discuss this transition in context of the first order phase 
transition in models of the Universe (see [81]-[85]). In this paper the interesting point 
is that there exists an effective scale of masses, which depends on the scalar field ^. 

Using Palatini variational principle we get an equation for fields in our theory. We 
find a gravitational equation from N.G.T. with Yang-Mills', Higgs' and scalar sources 
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(for scalar field ^) with cosmological terms. This gives us an interpretation of the 
scalar field ^ as an effective gravitational constant 

We get an equation for this scalar field ^. Simultaneously we get equations for Yang- 
Mills' and Higgs' field. We also discuss the change of the effective scale of mass, meff 
with a relation to the change of the gravitational constant Geff- 

In the "true" vacuum case we get that the scalar field W is massive and has Yukawa- 
type behaviour. In this way the weak equivalence principle is satisfied. In the "false" 
vacuum case the situation is more complex. It seems that there are possible some scalar 
forces with infinite range. Thus the two worlds constructed over the "true" vacuum and 
the "false" vacuum seem to be completely different: with different unbroken groups, 
different mass spectrum for the broken gauge and Higgs' bosons, different cosmological 
constants and with different behaviour for the scalar field ^. The last point means that 
in the "false" vacuum case the weak equivalence principle could be violated and the 
gravitational constant (Newton's constant) would increase in distance between bodies. 

We discuss in the paper M_|_ and U(1)f invariance in a continuation of our consider- 
ation from Refs. [26], [27]. We develop the first possibility from Section 8 of Ref. [26]. 
In this way we decide that U(1)f invariance from G.U.T. is a local invariance. Due to 
a geometrical construction we are able to identify from Moffat's theory of gravita- 
tion with the four-potential corresponding to the U(1)f group (internal rotations 
connected to fcrmion charge). In this way, the fcrmion number is conserved and plays 
the role of the second gravitational charge. Due to the Higgs' mechanism Aj^ is mas- 
sive and its strength, H^^, is of short range with Yukawa- type behaviour. This has 
important consequences. The Lorentz-like force term (or Coriolis-like force term) in 
the equation of motion for a test particle is of short range with Yukawa-type behaviour. 
The range of this force is smaller than the range of the weak interactions. Thus it is 
negligible in the equation of motion for a test particle. We discuss the possibility of 
the cosmological origin of the mass of the scalar field ^ and geodetic equations on 
P. We consider an infinite tower of scalar fields ^k{x) coming from the expansion of 
the field ^{x,y) on the manifold M = G/Gq into harmonics of the Beltrami-Laplace 
operator. Due to Friedrichs' theory we can diagonalize an infinite matrix of masses 
for transforming them into new fields ^l.. The truncation procedure means here to 
take a zero mass mode and equal it to ^ from the preceding section. 

We discuss here cosmological models involving field ^ which plays a role of a 
quintessence field. We find infiationary models of the Universe and we discuss a dynam- 
ics of the Higgs field. Higgs' field dynamics undergoes a second order phase transition 
which causes a phase transition in an evolution of the Universe. This ends an inflation- 
ary epoch and changes an evolution of the field ^. Afterwards we consider the field ^ 
as a quintessence field building some cosmological models with a quintessence and even 
with a K-essence. A dynamics of a Higgs field in several approximations gives us an 
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amount of an inflation. We consider also a fluctuation spectrum of a primordial fluc- 
tuations caused by a Higgs field and a speed up factor of an evolution. We speculate 
on a future of the Universe based on our simple model with a special behaviour of a 
quintessence. 

We consider a possibility to take seriously additional dimensions in our theory in 
a framework similar to a Randall-Sundrum scenario. In our theory the additional 
dimensions connecting to the manifold M (a vacuum manifold) could be considered in 
such a way. They are not directly observable because the size of the manifold is very 
small. In order to see them it is necessary to excite massive modes of the scalar field 
(a tower of these fields). We find an interesting toy model (a 5-dimensional model) 
which can describe a possibility to travel with speed higher than the speed of light 
using the fifth dimension. This dimension has nothing to do with the fifth dimension 
in Kaluza-Klein theory. We do some analysis on an energy to excite a scalar field ^ 
to get this special solution to the theory. We also discuss some quantitative relations 
involving traveling signals in the model via the fifth dimension. We consider the various 
possibilities to excite a warp factor due to fluctuations of a tower of scalar flelds finding 
a density of an excitation energy. Eventually we find a zero energy (or almost zero) 
condition for such an excitation. 

We also develop the approximation procedure for the lagrangian involving the 
Higgs' field up to the second order of expansion with respect to h^jy = g^y — rj^jy 

gauge ~ 

and C- We find V{$), C{ V Ant (-4,^) up to this order. 

The paper is organized as follows. In section 1 we introduce the notation and the 
definitions of geometrical quantities which we use throughout this part. In sec. 2 we de- 
fine nonsymmetric tensor on a group Lie. The third section deals with a nonsymmetric 
metrization of the fibre bundle. We define the skewsymmetric tensor on M = G/Gq and 
examine its properties in the fourth section. Section 5 is devoted to the Nonsymmetric 
Jordan-Thiry Theory over the manifold V — E x G/Gq. We introduce the connections 
(jj-^B and W^B which are analogues of the connections W p and uJ'^ p from N.G.T. 
We calculate Moffat-Ricci curvature scalar for W^b and the density for this scalar. 
In section 6 we perform the dimensional reduction procedure for R{W) using results 
from section 5. We find the integral of action in our theory and the lagrangian. In 
section 7 we perform a conformal transformation for the nonsymmetric tensor g^^, and 
a transformation for the scalar field p. We pass from p to ^. In section 8 we discuss 
symmetry breaking in our theory with two kinds of critical points corresponding to two 
minimas, to the "true" and "false" vacuums. We deal also with the Higgs' mechanism, 
mass generation in the theory and the scale of mass for intermediate bosons. We also 
discuss a problem of cosmological terms and phase transition in the models of Universe 
based on our theory. We consider a possibility of nontrivial gauge configurations in 
our theory with topological magnetic charges (monopoles) . Section 9 is devoted to the 
Palatini variational principle and field equations. We find the interpretation of the 
scalar field i?' as a gravitational "constant" . In section 10 we discuss the properties of 
the scalar field We prove that this field is massive. We discuss also cosmological 
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drifting of the effective scale of masses for the intermediate bosons. In section 11 we 
discuss M_|_ and U(1)f invariance. In section 12 we discuss the geometrical construc- 
tion which allows us to identify with the four-potential connected to U(1)f 
(fermion number subgroup of G). In section 13 we derive equation of motion for a 
test particle from conservation laws in the hydrodynamic limit. Section 14 is devoted 
to the problem of a cosmological origin of the mass of a scalar field ^ (or p). We 
consider here cosmological models with a quintessence and a dynamics of Higgs' field 
with phase transitions. Section 15 deals with geodetic equations on P and geodetic 
equation deviation. In Sec. 16 we consider a tower of scalar fields coming from the 
factor p depending on a point of M = G/Gq. We consider here a toy model with a 
warp factor and we find a zero energy condition to excite the factor using a tower of 
scalar fields and (ni-|-4)-dimensional equations for cosmological solutions. Wc consider 
a possibility to use a warp factor in order to send an effective superluminal signal and 
to create a time machine. Section 17 is devoted to the approximation procedure for 
the lagrangian involving Higgs' field and geodetic equations on the manifold P. We 
consider also linear approximation of full field equations and an infiuence of VF^-field 
and electromagnetic field on field equations. 

Section 18 is devoted to examination of cosmological consequences of our theory. 
We calculate spectral functions of primordial fiuctuations and masses of quintessence 
particles in both de Sitter phases of an evolution of the Universe. In Section 19 we 
consider properties of a quintessence. We calculate a mass of a quintessence particle of 
order 10~^ eV, a speed of sound for a quintessence and various solutions of quintessence 
field equation. We consider also primordial fiuctuations of a quintessence field. 
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1. Elements of Geometry 



In this section we introduce notations and define geometric quantities used in the 
paper. We use a smooth principal fibre bundle P, which includes in its definition the 
following list of differentiable manifolds and smooth maps: 

a total (bundle) space P 

a base space E; in our case it is a space time (or E x G/Gq as in sec. 4) 
a projection % : P ^ E 

a map $ : P x G ^ P defining the action of G on P; if a,b E G and e E G is the 
unit element then <?(a) o $(b) = ^(ba) and ^(e) = id and <5(a)p = <5(p, a) = RaP = pa, 
moreover tt o <?(a) = tt. a; is a 1-form of a connection on P with values in the Lie 
algebra of the group G. 

Let <?'(a) be the tangent map to <P{a) whereas <P*{a) is contragradient to <?(a) at 
the point a. The form a; is a form of Ad- type i.e.: 

<?*(aV = Ada_ia;, (1.1) 

where Ad^ G GL(0) is the tangent map to the internal automorphism of the group G 
(i.e. it is an adjoint representation of a group G) 

ada(6) = aba~^. 

Due to the form u) we can introduce the distribution field of linear elements Hj., r E P, 
where Hr C Tr (P) is a subspace of the space tangent to P at a point r and 

V eHr^ u}{v) = 0. (1.2) 

We have 

Tr{P)^Vr®Hr, (1.3) 

where is called a subspace of horizontal vectors and of vertical vectors. For 
vertical vectors v E Vr we have n'{v) = 0. 

This means that v is tangent to fibres. Let us define 

V = hor(v) + ver(v), hor(i;) G Hj., ver(t)) e V^. (1.4) 

It is well known that the distribution Hr is equivalent to a choice of the connection to. 
We can reproduce the connection form uj demanding that 7t'\h^ Hr ^ T^(^r){E) is a 
vector space isomorphism {dim Hr = dim£' = 4), H^(^r,g) = ^'{9)Hr, {T-n-{r){E) is a 
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tangent space to space-time £■ at a point 7r(r)). We use the operation "hor" for forms, 
i.e.: 

(hor/?)(X,y) = /?(horX,hory), (1.5) 
where X^Y e Tr{P). The 2-form of curvature of the connection ui is: 

f2 = hor du). (1.6) 
It is also a form of Ad-type hke cj. Q obeys the structural Cartan's equation 

Q = duj -\- -[uj^uj], (1-7) 

where 

[cc;,c^](X,y) = [c^(X),c^(y)]. 

Bianchi's identity for lo is: 

hor dQ = 0. (1.8) 

For the principal fibre bundle we use the following convenient scheme (Fig. lA). The 

map e : U ^ P, U <Z E {U open), so that e o tt = id[/ is called a local section. From 
the physical point of view it means choosing the gauge. Thus 

e*uj = e*{u-Xa)=AirXa = A, 
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Further we introduce a notation 



= Ar, (1.10) 



where 01^ = 7r*{e^) and 



Xa-i (a = 1, 2 . . . dimG = n) are generators of the Lie algebra g of the group G and 

[Xa, Xb\ = C^abXc- 

Analogically we can introduce a second local section f : U ^ P, and corresponding 
to it A = f*u), F — f*f2. For every x & U <Z E there is an element g{x) G G such 
that f{x) = e{x)g{x) = Rg(^x)^{^) = ^{^{^): 9{^))- Due to Eq. (1.1) and an analogical 
formula for Q one gets A = Ad^-i A + g~^dg and F = Adg-i F. These formulae give 
a geometrical meaning of gauge transformation. 

In this paper we use also a linear connection on manifolds P and E using the 
formalism of differential forms. So the basic quantity is a 1-form of a connection 
w^B-This is an i?- valued (coefficient) connection form and it is referred to the principal 
fibre bundle of frames with P or i? as a base. The 2-form of curvature is the following 

n^B = dw^B+uJ^c/\i^^B (1-11) 

and the 2-form of torsion 

6»A = De^, (1.12) 

where 9^ are basic forms, D means the exterior covariant derivative with respect to 
u-^B- The following relations define the interrelation between our symbols and generally 
used ones 

e^ = ^Q\c0^Ae'', (1.13) 

Where P^bc are coefficients of the connection (they do not have to be symmetric in 
indices B and C), -R^bcd is a tensor of curvature and Q^bc is a tensor of torsion. 
Covariant exterior differentiation with respect to cj^b is given by the formula 

DS\ = dE\ + u^c A ^^B - oj^B A ^^c- ^^'^^^ 
The forms of curvature O^b and torsion obey Bianchi's identities 

DQ^B = 0, 

^ \ ^ (1-15) 
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In the paper we use also Einstein's + and — differentiations for the nonsymmetric 
metric tensor ^ab- 

D^A+B- = i^^AB - 9AdQ^BcO^, (1.16) 

where D is the covariant exterior derivative with respect to oj^b and Q^bc is the 
tensor of torsion for oj^b- In a homolonomic system of coordinates we easily get: 

Dqa+B- = fi'A+B-;C^*~^ — [fi'AB,C " fi'DB-^^AC " ^'AD-^^Cb]^^- (1-17) 

All quantities introduced in this section and their precise definitions can be found in 
Refs. [51], [59], [60], [61]. 

Finally let us connect a general formalism of the principal fibre bundle with a 
formalism of a linear connection on E or P. 

Let M be a m-dimensional pseudo-Riemannian manifold with metric g of arbitrary 
signature. Let T{M) be the tangent bundle and 0{M,g) the principal fibre bundle 
of frames (orthonormal frames) over M. The structure group of 0{M, g) is the group 
Gl(m,M) or the subgroup of Gl(m, M), 0{m — p,p) which leaves the metric invariant. 
Let n be the projection of 0(M, ^r) onto M. Let X be a tangent vector at a point x in 
0{M,g). The canonical or soldering form 9 is an i?"^- valued form on 0{M,g) whose 
^th component 6^ at a; of X is the ^th component of 11' {X) in the frame x. The 
connection form u = a;^B^^A is a 1-form on 0{M, g) which takes its values in the Lie 
algebra gl(m, M) of Gl(m, M) or in o{m—p,p) of 0{m—p,p) and satisfies the structure 
equations 

du + ^[u,uj] = f2 = l{oT doj, (1-18) 

where Hor is understood in the sense of lu and (2 = H-^-qX^a is a gl(m, M)(o(m— p)) 
valued 2-form of the curvature. We can write Eq (1.18) using i?^"* valued forms and 
commutation relations of the Lie algebra gl(m, ]R)(o(m, m — p)) 

= d^^B + ^^C A UJ^B- (1-19) 

Taking any local section of 0{M, g) e, one can get forms of coefficients of the connection, 
torsion, curvature, basic forms 





— <^ B, 


e*f2\ 






= e\ 







(1.20) 



The forms of the right-hand side of the Eq. (1.20) are the forms defined in Eq. (1.11), 
(1.12), (1.13), (1.14) etc. We call this formalism a linear (affine, metric, Riemannian, 
Einstein) connection on M. 
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E 



Gl(n,M) 



P' 



\ 

W 
\\ 



Gl(4, 



Fig. IB. Principal fibre bundles P, P', P" and P'" , 
P'" is principal fibre bundle of frames over G. 



In our theory it is necessary to consider at least four principal fibre bundles. A 
principal fibre bundle P over E with, a structural group G (a gauge group), connection 
u and horizontality operator "hor" , a principal fibre bundle P' of frames over [E, g) 
with the connection cD^/jX^q, = W, a structural group Gl(4, ]R)(0(1, 3)) an operator of 
horizontality "hor" , a principal fibre bundle P" of frames over (P, 7) (a metrized fibre 
bundle P) with a structural group Gl(4+n, R)(0(n+3, 1)), a connection uj^-q^^a = 
and an operator of horizontality "hor" and a principal fibre bundle of frames P'" over 
G with a projection 77'", operator of horizontality (hor)"', a connection u and the 
structural group Gl(n, M). Moreover in order to simplify considerations we are using 
in the work the formalism of linear connection coefficients on manifolds {E, g), (P, 7) 
and a principal fibre bundle formalism for P i.e. (a principal fibre bundle over E with 
the structural group G a gauge group). In the meaning of the author of this work this 
is a way to make the formalism more natural and readable (see Fig. IB). 
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2. The Nonsymmetric Tensor on a Lie Group 



Let G be a Lie group and let us define on G a tensor field h = habv'^ <8) and a 
field of a 2-form k — kabv"' A v^, where 

dv'' = -^C\yAv'', (2.1) 

v"' is a usual left-invariant frame on G, C^bc are structure constants. Let Xa be 
generators of a Lie algebra G — Q, Xa are left-invariant vector fields on G and they are 
dual to the forms v". 

[Xa, Xb] = C^abXc- (2.2) 

Using h and k we construct a tensor field on G 

Lb = hab + l^kab, (2.3) 

where |U is a real number. Let us remind that the left-invariant vector fields on G are 
infinitesimal transformations of a right action of G on G. The symbol Kdaig) means 
a matrix of the adjoint representation of the group G. Shortly we denote it Ad^r. 
i?-means a right action of the group G on G, L, a left action {R{g)i L{g), g e G). 
We are looking for the following h and k 

R*ig)h = h, (2.4) 

R*{g)k = k, (2.5) 

or in terms of the tensor £ab 

R*{g)i^t (2.6) 

The condition (2.5) can be rewritten 

{R*{g))kg,{Xg,,Yg,) = k,,g{XgJ,YgJ) = kg,{Xg„Yg,), (2.5a) 
where g, gi e G. 

Moreover X, Y are left-invariant vector fields on G. Thus Xg = Xg, = X, Yg = 
Ye = Y and 

{R*{g))kg,{X,Y) = kg,g{Xg',Yg') = kg,{X,Y), (2.5b) 

where e G G, is a unit clement of G. 

In order to find h and k satisfying (2.4) and (2.5) we define a linear connection on 
G such that 

5% = -C^bav". (2.7) 
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Let the covariant difFerentiation with respect to a}"^ be Vc and an exterior covariant 
differentiation D. It is easy to see that this connection is flat 

d^'b = doj^b + oj^c ^OJ\ = Q (2.8) 

with non-zero torsion 

0« = Dv" = dv" + u^b Av^ = \c''bcv^ A v'' (2.8a) 
and with a tensor of torsion 

Q"'hc = C°'hc- (2-9) 

This connection is also metric. It means that the Kilhng-Cartan tensor on the 
group G is absolutely parallel with respect to Q°'b- A parallel transport according to 
this connection is a right action of the group G on G. 

One can easily find that (2.4), (2.5), (2.6) are equivalent to the condition 

Vc4b = 0. (2.10) 

Thus in order to find h and k we should solve the Eqs. (2.10) on the group G. The 
tensor iah satisfies an equation equivalent to (2.10) 

Xf^cd + ^ndQ + 4nQ = 0. (2.11) 

It is easy to see that a bi- invariant tensor h on G satisfies (2.11) identically (for 
example a Killing-Cartan tensor). 
Thus one gets for a tensor kab 

Vckab = X.kab + /CnbCc + KnC^c = 0- (2.12) 

It is easy to see that if kab satisfies (2.12) b ■ kab satisfies this condition as well for 
b = const. 

In the case of an abelian group k is bi-invariant on G. 

The interesting case in our theory is a semisimple group G. In this case kab can 
not be bi-invariant. The only bi-invariant 2-form on the semisimple Lie group G is a 
zero form. Moreover the Eq. (2.12) has always a solution on a semisimple group and 
k is right-invariant. Moreover we suppose that the symmetric part of £ is bi-invariant 
(left and right-invariant) and k only right- invariant. 

We can also define A; in a special way 

k{A,B) = h{[A,BiV), A = A''Xa,B = B''Xa, (2.13) 

where 

^cVd = 0, (2.14) 

V = Vd® is a covector field on G (it is right-invariant) and h is a Killing-Cartan 
tensor on G. 
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In order to be more familiar with the notion of a tensor k we find it for the group 
SO (3). In this case we have left-invariant vector fields 

ei = cosip— — smipl cost' — 



89 \ d(j) sin 6 d(j) 

62 = sinV^- + cosV^(^cot^- - ^-j, (2.15) 
d 

such that 

[ca, efo] = -ffabcCc; a,b,c= 1, 2, 3, (2.16) 
9, (f), i/j are Euler angles — usual parametrization of SO (3) 

< ^ < TT, 

< V < 27r, (2.17) 
< < 27r 

and £i23 = 1 and Sabc is a Levi-Civita symbol (see [62]) 
In this case one can easily integrate (2.14) and finds 

Vi {9, (f), il^) — a(cos (j) cos -i/; — cos 9 sin (j) sin + h sin sin 9 

— c(sin (/) cos V' + cos 9 cos (j) sin ?/') , 
^2(6*, V') = a(sin'0 cos (j) + cos 6* cos V' sin (/>) — 6cos';/'sin 6* (2-18) 

+ c(cos 9 cos ^ cos 'i/' — sin (/> sin •0) , 
V3 (6*, (/), '0) = a sin (p sin 6* + 6 cos 9 + c sin (/> sin 6*, a,b,c— const . 

In a simpler case a = c = 0, 6 7^ 0, one gets: 

Vi = 6 sin ^ sin '0, 

F2 = -fcsin^cosV', (2.19) 
Vs = b cos ^, 6 = const . 

For 



kab — ^abcVc 
14 



(2.20) 



we get 

Kb = (2.21) 

/ (a sin -i/; sin 6 + b cos S+ — [a(sin i/; cos + cos 6 cos -0 sin 0)+ \ 

+csin<^sin0) — b cos sin 

+c(cos 9 cos (f> cos -0 — sin (f> sin 

— (a sin sin 6 -\- b cos 0+ [a(cK0 cos -0 — cos f?sin0sin'i/') + 

+csin<^sin^) +bsini/'sin6 + 

— c(sin </> cos V' + cos 6 cos </> sin i/;)] 

a(sin ijj cos + cos cos i/" sin (j>)-\- — [a(cos (j) cos -0 — cos ^ sin sin ^)+ 

— 6 cos sin 6+ +bsinV'sin9+ 

\ +c(cos 6 cos (j> cos — sin cj> sin 0) — c(sin cos ip + cos S cos (f> sin i/))] 

In a simpler case for a = c = 0, 6 7^ one gets: 

(0 , 6 cos 6* , — 6sin6'cos?/'\ 

-6cos^ , , 6 sin 6* cos V' (2.22) 

6 sin 6* cos '0 , — 6 sin 6* sin •0 , J 

Thus if we choose for h a KiUing-Cartan tensor on SO (3) (this is a unique bi- invariant 
tensor on SO (3) modulo constant factor) 

hab = -'^Sab (2.23) 

we easily get: 



f //(a sin t/j sin ^ + /3 cos ^+ — yL([a(sin -0 cos + cos ^ cos i/? sin 0)+ ^ 

— 2 +7 sin sin 9) —/3 cos i/" sin 9+ 

+7(cos 6 cos cos tp — sin sin ■0)] 



/i[a(cos cos — cos ^ sin sin -0) + 

+/3 sin tp sin 9+ 
— 7(sin cos Ip + cos 9 cos sin 



(u(sin Ip cos + cos cos tp sin 0)+ — /i[a(cos cos ip — cos 6 sin sin 
— /3cos V' sin 0+ +/3 sin sin 0+ 

y +7(cos 9 cos cos V' — sin sin ^/)) — c(sin cos V' + cos 9 cos sin ^/))] 



a ^ b 



(2.24) 



where = ?7Vc? + 6^ + c^, ry^ = 1, a = — , /9 = — , 7 = — . 

/U 

In a simpler case i.e. for a = c = 0, 6 one gets (absorbing /? by //): 

(—2 , iicosd , — iJ, sin 9 cos ip 

—//cos 6' , —2 , //sin^cosV' | (2.24a) 

lis'mO cosip , — //sin^sini/; , —2 



For an inverse tensor i"'^ such that 

rtabrt _ nba, 



5l (2.25) 
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we have 



r - (2.26) 



where A = det{£ab) = — 2(4 + //^) zA"^ is a factor matrix and 

A^^ = 4 + //^ sin^6'sin^ V> 

= - (2// cos ^ + //^ sin^ 9 sin V' cos ip) , 
Zl''^^ = (//^ cos d sin ^ sin t/; — 2/i sin 9 cos i/^), 
/A^^ = {2/1 cos ^ - //^ sin^ 6 sin V' cos V') , 

Z\22 = (4 + /x^ sin^ ^ cos^ V), (2.27) 
= — {2/j, sin ^ sin t/; + //^ cos 6 sin ^ cos ip) , 

/A^-*^ = (//^ cos 9 sin ^ sin + 2// sin 9 cos V'), 

Z\^2 = (2/x sin ^ sin t/; — /i^ cos 9 sin ^ cos ip), 
= (4 + //2cos2^), 

In the case of S0(3) Eq. (2.21) is the most general tensor satisfying (2.5) except a 
constant factor in front. Thus this tensor is unique for S0(3) modulo a constant factor. 

In the case of any SO(n) one can find k and £ similarly using Euler angles param- 
etrization and so for classical groups SU(n), Sp(2n), G2, F4, Eq, E-j, Eg. In the case 
of solvable and nilpotent groups we can also try to find a bi-invariant skew-symmetric 
tensors. 

Finally we suggest a general form of the tensor kab on a semi-simple group G i.e. 
such that Eq. (2.4) is satisfied. The solution of the Eq. (2.10) and (2.12) are as follows 

Lb{e')=L'b'{s){e'''''Taie^'''lb 

and 

kab{en = ka'b'{e){e'''''Taie'''''% 

One writes 

kabig) = fa'b'U'^'aigp^'big), geG, (2.28) 

where U{g) = Adoig) adjoint representation of the group G. It is easy to see 
that for (2.28) we have 

^ckab = 0, (2.29) 

fab = -fba = const (2.30) 

and it is defined in the representation space of the adjoint representation of the group 
G. In the case of the group S0(3) one has 

fab = £abcfc, (2.31) 
kab = SabcVc (2.31a) 
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and 



(2.32) 



If we choose fc = (0, 0, b) we get Eq. (2.19). Moreover it is always possible because an 
orthogonal (S0(3)) transformation can transform any vector / into (0, 0, ±||/||), where 
11/11 is the length of /. 

The semisimple Lie group G can be considered a Riemannian manifold equipped 
with a bi-invariant tensor h (a Killing-Cartan tensor) and a connection induced by 
this tensor. This Riemannian manifold has a constant curvature. Such a manifold has 
a maximal group of isometrics H of a dimension -n{n + 1), n = dimG (see Ref [59]). 
(The isometry is here understood in a sense of the metric measured along geodetic 
lines in a Riemannian geometry induced by a Killing-Cartan tensor.) This group is 
a Lie group. It is easy to see that for G = SO (3) we have H = SO (3) x SO (3) and 
dimS0(3) X S0(3) = 6, dimS0(3) = 3. The group S0(3) leaves the Killing-Cartan 
tensor hat invariant 



where A e SO (3). 

Moreover fab has exactly 3 arbitrary parameters and solutions of Eq. (2.12) have 
the same freedom in arbitrary constants. This suggests that the tensor (2.28) could 
be in some sense unique modulo an isometry on SO (3) and a constant factor b. In this 
case the classification of kab tensors on a S0(3) could be reduced to the classification of 
skewsymmetric tensors fab with respect to the action of the group S0(3). In general the 
situation is more complex, because SO(n), n — dimC does not leave the commutator 
(Lie bracket) invariant. 

Let us suppose that G is compact. In this case we should find all inequivalent fab- 
tensors with respect to an orthogonal transformation A e SO(n). It means we should 
transform fab to a canonical form via an orthogonal matrix i.e. 



For skewsymmetric matrices we have the following canonical forms, the so-called block- 
diagonal matrices For n = 2m 



a' b' 
ha'b'A'^ aA b — hab, 



(2.33) 



(fab) =f^f' = {fab) = A^fA = A-'fA. 



(2.34) 



r e 

-e 







/ = 



(2.35) 







■m 







-e 



m 
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or for n = 2m + 1 



e 
-e 











^"^ 

Q Q 





(2.36) 



where C"*^,^^ • • - C"^ are real numbers. In order to find them we should solve a secular 
equation for / 



det(///„ - /) = + ai(/)^"-2 + a2if)f^^-^ + ... 

{In = {Sj)i,j=l,2...n)- 



(2.37) 



The coefficients ai, a2 . . . are invariant with respect to an action of the group 0(?i) 
(SO(?i)) and they are functions of . . Thus in the case of a compact semisimple 
Lie group the skewsymmetric tensor kab on G is defined as follows 



kab{9)^b-fa'b'U'''a{g)U''b{g), 

where 6 is a constant real factor and (fab) = / is given by 



(2.38) 



f = A' 



1 
-1 







e 
-e 







for n = 2m, or 



f = A' 



1 
-1 



^"^-^ 

tm—l g 







A, 



(2.39) 



e 
-e 







e 

^m— 1 Q 



m— 1 



(2.39a) 



for n = 2m + 1. 
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Supposing that hab = diag(Ai, A2, 



iab{e) 



, Xn) where n = 2m or n = 2m + 1 one gets 




A3 e 
-e A4 



for n = 2m or 







Ai 

e A2 



A2m-1 ^"^ 
— C"^ A2m 



A = A^e{e)A (2.39*) 







A3 e 
-e A4 







A2m-1 



A2m 



A2 



m+1 . 



A = A'^e{e)A (2.39a*) 



for n = 2m + 1. 

Moreover if G is compact, we have Aj = A, z = l,2...n and A < 0. This is because 
any bi-invariant symmetric tensor is proportional to the KiUing-Cartan tensor. In 
particular the Tr-tensor commonly used in Yang-Mills' theory is proportional to hab- 
Thus hab = X{Tr)ab = A5a&, A < 0. (For a particular normalization of generators 
Tr{{Xaj Xb}) = 2dab)}- Let us remark that, in general if kabi^) and hab commute (in 
this moment I do not suppose that G is compact) we have £ab{^) — {A^^£{e)A)ab where 
A e Gl(n,R) and labig) = U^' aig^ b{g){A-H{e)A)a'b' ■ 

One can say, of course, that kab, tensors are defined with more arbitrarility than 
bi-invariant, symmetric tensors. This is because k is only right-invariant. 

Let us notice that 

fab = kab{e) (2.40) 

(£ is a unit element of G) and 

Rg, kab{g) = kab{gg') = kcd{g)U\{g')U\{g'), (2.41) 

where g' G G. 

In the case olG — S0(3) kab is unique up to a isometry of the Riemannian manifold 
with the bi-invariant tensor as a metric tensor and a constant factor. This suggests that 
the kab tensor given in the form (2.13-=- 14) and (2.31-32) is an analogue of the KiUing- 
Cartan tensor for kab (skewsymmetric) . Moreover the vector / can be transformed by 
an orthogonal (0(n)) transformation into 



(0,0,... ,± 

n times 



(2.42) 
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Thus one gets 

kabi9) = b-C\bfc'U'''ci9), (2.43) 
where 6 is a constant factor and 

(/c°0-/°- (O,O,---,l) - (2.44) 

n times 

Thus we can write A; in a more compact form 

k{A,B){g) = b-h{[A,B],Adgf), (2.45) 

where A = A^Xa, B = B^Xa 

Using a bi-invariancy of the KiUing-Cartan tensor one can write 

k{A, B){g) = b ■ /i(Ad,-i [A, Bif). (2.45a) 

Moreover if there is e G such that — g we get 

k{A,B){g^) = b ■ h{Adg-4A,B],Adgf). (2.46) 

We find an interpretation of a factor b for k given by formulae (2.45-46). 
One gets 

kabk'^' = h^''' h!^''' kabka'b' = &'|| Ad^ = b\ (2.47) 

Thus we have 

b = ±y/kabk'^K (2.48) 

FinaUy let us notice that we can repeat the considerations changing right (left)-invariant 
to left (right) -invariant in all the places. In this case we can consider left-invariant 2- 
form k and left-invariant nonsymmetric tensor on a Lie group G. 

In general we can simply say that our right invariant tensor on a group G can 
be constructed as follows. We define a skew-symmetric tensor at a unit element of a 
group and afterwards propagate it on G via group translations (if the group is simply 
connected). If it is not simply connected, we define it for a universal covering group 
or only for simply connected part containing a unit element. 
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3. The Nonsymmetric Metrization of the Bundle P 



Let us introduce the principal fibre bundle P over the space-time E with the struc- 
tural group G and with the projection tt. Let us suppose that {E, g) is a manifold with 
a nonsymmetric metric tensor of the signature (—,—,—, +) 

Qtiv = 9{nu)-\- g[^J.v\ (3.1) 

Let us introduce a natural frame on P 

0^ = {7T*(t), r = Xio"), X = const . (3.2) 

It is convenient to introduce the following notations. Capital Latin indices A, B, C run 
1, 2, 3, . . .n + 4, n = dimG. Lower Greek indices a, (3,j,S— 1, 2, 3, 4 and lower Latin 
cases a, b, c, d = 5, 6, ... n + 4. The symbol "— " over 9°^ and over other quantities 
indicates that these quantities are defined on E. 

It is easy to see that the existence of the nonsymmetric metric on E is equivalent 
to introducing two independent geometrical quantities on E. 

'g = QapO'^ ® = 9{ap)0'^ ® 9'^, (3.3) 

g_= gap9" A / = ^7[a/3]^" A /, (3.4) 

i.e. the symmetric metric tensor"^ on E and 2-form g. On the group G we can introduce 
a bi-invariant symmetric tensor called the Killing-Cartan tensor. 

h{A, B) = Tr(AdA o Ad'e), (3.5) 

where AdA(C') = [A, C] (it is tangent to Ad i.e. it is an "infinitesimal" Ad-transforma- 
tion). It is easy to see that 

h{A,B) = habA^-B\ (3.6) 

where 

hah = C'^adC'^bci hab = hba, A = A°'Xa, B = B^'Xa- 

This tensor is distinguished by the group structure, but there are of course other bi- 
invariant tensors on G. Normally it is supposed that G is semisimple. It means that 
det{hab) 7^ 0. In this construction we use £(^ab) = hab (the bi-invariant tensor on G) in 
order to get a proper limit (i.e. the Nonabelian Kaluza-Klein Theory) for fi = 0. 

For a natural 2-form k on G, or a natural skewsymmetric right-invariant tensor 
we choose k described in sec. 2, k is zero for U(l). Let us turn to the nonsymmetric 
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natural metrization of P. Let us suppose that: 

7(X,y) =-gi7T'X,7r'Y) + X^p^h{u{X),u;{Y)), 
7(X, Y) = gin'X, tt'Y) + pX"" p^k{uj{X),uj{Y)), 



(3.7) 
(3.8) 



H = const and is dimensionless, X,Y E Tan(P) and p — p{x) is a, scalar field defined on 
E. The first formula (2.9) was introduced by A. Trautman (in the case with p — 1) for 
the symmetric natural metrization of P and it was used to construct the Kaluza-Klein 
Theory for U(l) and nonabelian generalizations of this theory. It is easy to see that 

j = 7r*g + fip^kabe''Ae\ 



(3.9) 
(3.10) 



or 



1{AB) 



1[AB] 














^ 





PiP^kabj 



(3.11) 
(3.12) 



For 



one easily gets 



7AB = 7(AB) + 7[AB] 



7AB = 



9al3 











(3.13) 



where (-ab — hab + pkab- Tensor "fAB has this simple form in the natural frame on P, 6^. 
This frame is unholonomical, because: 



(3.14) 



7 is invariant with respect to the right action of the group on P. In the case with 
kab = we have 



7AB = 



9al3 








P^hab 



For the electromagnetic case {G — U(l)) one easily finds 



7AB = 



9af3 











(3.15) 



(3.16) 



Now let us take a section e : E ^ P and attach to it a frame v°', a = 5, 6 . . .n + 4, 
selecting X^ = const on a fibre in such a way that e is given by the condition e*v°' = 
and the fundamental fields such that v°'{(^b) — satisfy [Cb, (a] = jC'^abCc- 
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Thus we have 



where 



e*uj = A = A\e''Xa. 



In this frame the tensor 7 takes the form 

V '^N^P I pHa, J ' ^' ^ 

where 

iab = hah + t^kab- 

This frame is also unhofonomic. One easily finds 

di;" = ^CWAi;^ (3.18) 
The nonsymmetric theory of gravitation uses the nonsymmetric metric g^i, such that 

i/M-/^ = gu^g""^ = 5f , (3.19) 

where the order of indices is important. If G is semisimple and kab = 

46 = hab-, dei{hab) 7^ 

and 

habh""" = si (3.20) 

Thus one easily finds in this case: 

TACT^"^ = ICAl""^ = S^A. (3.21) 

where the order of indices is important. We have the same for the electromagnetic case 
{G = U(l)). In general if det(46) ^ then 

46^^ = 4a4" = (3.22) 

where the order of indices is important. Prom (3.22) we have (3.21) for the general 
nonsymmetric metric 7. 
It is easy to see that 

= (3 23) 

^'{g)l-i ^ ' ' 

and 7ab is invariant tensor with respect to the right-action of the group G on P (this 
means it is covariant and right-invariant). 
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In the case of any abelian group the condition (3.23) is stronger and we get that 
7ab is bi- invariant. Thus in the case of G = U(l) (electromagnetic case) 



where is a dual base 
A,B^ 1,2,3,4,5 



C57 = = 



(3.24) 

(3.25) 



^ = (^0,^5). (3.26) 

Let us come back to the connection u)"'i, defined on the group G. For a typical fibre 
is diffeomorphic to G we can define a;"i, on every fibre — G, x E E. Due to a local 
trivialization of the bundle P we can define uj°'b on every set U xG, where U C E and 
is open. Thus we get a linear connection on P such that 















1 „a nc 
tC hrP 



(3.27) 



be 



defined in a frame 9^ = {'K*{d ),r) where 9 is a frame on E and 6°" is a horizontal 
lift base. 

This connection can be examined in a systematic way. Let us introduce a metric 
on P in a following way 

p = Tr* r]®habd''0d\ (3.28) 

where ij — 7]^^ is a Minkowski tensor and hab is a Killing-Cart an tensor on G. 

One gets 











hab 



PAB 



The connection cD^r can be defined as 



A 



and p 



AB 











f^ab 



7r*a; 











(3.29) 



(3.27a) 



where a; ^ is a trivial connection on the Minkowski space, Q"'b is the connection defined 
in sec. 2 and (f)x is a diffeomorphism (f)^ : F^ ^ G^ x eU . 
It is easy to check that 

5pAB = = 5p^^, (3.30) 

where D is an exterior covariant differential with respect to uj^-b- One can easily 
calculate the torsion for uj^-b 



/if) 



W be — be 



(3.31a) 
(3.31b) 
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and the curvature tensor 

R°'bi^u = AXfoiif^^i/ (3.32) 

(the remaining torsion and curvature components are zero). 

The connection Q-^b is neither flat nor torsionless. Moreover it is stiU metric as a 
connection uj"'^ from sec. 2. 

The covariant diff'erentiation with respect to this connection is connected to the 
right action of the group G on P. Thus the condition of the right-invariance of the 
p-form E!^'^---^^Bi...Bm P is equivalent to 

V«sA-^'b,...b^ = 0, (3.33) 

where Vk is a covariant derivative with respect to Q^b in vertical directions on P. 
This means right-invariance of E. This can be written 

Vver(X)S = 0, (3.33a) 

ver is understood in the sense of u). 

$'{g)E = E, (3.34) 
where geG and S = ( =')Ai...a,Bi...b^^ ^ ^^BiBi^BaB^ _ _ _pBmB'^wAi...Ai^^ 
For a connection on a bundle P, u>, its curvature i7 one gets 

Vfco; = Vkf2 = 0. (3.34*) 



Thus we can rewrite Eq. (3.23) 



This means that 



or 



Va7 = Va7 = 0. (3.35) 



Va7AB = 0, (3.36) 



Vver(x)7 = 0. (3.36a) 

For every linear connection uj^b defined on P compatible in some sense with 7ab we 
get 

^*(^7)^AB = Ad3C^AB, (3.37) 

which means that u>ab is right-invariant with respect to the right-action of the group 
G on P. The same we say for a 2-form of torsion and 2-form of curvature derived for 
(jj'^B i-e. 

Va^^^^B = Va0^ = 0. (3.38) 

The curvature scalar is invariant with respect to the right action of the group G on P. 

= VaR = XaR = CaR. (3.39) 
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The condition (3.37) is the same as in the classical Kaluza-Klein (Jordan-Thiry) theory 
in a nonabelian case. A parallel transport with respect to the connection uj^b means 
simply a right action of the group G on P. 

Our subject of investigations consists in looking for a generalization of the geometry 
from Einstein Unified Field Theory (the so called Einstein-Kaufmann Theory (see [4,5], 
[61])) defined on P i.e. for a connection such that 

D^AB = IabQ^'bbO^, (3.40) 

where D is an exterior, covariant differential with respect to the connection w^b and 
Q^BE is a tensor of torsion for u^b- We suppose that this connection is right- invariant 
with respect the right action of the group G. 

We can write Eqs. (3.37-39) for a torsion, curvature and a scalar of curvature for 
cj^B- In this way we consider Einstein-Kaufmann G-structure on the bundle of linear 
frames over the manifold P (i.e. a right G-structure) . 

We can repeat all the considerations changing right (left )-invariant into left(right)- 
invariant in all places. 

In this section we define w^b as a collection of 1-forms defined on the manifold P 
(a gauge bundle manifold) and we choose for lo^b a lift horizontal frame (connected 
to the connection u on the gauge bundle). 

The collection of 1-forms co^b becomes a linear connection on P iff it satisfies the 
following transformation properties 

^ S-'^\(p)u;\s-'^B'{p) - S-^""' A{p)dE\,{p), (3.41) 

where 

J^(;>) e GL(n + 4,M), p E Up C P 

and 

= U^C'{p)0'^' (3.42) 

is a simultaneous transformation property of a frame. Having w^b with (3.41-42) 
transformation properties we can lift it on a principal fibre bundle of frames over P 
with the structural group GL{n + 4, M) getting a 1-form of connection ui 

Up = AdGUn+4,R){9;')[n*{u;\x''A) - dgp], (3.43) 
where 77 is a projection defined on this principal fibre bundle of frames and 

gpize n-\Up) gp{z) = {prGL{n+4,R)M^)r^ e Gl(n + 4,M), 

peUpCP, 

pr means a projection on Gl(?i + 4, M) in a local trivialization of the bundle P" , ^ is 
an action of GL(n -|- 4, M) on principal fibre bundle of frames over P, ^ ^ Gl(n -|- 
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4, R) X P" P", is defined for Gl(n + 4, R) x Up. In this way we have an action 
of GL(n + 4, R) on the bundle and for uj. 

{g)u = AdGL(n+4,fl) i9~^)^, (3.44) 

X\ are generators of the Lie algebra gl(n + 4, R) of GL(n + 4, R) and g G Gl(n + 4, R). 
For a soldering forms 9^ one gets 

^^ = <7pi7*(0- (3.45) 
Taking any two sections of the principal fibre bundle of P" frames E and F such that 

£;*c5 = c^'A'b,X^ A', 

F*^ = w^B^^A, (3.46) 
E*9^ = 9'^, 

one gets transformation properties (3.41) and (3.42). In such a way that 

E{p) = F{p)S{p). (3.48) 
Eq. (3.40) can be rewritten in a more compact form 

V7 = S, (3.49) 

where 

S{X, y, Z) = [IV(7 ® Q)] {X, Y, Z) = Ea 7(^, eA)9^{Q{Y, Z)), 
Q{Y,Z) = -Q{Z,Y), 

is a torsion of the connection a;, X, F, Z are contravariant vector fields and 9^, cb 

^^(cb) = ^^B are dual bases. 

Or in a different shape 

Vzl{X,Y) = S{X,Y,Z), (3.50) 

V is a covariant derivative with respect to the connection u; on the fibre bundle of 
frames. 

Moreover now we consider Q, X , Y , Z etc. as geometrical objects living on 
appropriate associate fibre bundles to the fibre bundle of frames. The condition (3.50) 
gives us Einstcin-Kaufmann connection oj on the principal fibre bundle of frames over 
P. For uj is right-invariant with respect to the action of group G on this bundle of 
frames (lifted to this bundle from P, the condition (3.50) is also right-invariant. Let 
us consider the right-invariance of the Einstein connection on (P, 7) from a different 
point of view. 

Let <?:GxP— >Pbca right action of the group G on P and let ^*{g) be a 
contragradicnt map to ^'{g), a tangent map to ^ at (7 gG. Let ^ : G ^ GL(n + 4), R) 
be a homomorphism of groups and let us consider a connection a; on a fibre bundle of 
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frames over P with a structural group GL(n + 4, IR) compatible in Einstein-Kaufmann 
sense with the nonsymmetric tensor 7. The connection is right-invariant with respect 
to the action of the group G on P if one has $*{g)uj = AdGL(n+4,i?)(S(fi'~^)'^ is 
an action of G on P lifted to this bundle) or for any local section E of the bundle of 
frames over P 

^*{9)r = AdGL(„+4,i?) {Ei9-'))r + E~\9)dEi9), (3.51) 

where P = E*uj 

r = r^-BcO^'X^A and 

Thus one gets 

+ E"'^' A{9)dc B' (9) E"" c (9), (3.52) 
where dc is a vector field dual to 9^. The rcpcr transforms 

^*(^)^° = E''c'(^-')^^'. (3.52') 
Let us take the lift horizontal basis. In this case one gets 



E^b(^) 














E{9)^^dEm{g), (3.53) 



where U"'i,{g) — (AdG(5' ^))"6 is a matrix of the adjoint representation of G. Thus we 
have 

(Z>*(^)r = r, 

$*{g)d'' = U\,{g)e^' (3.54) 

^*{g)r-^^ = r^^, 

^*{g)r^'p'^' = C7"'a(y-')rV'7'> (3.55) 

^*ig)n'p'c' = t^"'a(^-')rVct^=c'(^), 

^*{g)r'^\', = U'''a{g-')r\,U\,{g-'), 

^*{g)r'^'p'a'=r^P'aU\'{9~^). 

For a;°'6 = r°'bc0'^ one gets 

^*{g)u;'''b' = T' a{g-')io\u\ig-'). (3.56) 

In this way P^^c has tensorial properties in the lift horizontal basis (Ad- type). 

Moreover Eq. (3.56) has a natural interpretation a right-invariancy of the connection 
a;"b with respect to the right action of the group G on G. The second equation of 
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Eq. (3.54) means Ad-property of the connection on the principal fibre bundle P (a 
gauge bundle). 

Eq. (3.56) can be rewritten in a more familiar form 

R* {g)r = Ad (g (^-')) r + T.{9)dT.{9) , (3.57) 

where F — uj°'i,Y^ a and Y'^ a are generators of the Lie algebra g(-{n^ R) of the group 
GL(n, M) and AdGL(n,K) is an adjoint representation of GL(n, M) and i? is a right action 
of GonG. 

g:G'^GL(n,M) (3.58) 
is a smooth homomorphism of groups such that 

Y.\{9) = (AdG(^-^))% = U\{g). (3.59) 

In this way we are coming to the notion of the fibre bundle of frames over a group 
G and to the right invariant connection defined on this bundle. Eq. (3.57) can be 
rewritten: 

R*{g)u = u, (3.60) 

where cD is a connection on the principal fibre bundle of frames over G with the struc- 
tural group GL(n, M) and 

r = rQ, (3.61) 

/ is a local section of this bundle. R is an action of G on G lifted to the bundle of 
frames. 

Let us notice that our considerations are valid for any connection defined on a fibre 
bundle of frames over P, not only for Einstein-Kaufmann one. The same we can say 
for a connection on a fibre bundle of frames over G. The above considerations justify 
some Adc-properties of cj^b defined on manifold P (a gauge bundle) and u'^h defined 
on G (a group manifold). They are treated there as some 1-forms defined on P or G 
according to our conventions. From Eq. (3.51) one easily gets transformation laws for 
the curvature 

$*{g)Q=Q (3.62) 

and from (3.60) 

R*{g)Q = Q. (3.63) 

For the curvature scalars we get 

$*{g)R{u) = R{u>), (3.64) 
R*{g)R{uj) = R{u}). (3.65) 

In this work we consider a non-symmetric metrization of the principal fibre bundle 
defined over a base manifold V = E x G/Gq, where is a space-time and M — G/Gq 
is a certain homogeneous space. 
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4. Preliminary Remarks 



Let us introduce the principal fibre bundle P over the V = ExM with the structural 
group H and with the projection tt, where M — G/Gq is a homogeneous space, G is 
a compact Lie group (semisimple) , Go C G is a semisimple compact subgroup of G 
and let uj = oj^'Xa is a connection defined on P (Fig. 2A). Notice that now we have in 
the place oi E, E x G/Gq and in the place of G, H. Let us suppose that (V,7) is a 
manifold with a nonsymmetric metric tensor 



7AB = 7(AB) + 7[AB] • 



(4.1) 



UJ 



TT 



U 



Q 



H 



U2 



\ h A / 



f 



V = Ex G/Gq 



Uq 



E 



Ul 



Fig. 2A. Principal fibre bundles P and Q 



G 



The signature of the tensor 7 is (+ 
frame on P 



m 



■ Let us introduce a natural 



= (7r*(^^), 9 



A = const . 



(4.2) 



It is convenient to introduce the following notations. Capital Latin indices with tilde 
A, B, C run 1, 2, 3, . . . , m + 4, m = divnH + dimM = n + dimM = n + ni, ni = 
dimM, n = dimi/. Lower Greek indices a, /3, 7, 5 = 1,2,3,4 and lower Latin cases 
a, 6, c, d = TT-i + 5, ni + 6, . . . , m + 4. Capital Latin indices A, S, G = 1,2,3,... , ni + 4, 
lower Latin cases with tilde a, 6, c run 5,6,... , ni + 4. The symbol "— " over 9^ and 
over other quantities indicates that these quantities arc defined on V . We have of 
course dimi? = n, dimM = dim(G/Go) = ni, dimG = n2, dim Go = n2 — ni, and 
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m = ni + n. It is easy to see that the existence of the nonsymmetric metric on V is 
equivalent to introducing the two independent geometrical quantities on E. 

7 = IabO^ ®e^ = 7(AB)^^ «) 0^, (4.3) 

7 = IabO^ Ae^= 7[AB]^^ A e^, (4.4) 

i.e. the symmetric metric tensor ^ on V and the 2-form 7. On the group H we can 
introduce a bi-invariant symmetric tensor called the Killing-Cartan tensor. 

h{A,B) = habA''-B\ (4.5) 

where 

hab = hba, A = A°'Xa, B = B^^Xa, 

Xa — are generators of a Lie algebra of H,{1)). 

It is supposed that H is semisimple; it means that det{hab) 7^ 0. Let us introduce 
a skewsymmetric right-invariant tensor on H 

k{A, B) = hcA'' ■ B", he = -kcb. (4.6) 

Let us turn to the nonsymmetric metrization of P .Let us suppose that 

x(X, Y) = 7(7r'X, tt'Y) + p^\^h{u{X), u{Y)), (4.7) 

x(X, Y) = 7(7r'X, tt'F) + p''^X''k{oj{X),oj{Y)), (4.8) 

^ = const and is dimensionless, X,Y e Tan(P) and p = p{x) is a scalar field on E. It 
is easy to see that: 

x = 7^*7ep2/ia6^«®^^ (4.9) 

x = 7r*^ep'^^kabe'' Ae\ (4.10) 



For 



one easily gets 



^AB — ^(AB) + ^[AB] 



^AB 



7AB 








P'^iab, 



(4.11) 



where £ab = hab + ^kab and dei{£ab) 7^ 0. One easily writes: 



,BC _ „CB eB 



^AC^"" = ^CA^" = ^ A' (4-12) 

where the order of indices is important. The signature of the tensor x is 
(+ -...- , ---...-} . If det(4b) ^ then 

ni n 

46^^ = hJ'^'^ = (4.13) 
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where the order of indices is important. 

[Xa,X,]=Cl,X, (4.13a) 

are commutation relation for the Lie algebra of H, (f)). 

Let us pass to the nonsymmetric metrization of the homogeneous space G/Gq. Let 
M be a homogeneous space for G (with left action of group G) (see [86], [87]). Let us 
suppose that the Lie algebra of G, g has the following reductive decomposition 

- So+m, (4.14) 

where Qq is a Lie algebra of Go (a subalgebra of g) and ra (the complement to the 
subalgebra go) is Ad Go invariant, + means a direct sum. Such a decomposition might 
not be unique in general, but we shall assume that one has been chosen. Sometimes 
one assumes a stronger condition for m, the so called symmetry requirement 

[m,m] C go. 

Let us introduce the following notation for generation of g. 

Yi eg, Y-.e m, e go. 

This is a decomposition of a basics of g according to (4.14). 

If G is a connected Lie group and Go is a closed subgroup, G/Gq is the space of 
cosets {(/Go}, (/? : G ^ G/Gq is defined by Lp{g) = {(/Go}, g & G. Let us suppose that G 
is acompact Lie group and define afield of 2-form k^{x), x E M on G/Gq. Let us notice 
that G ^ M = G/Gq gives us a principal fibre bundle over M with a projection 99 and 

a structural group Go. We use the complement m in order to introduce a coordinate 
system on G/Gq. Let g & G and let "exp" be an exponential mapping exp : g ^ G. 
Thus 

{x^.xq, . . . ,0:^1+4) (/'(^firexp^XaYa) (*) 

a 

is a diffeomorphism of a neighbourhood of zero in m on a neighbourhood of ip{g) 
in G/Gq. An inverse mapping is a local coordinate system in a neighbourhood of 
ip{g) e G/Gq on M = G/Gq 

The mapping (/? : G G/Gq has a tangent mapping ip' which maps g in a tangent 
space to M = G/Gq at a point o = {eGo}. A kernel of ip' is equal to go. The operator 
of left action r(^) : HGq — > ghGQ satisfies (poL{g) = T{g)o(p, h E G. 

For (fioRg, = <f, AdGig)Y = R'g_,oL'g{Y) we get <fi'oAdg{go)Y = T'{gQ)oo<fi'{Y), 
Yeg. 

Thus m ~ g/go — Tano(G/Go) and using the left action of the group G on M we 
can get vector fields at any point x e M from Tano(M) ~ m. Thus let Fa G m.. Due 
to an isomorphism of m and Tano(M) we get 

Ya{x) = L'Jo), x^go.geG, 
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Y{x) is left invariant on M. If k{g) is a field of 2- forms on G and being left- invariant 
we define a field of 2-form k^{x) on M in the following way: Let us restrict it to the 
subspace m (a complement) 

k'{g) = k{9)U, 

i.e A k{g)\m.{x, y) = o if a; or y do not belong to m and consider a 2-form k^{x). 

The form k{g) is left-invariant on G. The form k{g)\ra is Go Ad'-invariant, for m is 
Ad'g^ invariant. Let us consider a local section ui : t/i ^ G, t/i C M of the bundle G. 
We get 

k'''{x) = alk{ai{x))U xeUr. (4.15) 
Let us take a different local section (72 :U2 ^ G, U2 cM 

k'''ix) = a*^kia2ix))U. (4.16) 

One has 

cr2{x) ^ p{x)ai{x), (4.17) 

where p{x) e Gq 

xeUiH U2. 

Thus one obtains 

k"^ {x) = Rl^^^k"' {x) = k"' {x). (4.18) 

Thus we get 

k^{x) = k^'ix), (4.19) 

for any local section of G. Let us examine a transformation properties of with 
respect to the left action of the group G on M. There is a natural action of G on left 
cosets, such that G acts with an isotropy subgroup Gq. One gets 

L*gk\x) = k^{x). (4.21) 

In this way k^{x) is left invariant with respect to the action of the group G on M = 
G/Go . 

This fact allows us to define k being left-invariant on G in such a way that k = ip*k^ 
and k^ is left-invariant 2-form on M = G/Gq. This gives us a construction of a left- 
invariant 2-form on G if we have a left-invariant 2-form on M = G/ Gq . 

In the same way we can define a tensor field h^{x) on G/Gq, x e G/Gq using tensor 
field h on G. Moreover if we suppose that h is a, biinvariant (Ad-invariant) metric on 
G (a Killing-Cartan tensor) we have a simpler construction. 

The complement m is a tangent space to the point {eGq} of M, £ is a unit element 
of G. We restrict h to the space m only. Thus we have h'^{{eGo}) at the one point of 
M. Now we propagate /i°({/Go}) using a left action of the group G. 

h\{fGo})^iL^'nh'i{sGo}), (4.22) 
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h^{{eGo}) is of course Ad Gq invariant tensor defined on m and 
where f & G. 

Let us find k°{x) in the case of SO (3) /SO (2) ~ 5^, where SO (2) subgroup is defined 
by the exponentiation of 63, i.e. rotations around an axis z and m = Span{ei, 62}. One 
finds 

k{g)\^ = k'{g) = 2k^2V^ ^v'', 

where and are dual with respect to ei and 62 being right-invariant vector fields 
on SO (3). Thus 

We can also try to find and classify such tensors for all homogeneous spaces. This will 
be done elsewhere. The classification of homogeneous spaces for which G and Gq are 
nilpotent or solvable will be done elsewhere as well. In this case the same construction 
as for is applicable for k^ (coming from bi-invariant from defined on a nilpotent or 
a solvable Lie algebra). 

Let f^jk are the structure constants of the Lie algebra 0, i.e. 

[Yj,Yk] = f^kYi, (4.24) 

Yj are generators of Lie algebra g. Let us construct a natural left-invariant frame on 
M = G/Gq. To do this we choose the local section cr : t/ — > G/Gq, of the natural 
bundle G G/Gq where U cM = G/Gq (see Fig. 2B). 



k\m. 




1 


a 






k 












Go 



M = G/Go 

Fig. 2B. The principal fibre bundle G over G/Gq = M 
and some details on the constructions of the form k^(x) on M 
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The local section a can be considered an introduction of coordinate system on M 
i.e (*). Let a* means a pull-back of a and let us define 

•^MC = (^*<^MC, (4.25) 

where a;MC is a left-invariant Maurer-Cartan form. Using the decomposition (4.14) we 
have 

'^MC = ^0 O^Yl + O^Y-a. (4.26) 

It is easy to see that 0°' is the natural left-invariant frame on M and we have 

/^o = hl^^ ® e\ (4.27) 

k^ = kl^''hf. (4.28) 

According to our notation we have a, 6 = 5,6,...,ni-|-4. Thus we have a nonsymmetric 
metric on M 

^~al-r\hl^ + Ckli)-r'9,i. (4.29) 
where C is a real dimensionless parameter and r has length-dimension, r characterizes 

the size of the manifold M and plays the role of a "radius" . The tensor field 9^1^'^ ®^'^ ~ 

ab'^'^kti)^ ®^ left-invariant on M = G/Gq. For is left-invariant with respect 
to the action of the group G on M one gets 

Yik^ = (4.30) 

and in particular 

= 0, ^ , 

' (4.31) 
Y^em = Q/Qo. 

Let D be an exterior covariant derivative with respect to the Riemannian connection 
on M induced by the tensor field h^. 
If 

Dk^ = dk^ = (4.32) 

the form is closed and it can define a symplectic structure on M (of course if k^ is 
nondegenerate and dimM = 2k, i.e. it is even). In this case we have 

^[aha] = 0- (4.33) 

In this case we can define an almost complex structure compatible with the Riemannian 
and the symplectic structure on M i.e 

J : T[M) T{M), J2 = - id, (4.34) 
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such that 

h°{JX, Y) = k°{X, Y), (4.35) 

for any X,Y e T{M). 

If those three structure are compatible we have: 

V^J = 0, zeT{M). (4.36) 

The almost complex structure J can be integrated into a complex structure (a unique 
one) if the torsion (torsion of J, not of a nonriemannian connection) vanishes i.e. 

S{X, Y) = [X, Y] + J[JX, Y] + J[X, JY] - [JX, JY] = 0, X, F e T(M). (4.37) 

In this case we get Kahlerian structure on the manifold M. If dimM = 2, this can be 

always achieved. 

Thus in the case of dim G / Gq — 2 we can always integrate the left-invariant sym- 
metric tensor g-j^ introduced in this section if V^/c^^ = into Kahlerian geometry. 

In particular we get in this way for M = S"^ = SO(3)/SO(2) a Kahlerian geometry 
which is holomorphically equivalent to the standard one. Holomorphically means here 
also conformally. 

In the case of Kahlerian structure, one easily gets that 

Dg-ai = 0. (4.38) 

Eq. (4.38) has important consequences. 

The Kahlerian structure on M = G/Gq (G-invariant) induces a left-invariant 2- 
form on M, k^. Moreover induces a skew-symmetric form on G. This has some 
important consequences, because we can induce on an G a left-invariant nonsymmetric 
tensor coming from Kahlerian structure on G/Gq. 

Thus we are able to write down the nonsymmetric metric on V = E x M = 
E X G/Gq. 



7AB = 



9al3 











(4.39) 



where 



9a/3 = 9{al3) + 9[a(3]i 
9-ai = Ki + 

k~7 ^— k~r* h~r ^— /i~r. 

ab ab' ab ab' 



a,P = 1,2,3,4. a,6 = 5,6, . . . ,ni -h4 = dimM + 4 = dim G - dim Go -h 4. The frame 
9°^ is unholonomic one: 

-o. 1 —b —c 

2' 



= -x"gg^ Ar, (4.40) 
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where x"gg are coefficients of nonholonomicity and they depend on the point of the 
manifold M = G/Gq (they are not constant in general). They depend on the section 
a and on the constants /"g^- 

Let us pass to the group structure of our theory. We have there three groups H, G 
and Go which have up to now been disconnected. Let us suppose that there exists a 
homomorphism /i between Gq and H 

fi-.Go^H, (4.41) 

such that the centralizor of fi{Go) in H, is isomorphic to G. C^, the centralizor of 
//(Go) ill H is the set of all elements of H which commute with elements of /x(Go) (it 
is a subgroup of H, of course). 

= G, (4.42) 
This means that H has the following structure: 

//(Go) ®GcH. (4.43) 

If we suppose that /i is an isomorphism between Go and /t(Go) we get: 

Go^GcH. (4.44) 

Let us denote fi' as the tangent map to /i at a unit element. Thus n' is the differential 
of /i acting on the Lie algebra elements. Let us suppose that the connection u on the 
fibre bundle P is invariant under group action of G on the manifold V = E x G/Gq. 
According to Ref. [23] this means the following. Let e be a local section of P, e : U C 
V ^ P and A = e*uj. Then for every g E G there exists a gauge transformation pg 
such that: 

rig) A = Ad^-i A + p-^ dpg, (4.45) 

/* means a pull-back of the action / of the group G on manifold V. According to Refs. 
[71], [72], [73] we are able to write a general form for such an u. Following Ref. [72] 
we have: 

uj = UJE + fJ'' o LJ^ + ^ o Lo^, (4.46) 

where lvq + = o^mc components of the pull-back of the Maurer-Cartan form 
from the decomposition (4.14), cDe is the connection defined on the fibre bundle Q over 
space-time E with structural group G^ and the projection tte. Moreover = G, and 
uje is a, 1-form with values in the Lie algebra g. This connection describes the ordinary 
Yang-Mills' field with gauge group G = G^ on the space-time E. <5 is a function on E 
with values in the space S of linear maps: 

^ : m ^ f) (4.47) 

satisfying 

^{[Xo,X]) = [fx'Xo,^{X)], Xo e 00 (4.48) 
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thus 









^0 


= e'Y,, 




< 


^ at 


la e m. 



Let us write condition (4.46) in the base of left-invariant form 9^ and 9 , which 
span respectively dual spaces to Qq and m. 
It is easy to see that 

^ou;^ = ^'i{x)fXa, Xaei) (4.49) 

and 

fi' = fi^/Xa, (4.50) 
where '^~_{x) is the scalar field on E and /i? is a constant matrix. From (4.48) one gets 

n(^)f!a = ^'2^'a{^'>^"-b, (4.51) 

where fi_ are structure constants of the Lie algebra g and C^ab are structure constants 

ia 

of the Lie algebra t). (4.51) is a constraint on the scalar field ^'-(x). For a curvature 
of oj one gets: 

1 



1 ~ . gauge 

-H\,9^'A9''a'rX,+ A ^«Xe+ 



+ ^C\b^l^l9^ A ^^Xe - ^A^f A 9^X, - \^yi9~- A 9^X,. (4.52) 



Thus we have: 



H"^. = o^H^., (4.53) 

gauge 



gauge _ 

where means gauge derivative with respect to the connection loe defined on the 
bundle Q{E,G), 

Yi = (4.56) 

and HJ^^ is the curvature of the connection ue in the base {1^}, generators of the Lie 
algebra of the Lie group G, 0, is the matrix which connects {YJ} with {^c}- Now 
we would like to remind that indices a, 6, c refer to the Lie algebra f), a, 6, c to the 
space m (tangent space to M), i, j, k to the Lie algebra go and i, j, k to the Lie algebra 
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of the group G, g. The matrix a? estabhshes a direct relation between generators of 
the Lie algebra of the subgroup of the group H isomorphic to the group G. 

Finally let us consider a different way to introduce a G-invariant (left-invariant) 
skewsymmetric form on M — G/Gq. Let us suppose that G is a connected compact 
simple Lie group with center {e} and Go has nondiscrete center and is a maximal 
connected proper subgroup of G. Really we need suppose that a center of Go, 
is isomorphic to U{1) (a circle group). In this case (see the first position of Ref. [86] 
p. 382) there is an Hermitian structure (really Kahlerian) invariant with respect to the 
action of the group G. 

Let us denote the unique G-invariant almost complex structure on M by = — 1. 
J is integrable to complex structure and let us denote by hP a G-invariant Riemannian 
structure on M, which is Hermitian h^{JX,JY) = h°{X,Y), X,Y e Tan(M) and 

Va; J = 0, V is covariant derivative induced by a Riemannian connection on M. 
This allows us to introduce a skewsymmetric G-invariant 2- form on M. One has 



k\X,Y) = h\jX,Y). (4.57) 

k'^{X,Y) = -k'^{Y,X), (4.58) 
V^A;° = (4.59) 



One easily gets that 



and is G-invariant. 
Thus one can write 



g{X, Y) = h\X, Y) + Ck\X, Y) = h\X, Y) + Ch\JX, Y). (4.60) 

Let us notice that we get a stronger result, for a symmetric space then for a group G. 
The form k^ is defined uniquely for any G-invariant metric. We can define the metric 

using a bi- invariant tensor on G (a Killing-Cartan tensor), supposing the reductive 
decomposition of g or even the symmetry requirement. For the group G is compact 
any bi-invariant tensor on G is proportional to Killing-Cartan tensor. In this way any 
nonsymmetric metric on M = G/Gq is proportional to (4.60). To be safe we can use 
in the place of h^, i(/i°(X, Y) + h^{JX, JY)). 

Thus we get a left-invariant (G-invariant) nonsymmetric tensor on G, such that 

V^g = 0. (4.61) 

In particular let us notice that 5"^ is an Hermitian symmetric space (and Kahlerian) 
with S0(3) invariant scalar product and S0(3) invariant symplectic form. 
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In the first position of Ref. [86] p. 518 S.Helgason quoted all the Kahlerian structures 
on the symmetric spaces of compact type: 

SU {p + q)/S{Up X U,), dimM = 2pq, p, g = 1, 2 . . . , 

S0(2n)/t/(n), dimM = n(n-l), n = l,2..., 
S0(p + 2)/S0(p) X S0(2), dimM = 2p, p = 2,3..., (4.62) 
Sp(n)/t/(n), dimM = n(n + 1), n = l,2..., 
(e6(-78),so(10) + dimM = 32, 
(e7(-i33),e6 + ^), dimM = 54. 

On every of these manifold of even dimension (real) and compact there is a Kahlerian 
structure. Thus there is a symmetric metric and a skewsymmetric 2-form (nondegen- 
erate) inducing a nonsymmetric metric which is covariantly constant with respect to 
the Riemannian connection (induced by a symmetric metric tensor) and left-invariant 
with respect to the action of the group G on M. In this way a torsion of the connection 
compatible with nonsymmetric tensor on M vanishes. This has some interesting con- 
sequences, which we use in further sections. The skewsymmetric G-invariant 2-form 
on M induces in a natural way a skewsymmetric left-G-invariant form on G, which 
together with the Killing-Cartan form on G form a nonsymmetric metric on G. Now, 
however the covariant derivative of the skewsymmetric tensor G with respect to the 
Riemannian connection on G (induced by a Killing-Cartan tensor) does not vanish in 
general. 

In this way the torsion of the connection compatible with the nonsymmetric tensor 
on G does not vanish. This is different as for the Hermitian homogeneous space with 
left-invariant 2-form. In sec. 5 we find a general shape for such a connection which can 
be applied for our case i.e for the skewsymmetric form obtained from the left-invariant 
2-form on M. 

Let us calculate how many nonsymmetric (Einstein-Kaufmann) left-invariant struc- 
ture we get in this way from (4.62). One gets 

Ee - 1, Er- 1, (4.63) 
Sp(n) — 1, n = 1, 2 . . . , 



SU(n) 



n + 1 



n = 2,3. 



2 

S0(2n + !)-!, 71 = 1,2..., 
SO(2n)-2, n = l,2.... 

Thus except SU (n) we have really 1 or 2 inequivalent Einstein-Kaufmann connections 
on G obtained from Kahlerian structure on a homogeneous space (being a symmetric 
space) . 
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Moreover for lower dimensions we have some coincidences, i.e. 

SU(2)/^(C/i X t/i) ~ Sp(l)/t/(l), 
SO(5)/SO(3) X S0(2) ~ Sp(2)/t/(2), (4.64) 
SV{4)/S{U{2) X U{2)) ~ SO(6)/t/(3), 
SO(8)/SO(4) X S0(4) ~ SO(8)/t/(4). 

Notice the absence in (4.63) G2, F4 and E^. Moreover we can introduce on those 
groups left- invariant skewsymmetric forms. Let us notice that in (4.62) we have the 
symmetric space SU(4)/5'([/3 x Ui) which can have some physical applications. The 
same we can say for SO(10)/t/(5) and for the last two symmetric spaces in (4.62). 

We can introduce almost complex (almost Kahlerian) structures on homogeneous 
spaces which are not symmetric spaces. They have the following shape: G/K, where 
K is a fixed point set of an automorphism of G of order 3. If dim.{G/K) > 6 these 
manifolds are not complex (Kahlerian). For example we have the following possibilities: 

1. G = S\J{n)/Zn, 

K = S{U{ri) x U{r2) x U{r3))/Zn, 

< ri < r2 < ra, ri + r2 + rs = n, 

< r2 (4.65) 

2. ^ = 80(271+1), 
K=U{r) X SO(2n-2r + l), 

1 < r < n. 

3. G = Sp(n)/Z2, 

K = {U{r) X Sp(n - r)}/Z2, 1 < r < n. 

4. = SO(2n)/Z2, n > 3, 

K = {U{r) X S0(2n - 2r)}/Z2, 1 < r < n. 

Except the above example we have the following 



G 


= G2, 


K = 


Ui2), 


G 


= FA, 


K = 


(Spin(7) X Ti)/Z2, 


G 


= F4, 


K = 


(Sp(3) X Ti)/Z2, 


G 


= £^6/^3, 


K = 


(SO(IO) X SO(2))/Z2, 


G 


= ^6/^2, 


K = 


{S{U{h) X U{1)) X SU(2))/Z2, 


G 


= £^6/^2, 


K = 


(SU(6)/Z3 X Ti)/Z2, 


G 


= E6/Z2, 


K = 


[(S0(8) X S0(2)) X SO(2)]/Z2, 


G 


= E7/Z2, 


K = 


EQ X TVZ3, 


G 


= E7/Z2, 


K = 


(SU(2) X (SO(IO) X SO(2)))/Z2, 


G 


= E7/Z2, 


K = 


S{U{7) X t/(l))/Zi, 


G 


= ES, 


K = 


S0(14) X S0(2), 
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G = 


E8, 


K = 


{El X Ti)/Z2, 


G = 


G2, 


K = 


SU(3), 


G = 


F4, 


K = 


(SU(3) X SU(3))/Z3, 


G = 


E6/Z3, 


K = 


(SU(3) X SU(3) X SU(3))/(Z2 x Z2), 


G = 


E7/Z3, 


K = 


(SU(3) X (SU(6)/Z2))/Z3, 


G = 


E8, 


K = 


(SU(3) X EQ)/Z3, 


G = 


E8, 


K = 


SU(9)/Z3, 


G = 


Spin(8), 


K = 


SU(3)/Z3, 


G = 


Spin(8), 


K = 


G2. 



(4.66 cont.) 



One can find all the details concerning a construction of an almost complex structure on 
the above homogeneous spaces in the fourth position of Ref. [86]. Due to the almost 
complex structure onG/K we can construct a left- invariant skewsymmetric form on G. 
Let us remind to the reader that in this case G/K is not a symmetric space. 
In this way we can introduce some nonsymmetric metrics on: 

S0(2n) -n,n > 3, 
S0(8) - 6, 
Sp(n) 
S0(2n+ 1) 



SlJ{n) — a number of partitions of n in such a way that n — ri + r2 + r^, ri < r2 < ^3, 
r2 > 0, (72 - 2, FA -3, E6- 5, - 4, E8 - 4 different Einstein-Kaufmann structures 
coming from almost Kahlerian structures on (4.65-66). 

All details concerning constructions presented here can be found in Refs. [7], [8], 
[9], [10], [16], [21]-[27], [51], [52], [64], [70], [71]-[77]. 
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5. The Nonsymmetric Jordan— Thiry Theory 
over V ^Ex G/Gq 



Let P be the principal fibre bundle with the structural group H, over V = Ex G/Gq 
with a projection tt and let us define on this bundle a connection uj (Fig. 2A). Let us 
suppose that H is semisimple. On the base V = E x G/Gq we define a nonsymmetric 
metric tensor such that: 

TAB = 7(AB) + 7[AB] , . , 

CB BC rC l^--*-) 

7AB7 = 7b A7 = <^A> 

where the order of the indices is important. We also define on V the connection uJ^b, 

u;\ = r^BC^'' (5.2) 

such that: 

D7A+B- = ^7AB - lABQ'^Bcine^ = 0, (5.3) 
. A 

where D is the exterior covariant derivative with respect to aJ b and Q Bc{r) is the 
torsion of oJ^b- Using (4.39) one easily finds that the connection (5.2) has the following 
shape: 



— a 











(5.4) 



where uo p \s the connection on the space-time E and c*^ 5 is the connection on the 
manifold M = G/Gq with the following properties: 

Dga+p- = Dgap - 9asQ 0~i{r)e^ = 0, 

5"/3a(?) = 0, (5.5) 
id-a+i- = ig-al - g-ai^'lc&'W = 0, (5.6) 

D is the exterior covariant derivative with respect to the connection tJ" p on E, j3j{uJ) 
is the tensor of torsion for uJ"^. D means the exterior covariant derivative with respect 

to the connection uJ i and Q i^{r) is the tensor of torsion for lo ^. The second condition 
of Eq. (5.5) is not necessary to define Einstein connection on E. Moreover we suppose 
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it to be in line with some classical results. On the space-time E we also define the 
second affine connection W p such that: 



where 



(5.7) 



Thus on the space-time E we have all the geometrical quantities from N.G.T.: two 
connections cJ"/3 and W p and the nonsymmetric metric gap (see [18], [34], [47], [65], 
[66]). Now let us turn to the nonsymmetric metrization of the bundle P. According 
to section 4 we have: 



^AB = 



Tab 











where p = p{x,y) is a scalar field on £^ x M and 



7AB = 



9ai3 











and 



Lb = hab + Ckab, det(4b) 7^ 



(5.8) 



or 



><[AB]^^ A = 7[AB]^^ ^e^ + P^^kabO'' A d\ 



(5.9) 



where O"' = Aw". From the Kaluza-Klein Theory and Jordan-Thiry we know that A 
is proportional to y/G]^ (see [1], [2], [7], [8], [9], [10], [18]), A ~ ^/U]^. We work with 
such a system of units that A = 2. 

Now we define on P, a connection w^-q right-invariant (Ad-covariant) with respect 
to the action of group H on P such that: 

i^7A+B- = ^7ab - 7ad<5^bc(^)^^ = 0> (5-10) 

where oj^^ = P^^qO'^. D is the exterior covariant derivative with respect to the 
connection OJ^^ and Q^^q^P) is the tensor of torsion for the connection OJ^^- After 
some calculations one finds: 

^^B = 





2n MA Td nb 
- P f-dbl MB^^ 


i'^BC^'' - ^7BD7(°^V,C^''^ 




-i'^CB)e^-p7(^^V,B4c^^ 


i7BD7(''^V,C'^6"^^+^% , 



(5.11) 
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where 

7(AB) is the inverse tensor for 7(ab) 



rd _ r, (5.12) 
^ MB — BM5 



is an Ad-type tensor (Ad-covariant) on P such that 



TMBT^'^^^CA + 4d7AM7^''^^BC = 24d7AM7''''^''BC, (5.13) 



Ubr\c + iaar^'cb = -idbCac, (5.14) 

j-id j-id T-id r\ 

^ ac — ^ caj ^ ad — 



We define on P a second connection: 
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^^A S^~W. (5.15) 

^ ^ 3(m + 2) ^ ^ ^ 

Thus we have on P all (m + 4)-dimensional analogues of geometrical quantities from 
N.G.T., i.e.: 

^^B'^^B and x^B- 

Formulae (5.11)-(5.13) are similar to the analogous formulae from Refs. [23], [24] (see 
also [18]). The one difference is that now we have £^ x M in place of E. The connection 
(5.15) is analogous to the connection W from Refs. [19], [23] and from Part 4. The form 
W is horizontal one, hor W = W {in the sense of the connection uj on the bundle P). 
Let us calculate the Moffat- Ricci curvature scalar for the connection W^^. 

RiW) = x^^ [n^ABciW) + ^i?^cAB W) , (5.16) 

where R^^Qfy{W) is the curvature tensor for the connection W^^. Using results from 
Refs. [19], [23], [24] one gets: 

R{W) = RiW) + ^Rif) + -^R{r) + 

- ^U{2H^H' - L^^^'H^mn) - ^7(^^V,BP,N + £(P), (5.17) 
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where: 



bp 



7"^^! Vm (^dn7(°^V,c) - Vn Q7dm7(°^V,c) }, (5.18) 
M = V]-M^-l)' (5-19) 



Q^mn{^) means the torsion of the connection oj^b onV = ExM = ExG/Gq and Va 
is the covariant derivative with respect to this connection. R(W) is the Moffat-Ricci 

curvature scalar on the space-time E for the connection W°'p. R{r) is the Moffat- 
Ricci curvature scalar for the connection aJ ^ on the homogeneous space M = G/Gq, 
R{r) is the Moffat-Ricci curvature scalar for the connection uj°'b- Notice that in the 
curvature scalar we pass from A = 2 to the arbitrary value of this constant. 

= 7[AB]i/-j^3j ^ g^'^^^H^p + lgl-~'^H'^.-^, (5.20) 

+ ^/V"^%65''m5^n. (5.21) 

Let us consider the condition (5.13). One gets: 

idcg^^pg'^'L''^^ + Icdgc^^g'^^L^^ = 2i,dga^g''''H''p^, (5.22) 

^dcg^ig'^^L^sd + icdgarng'^'L^ = 2e,dgdrng'^'H\-, (5.23) 

idcg,.pg''^L''ja + £cdgarhg'^''L%, = 2(,,dg~aing'^~'H%z. (5.24) 

One finds that: 



2 - 1 - - 

+ l/-^^-L«-^iy^^^^ , (5.25) 
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habH"^H^ — habH"'oH^o + -^habH'^oH^i + —^habH'^iH^i, (5.26) 



where: 

For iabH^H^ = habH'^H^, we have the following: 

■;^habH'^oH^i + 
where 

H% = ^["^liy'^a^ (5.27) 

and 

And finally we get for R{W): 

R{W) = R{W) + li?(f) + -^R{r) - ^iabm%H% - L-^''H'^,)+ 

\2 2 

-^9,5f'''^P,.9^''^^P,p + P{p), (5.29) 
where g'^^^^ is the inverse tensor of g(ai3) such that: 



Let us calculate the density for the Moffat-Ricci curvature scalar for the connection 

^R{W) = x/=^r-i sM\V¥\p''R(W), (5.31) 



W^^. We have 



where 

5r = det(^a/3), fif = det(c/gg), £ = det(46) (5.32) 

and 

X = det(xAB) = ^ • • • (5.33) 
After some calculation one gets: 
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>c\R{W) = ^r-^ ^\i\^p-R{W) + + ^R{f)+ 



4^4 

A2 



where 



and 



+ n^9^^''^9Sf.9^'^^P,.P,^)^ + OmK"^, (5.34) 



M={em[dc]-Mn-l)) (5.35) 



^2 V 1^1(57^ '^-7 7dn7 ) ' P,c- (5.35) 
If we define an integral of action: 

J ^/mRiW)d'^+^x, (5.36) 

u 

(where dJ^^^x = df^x dunih) ■ dm{y), dnii{h) is a biinvariant measure on a group H 
and dm{y) is a measure on M induced by a biinvariant measure on a group G, x & E, 
h E H, y E M), and the variation principle for R{W) then the full divergence duK^ 
does not play any role. It could play a certain role in topological problems. 
One can write 

and 

^'^ = ^P""'v^(5^^*'^ -/^^dn5^^''^)P,c. 

Thus we really only have to deal with B{W): 

B{W) = y/^R{W) - duK^- (5.37) 

In the calculations we use results from Refs. [23], [24], [26], [27] and we suppose that 
p = p{x) is really the scalar field on the manifold E (space-time). The latest means 
that: 

P,a = 0, (5.38) 

for every a = 5, 6, 7, . . . , ni + 4. 
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Moreover it is interesting to consider a more general case with p depending on 
X e E and y e M i.e. 

p = p{x,y). (5.39) 
In this case we expand p into a complete set of real functions defined on M. 

oo 

P=J2Pk{x)Xk{y) (5.40) 

fc=0 

and consider such a p that: 

oo 
fc=0 

The condition (5.41) means that p{x) e £^ (a Hilbert space) x E E i.e. £^-valued 
function defined on E. If functions Xkiu) defined on M form an orthogonal basis in 
L'^{M,dm, ^/\g\) i.e. 



W^kW^ ^ Y J VWlxUy) dm{y) < oo (5.42) 

and 

{Xk,Xi)^y- J VW\Xk{y)xi{y)dm{y) ^ WxkfSki /c,i = 0,1,2... (5.43) 

and for every real f{y) such that 

^ J VW\f{y)dm{y)<^, (5.44) 



2 



M 



/(y) = E/feX'^(2/), (5.45) 

k=0 

oo 

/fe = — J V\9\fiy)Xk{y)dm{y). (5.47) 



^2 

M 

The convergence of (5.40), (5.45) is understood in the sense of norm. Thus in this 
more general case we have to do with a tower of scalar fields Pk{x), A; = 0, 1, 2, 3 . . . 
We can arrange a basis Xk{y) in such way that: 

Xoiy) = 1- (5.48) 

It is easy to see that this function is normalized to one: 

IIXoll = 1. (5.49) 
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Using a Schmidt orthogonalization procedure one gets remaining Xki k = 1,2... from 
generalized harmonics on M such that: 

iXk,Xi) = hl- (5.50) 
In this way the condition (5.38) means a truncation condition for p i.e. 

oo 

p{x) = po{x) + Pk{x)xk{y) (5.51) 

k=l 

and we consider only the first term po 

p{x) = po{x). (5.52) 

The general treatment of p is given in section 16. 

The generalized harmonics on (M, hP) are eigenfunctions of the usual Beltrami- 
Laplace operator on (M, hP) (which is an elliptic operator for M is compact and without 
boundaries). 

= akTik, (5.53) 
where rjk is an eigenfunction of A and ak is an eigenvalue, A; = 0, 1, 2 . . . 

uA — -{d * d * + * d * d) (5.54) 

is the Beltrami-Laplace operator on M, * — means a Hodge's star and d is an exterior 
derivative on M, u means a volume form on M (ni-form). Sometimes we define 
S = ^d*. One can write Z\ in a more convenient form: 

Af = div(grad(/)) = --l=(h'^i^\f-^)^,, (5.54a) 
where = det(/i?-). 

^ ab' 

It is easy to see that ak — corresponds to a constant function (a manifold M is 
compact). 

Functions r]k form a basis in a different Hilbert space of L^-type i.e. rjk G L^{M, dm). 
Moreover L'^(M, dm) and L'^(M, dm, ^/[g\) are unitary equivalent since measures d/ii = 
dm and diJ,2 = -s/lgldm are such that 112 <S A*i A*i ^ A*2- The isomorphism 

U : L2(M, dm, ^/Wl) L^iM, dm), 

/2 = U(/i) = |fi?|l/Vl 

establishes this equivalence. 

The truncation procedure can be obtained in a different way taking 

P{x, y) = po{x)pi{y), xeE, y eM. 

In this way after averaging over the manifold M we get basically the same shape of 
the lagrangian with exactly the same factors depending on the scalar field Pq{x). 
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It is worth to notice that the formulae (5.21)-(5.23) do not change under the general 
conformal transformation — the redefinition of the tensor g^^. This is a general property 
of these formulae i.e. 

9nu^C ■ g^v, (5.55) 

where C = C{x) is the conformal factor. 

R{W) is invariant with respect to the right action of the group H on P. Thus an 
integration over the group H is trivial. Let us consider the following two Adi^-type 
2-forms with values in the Lie algebra oi H,{\)). 

L=h''MBO^Ae''Xd (5.56) 
Q=lQ\B0'^A9''Xd. (5.57) 

L = f2-l-Q, (5.58) 

where O is the curvature of the connection u; on P (over E x G/Gq) and Q'^mb is torsion 
in additional gauge dimensions. This generalizes our considerations in Nonabelian 
Kaluza-Klein Theory to higher dimensional space-time. 



and 

One gets 
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6. Dimensional Reduction Procedure 



Let us consider equation (5.21), (5.23) and (5.24) modulo equation (4.37), (4.38) 
and (4.39). One finds: 

iij9f^p9^''L\a + iji9at.9''^L'i3^ = 2£jig^^g'''^Wp^, (6.1) 

where lij — £cd<^'^iCt'^j is a right-invariant nonsymmetric metric on the group G and 

LV = (6-2) 

U^i, plays the role of the second tensor of strength (an induction tensor) for the Yang- 
Mills' field with the gauge group G. H^^v is of course the first tensor of strength of this 
field. The polarization tensor is defined as usual (see [18], [19], [23], [24], [26], [27]). 

L\, = H\,-47tM\,. (6.3) 

We introduce two Ad^-type 2-forms with values in the Lie algebra g (of G) 



1 

2' 



and one easily writes 



L = J7e - 47rM ^ - -Q, 

2 



where Q = iQ^J^" A d'^Yi. 

In this way we get a geometrical interpretation of a Yang-Mills' induction tensor 
in terms of the curvature and torsion in additional dimensions (see Ref. [18]). 

From (5.24) and (4.38) one gets: 

hc9,.p9^''L''^a+U9arn9'^''L''pz = 24d^am^'^' ' v'%(^"c). (6.4) 
From (5.22) and (4.39) one gets: 

hc9n^i9''^L''c~a + £cd9~arn9'^' L\, = 21,^9 ~ain9'^\Ct,$H - l^fl^ - ^j-/^), (6.5) 
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One can rewrite the formula (6.5) in the foUowing shape 

ldcg^if'^L'',a{i) + Ldgarng'^'^L\-{i) = 2Ugdrng'^''Ci,<^''i^''c, (6.5a) 

Ucg^ig'^^Li^m + ^cdg~afhg'^'L\(2) = 2£,agarng'^'fiyh^, (6.5b) 

idcgrnbf'^L^cai^) + ^cdgarng'^' L\{3) = ^l.dg-arhg'^' Az^" i (6.5c) 

and 

^'aS = ^'a5(l)-^'.6(2)-^'.^(3). (6.5*) 
Moreover we can write L{i), i = 1, 2, 3 in the foUowing forms 

^'aS(l) = C\e^''aW^~,, (6.5a*) 

L^,^(2) = /.-m\„ (6.5b*) 

where ^''ai^) is a multiple of scalar fields transforming with respect to groups G and 
H as <?''o(a;), m*^g are left- invariant skewsymmetric 2-forms on M with values in the 
Lie algebra Qq, r^-^^ is a left- invariant tensor field on M. One gets 

idcgrnb9''^^'c^"a + icdgarng'^^^^i^^ c = 24d^7a^^7'^'^'b^?"£, (6.5a**) 

^dcgrhig'^^^'ca + ^cdg-arng'^'m'l, = 24d^a,?.^'^'/\„ (6.5b**) 

Ucgrhh9"'^r'^c~a + ^cdg~arhg'^'r\- = 2£,dg~afng'^~^ ~a,l (6.5c**) 

and 

L'-al = C\^^'~a^^-, - ■ m^,g + r V'd- (6-5***) 

It seems that sometimes the last formula will be easier to apply in order to find an 
explicit form of the Higgs' potential. 

Now we have the following formula for B(W): 

B{W) - ^-g\g\\£\lr^^p^R{W) + ^r"ii?(r) + 

\2 n+2 ni-2 gauge , 



2 

^2pn+2^ni-4 



4 

X ^[^'^J {C'.f^'n^^rn ' VL " ^'e/^nm)+ (6.6) 
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„a'rh „hn T a ( /^h jf.c .6 fi /f.b fe w , 

-9 9 L g^-^^- [C^^^ rh^ n- fJ- p mn-^ ej mn)\ + 

\2 n+2 ni-2 _ _ . _ 

- r-^p^-^Mg^-r^^p^.p,^ + n'g^^''^gs^g^'^~>p,.p,^)y (6.6 cont.) 

Where 

L^M- = g^'^g^'^L^p (6.7) 

and L'^a/S obeys (6.1). 

One can define the following two Ad^-type 2-forms with value in the Lie algebra 

of iy,(f)) 

in such a way that 

V V 1 V 

V 1 - r 

where = -H .j^O"" A 9 X^. These forms are defined on P (over G/Gq). In this way 
we get similar formulae for the Higgs' field and for Yang-Mills' field. 
Let us define the following quantity M^-^^ such that 

L'~ai = H",-, - 47rM^,g. (6.8) 

This quantity is an analogue of the polarization tensor for the Higgs' field. 
In this way we have 

Q = Stt M = AirM'^-iO^ A O^Xd- (6.8a) 

V 

The form M is an Adn-type 2-form. 

W = g^'^^^H^p, (6.9) 
L°'ai3 obeys (6.5) and scalar field satisfies the following constraints: 

^^f\d = ^"i^'aCl,. (6.10) 

Let us define the integral of action for B{W) 



S = 



^ J {{B{W)d^x)d^^x)d\ (6.11) 



ViV2r ^ 



where V x M x H,V C E. 

Vi= J V^d^'x, (6.12) 



H 
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where dJ^x = dfiuih) is a biinvariant measure on a group H and 

V2= J VWld'^'x, 



(6.13) 



M 



dP'^x = dm{y) is a measure on M which is quasi-invariant with respect to the action of G 
on M and d'^x means integration over space-time coordinates. After some calculations 
one gets: 



S=- J y/^B{W,g,Ap,^)d''x, V C E, 



(6.14) 



V 



where 



B{W,g,A,p,$)^p--R{W) + ^ 



+ p^+^^V{$) - p-+2^£i„t(^, A) + p^-^jCscM 



+ Xc, (6.15) 



R{W) is the Moffat-Ricci curvature scalar on the space-time E and plays the role of 
the gravitational lagrangian 



OTT 



(6.16) 



is the lagrangian for the Yang-Mills' field with the gauge group G in the Nonsymmetric- 
Nonabelian Kaluza-Klein Theory. W is defined in (6.9) and Uf^^ by (6.1). 



gauge 



„ „ L n I i- gauge 



M 



1 

V2 



gauge , 

\g\d-^x{g'-L\^ V ,^\) 



(6.17) 



M 



is the kinetic part of the lagrangian for the scalar field $^n- K is easy to see that 

gauge 

£kin is a quadratic form with respect to V (gauge derivative with respect to the 
connection uj-e) and is invariant with respect to the action of the groups H and G. 



M 



b fi 



Kb ee 



(6.18) 



is the self-interacting term for the field It is invariant with respect to the action 
of the groups H and G. This term is a polynomial of 4th order in (?'s (a Higgs' field 
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potential term). 

C,^,{$, A) = K,iitH^i^^^ ■ {C',a'^^~a<P\ - fi'-r^i - ^'afal) (6-19) 

is the term describing nonminimal coupling between the scalar field ^ and the Yang- 
Mills' field where 

^^'^ = y J VWK'xg^^'\ (6.20) 
Ac = + -§- J MW) d'^^x = + ^P. (6.21) 



M 

This term is also invariant with respect to the action of groups H and G. One can 
write (6.17) and (6.18) in a different form. 



where 



>Ckin( V ^)=eab{9'"'L''^ V ^^'n)av 

I- gauge , 

= W^(/"i^^5 V ^^'n)av, (6.22) 
V{^) = 246([^7^t™lt''^nQd^'m<?'n - ^"^r^n - ^"effan)^ 

+ /-^-L'^-^(C>'=^0'^^, - fX^frhn - ^'efrnn)])av, (6.23) 

{■■■)av = Y J ^/W\dx'^^{...), 

^ M 

^([mn][a6]) _ g[mh] . g[ab\ ^ 

The connection r"-^^- on M satisfies the following compatibility conditions: 

-J - 

9dbr ac + g~adr = ^aJ^ 6c + 9~ab,c^ (6-25) 

where x'^^g are nonholonomicity coefficients, "," means the action of a vector field 
defined on M and induced by a left invariant vector field on G. For g^^ - one easily 
finds 

9~ab,~ci^) = Ck\i,, + h\~,^,. (6.26) 

For 

'Cscai(p) we have the following: 

CscM = (M^(^'^)p,^p,^ + n^g^^''^gs^9^'''^P,.P,^), (6.27) 

where 

M = {£[dc/'^''^ - 3n(n - 1)) > 0. (6.27a) 
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According to section 3 B{W,A,<P,^) is invariant with respect to the right action of 
the group G on the bundle Q{E, G). Thus we do not see any additional dimensions. 
They can be easily dropped due to the integration over the group G. 

Let us consider M = S"^ = SO(3)/SO(2) (see sec. 4 and in particular Eq. (4.23)). 
One gets for = h^s.b^^ 



ao 



1 
1 



(6.28) 



where 



V^ = de, V'^ = smed(f 



(6.29) 



and 



dV^ = 0, dV^ = cot dV^ A 



(6.30) 



On S'^ — SO(3)/SO(2) we introduce a coordinate system in a known way, i.e. 



{9,ip) = ^{gexp{9ei + cpe2)), ^ e S0(3), 80(3)^5^ 



(*) 



and getting it in a neighbourhood of ( ^O) ^^o )• In particular for (0, 0). In this way we 
have a local trivialization of the bundle G, {9, (p, ip). Moreover we have a local section 
of G, a: in a neighbourhood of (p{g) due to (*). The forms Vi, V2 are puUbacks of Vi, 
V2. 

Vi = a*V,, ^ = l,2. 

They are dual to left-invariant vector fields ei, 62 on M, ej(^, <^) = L^_iej(0, 0), z = 1,2. 
We have 



62(9, Ifi) 



d9 

1 d_ 
V sin 9 d(fi / 



and [61,62] = — cot ^62. 



Thus we have 



9ab 



1 C cos ^ 
-C cos 9 1 



(6.31) 



Substituting Eqs. (6.30-31) into (6.25) one finds 



^1 ^2 

r 11 = r 22 = 



(6.32) 
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and 

T 22+T 11 -CcOS^r 21 = Ccos^, 

^2 '^l ^2 

T u+T 21 + Ccos^r 21 = -3Csin^, 

^1 ^1 ^2 ^2 

r 12 + r 21 - C COS 6^ 12 + C COS 6^ 21 = 2C sin 6', (6.33) 

^2 ^1 ^1 

r 12 + r 22 + Ccos^r 12 = 0, 

^1 ^2 -^2 

T 22 + T 21 + Ccos^r 2i = 2cot^, 

^2 ^2 ^1 ^1 

r 21 + r 12 + Ccos^r 21-Ccos^r i2 = -2cot6'. 

The existence of the connection F (a nonsymmetric) is guaranteed by the theorem 
from the second position of Ref. [3] . In order to apply it let us transform and g to 
holonomic system of coordinates. 

One gets 

/ 1 Csin^cos^X 

9a'h' =[ , . n n -2, ' (6-34a) 

V — C sm 8 cos 8 sm 8 / 

g = det{g~r^,) = sin^ 6(1 + cos^ 6) 0, (6.35a) 
= det(h°~r^,) = 4sin^ 0^0, (6.35b) 

(W^ (6.35c) 

g (l + C^cos^^)' ^ ^ 

Thus all the conditions are satisfied except ^ = 0, tt, < <^ < 27r and because of this 
the nonsymmetric connection uj exist (except singular line ^ = 0, tt, < <^ < 27r, where 
it is symmetric i.e. Riemannian one). The system of linear equations (6.33) can be 
solved because its matrix is invertible. The determinant of this matrix is equal to 

2{2C cos^ ^ - cos^ ^ + C cos ^ - 1) 

and nonzero. 
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Let us write the remaining connection coefficients. One gets 



^1 

r 22 



(3C^ cos^ e - lOC^ cos^ e - 6C^ cos^ 6* sin 6* - 4C'^ - 3C^ cos ^ sin ^ - 2 cot d) 

2(C3 cos3 e-2C cos2 ^ - C cos ^ + 1) ' 

^2 _ 5^ sin ^(C^ cos^ d - 2C^ cos ^ sin ^ + 1) 
" ~ 2(2(2 cos2 ^ - ^3 cos 6* + C cos ^ - 1) ' 

^2 _ 2Ccos^(C2cos^sin^ + 2cat^-Ccos^-2Csin^) 

~ (2C2 C0S2 9- (3 C0S3 ^ + C COS ^ - 1) ' 

_ (2C^ cos^ 6)+4C COS e cot e+2C'-^ cos^ 9 sin 6>+3C sin e-2C^ cos g sin g-C cos e-4C^ cos 9 cot g) 



2(C^ cos^ 6'-2C cos^ 6»-C cos 6>+l) 



r 21 = 

r 12 = 

(4C^ COS 6* sin 6* - 5C sin 9 + cos'^ 9 + SC^ cos 6* sin 6* + 2C cos 6* cot 6* - C cos 6* - 2 cot 9) 



(2C2 cos2 9-C^ cos3 6* - C cos ^ + 1) 

:ot 9-5C^ cos 6> sin 9-4 cot g+C"^ cos^ 
2(2C2 cos2 e-C^ cos3 e+C cos 9-1) 



^ _ (TC^^ cos^ sin 6>+12C^ cos^ g cot g-SC^ cos 6> sin 9-4 cot g+C"^ cos"^ e-4C'^ cos"^ 9 cot g-C^ cos^ 9 



(6.36) 



Eqs. (6.32-3) and (6.36) give us an example of Einstein-Kaufmann connection on a 
homogeneous space —S^ = SO(3)/SO(2). Let us calculate the Moffat-Ricci scalar of 

the curvature for the connection F gg, (oJ ^). In order to do this let us find ^r"^. One 
finds 

aab= ^ ( 1 -Ccos^\ 

^ (1 + C2C0S2^) VCCOS^ 1 )■ ^''■'"> 

Moreover it is easier to calculate the scalar of curvature using results from the second 
position of Ref. [4] . In this paper one has found the general solution of compatibility- 
conditions for Einstein-Kaufmann connection in 2-dimensional case. In particular 

S\ = + ^/i''"Vafc°5^V-'^ - |[(Va/c«f )/c«^)«]y-, (6.38) 

where cD"^^ is the Riemannian connection for = 9(fib)- 

det(^-5) 



det(/i°a5) 

is a scalar, and V means a covariant derivative with respect to oJ^i- 
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One gets 

- CV™(v,Q(V/cJ'g^~)/c^)) - V(^Q(Va/c«^)«)/c«/)), (6.39) 

where Ri^{r) is the Ricci tensor for the Riemannian connection r(uj'^i). One gets 
after some algebra 



(l + C2cos2 6') 2(1 + (2 cos2 6')3 

sin ^(1 - 4 cos ^ - cos^ 6*) 



(6.39a) 



2(l + C2cos2 6')3 

In a general case i.e. for dimM > 3 we should transform Eq. (6.25) to the holonomic 
system of coordinates and to use recurrence relations for the connection in order to 
find it (see Ref. [3] for more details). 

In this case we can find a general solution (Ref. [3]). 



a7%=^% + «%, (6.40) 
tion for and 

«^ = (6.41) 

+Ck'hk\rH'L,y^j^k\^ - L,,-,k1,k^^f)}, (6.42) 



where a;"^ is a Riemannian connection for and 



zm — 2 



for L-^g one has 



L-aic = -a^ak%, + Vik^,i - Vek'-J, (6.43) 



V means a covariant derivative with respect to the connection a;"^. 
For a scalar of curvature one gets: 

g(f ) = + g'\Vau\3 - Vau%,) + lg'\%u\s - Va«%5)- (6-44) 

Let us notice that if k^ is induced by the Kahlerian structure on M = G/Gq (see sec. 4) 
we have 

Laic = (6.45) 

and 

S".- = . (6.46) 
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In this case one simply gets 

Ti{T)=9'%ai^). (6.47) 



Moreover the Riemannian Ricci tensor can be easily calculated in terms of structure 
constants of G and Go- One gets 

— hr- -/v , J 



RiM = --M-c--.hff''^~of~^i~a- (6-48) 



Thus we have finally from (6.47) 

%h = - \h-/'r-cfiia, (6.49) 

i.e. in the case of uT z = uj'^z- In general one gets Eq. (6.44) where the first term is 
given by Eq. (6.49). 

Let us reconsider S'^ in a different context i.e introducing on S"^ Riemannian and 
symplectic structures coming from C via stereographic projection. 
One gets 

V = , , I X= , I (6-50) 



l + I^P' ' l + I^P' ^ l + \z 
where (^, rj, x) £ S"^ and z = x + iy & C and 



1 -X 1 -X 

Using spherical coordinates on S'^ one easily obtains 



X = — , y — — . (6.50a) 



z = X + iy = ctg -e-''^ , (6.51) 



2 



where <6'<— ,0<o?<27r and 

2 2 ^ ^ 



^ = sin ^ cos (p, 

?7 = sin ^ sin (6.51a) 
X = cos ^. 

On the complex plane C we have a Kahlerian structure induced by a Hermitian metric 
tensor 

p = dzdz = {dx^ + dy^). (6.52) 
The symplectic form is given by 

k — ^dz A dz — dx A dy. (6.53) 
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After some calculation one gets using Eq. (6.51) 



and 



p = 3_ (c^5»2 ^ Q ^^2^ (6.52a) 

4sin4^ 
2 

k= ^—^(-^smddeAd(fA. (6.53a) 

4 sin^ - ^ ^ 
2 



The tensor 



ds^ = de'^ + sin^ e d(f'^ (6.54) 

is a Riemannian metric tensor on 5'^ induced by the euclidean metric in E^. It is 
conformally equivalent to the flat geometry on C (locally). The symplectic form 

~ sin Ode A d(p (6.55) 

corresponds to the symplectic form on C with the same conformal factor (4sin^ f )~"'^- 
The metric ds^ — d9^ + sin^ 6 dtp^ and the 2-form kP — sin 9 d9 Ad(p from Riemannian 
and symplectic structure on (really Kahlerian). Thus we have on S'^a nonsymmetric 
tensor 

such that 

Va/c^gg = 0, (6.57) 
V means covariant derivative with respect to Riemannian metric induced by (6.54) on 

_ / 1 Csin6'\ (r. c-ox 

1^-Csin^ sin^^ J' ^^-^^^ 

-ah _ 1 / sin^ 9 -C sin 9\ , . 

^ -(l + asin^ACsin^ 1 )■ ^^-^^^ 

One gets 

W) = g-^R{Q) = (Y^- (6.60) 

The form introduced here can be lifted to S0(3) to get a left-invariant 2-form on 
S0(3). 
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7. Conformal Transformation of Q/^iy. 
Transformation of the Scalar Field p 



In section 6 we obtained the lagrangian density B{W,g,A,p,<P) such that: 

A2 



B{W,g,A,p,^) ^ ^ {p^ ■ R{W)+ ^ 



87Tp^+^CYMiA) + 



+ 



- _p-x,,i(p) + ^^3_i?(r)+p"-p|>, (7.1) 



where Cym-, C,]^in■, V-, i^\nti ^sca\ cind P are defined in section 6 by formulae (6.16), 
(6.17), (6.18), (6.19) and (6.21). This lagrangian density is a generalization of the 
lagrangian from Bergmann's paper (see Rcf. [50]). P. G. Bergmann considers the la- 
grangian for the tensor-scalar theory of gravitation including Jordan-Thiry theory and 
Brans-Dicke theory. Our lagrangian is more general for two reasons. We have non- 
symmetric metric tensor g^^ as a metric {R{W) is the lagrangian of gravitational field 
from the Nonsymmetric Theory of Gravitation). The lagrangian (7.1) possesses also 
apart from lagrangian for gauge field (in the Bergmann's paper it is an electromagnetic 
field) lagrangian for Higgs' field coupled to Yang-Mills' field. We also get two terms 
which play the role of the cosmological terms. In the Bergmann's paper there are four 
arbitrary functions of scalar field p, /i, /2, /s, Ja- Here we have more such functions: 



Hp) = 




/2(P) 


= 87rp"+2 


f2'{p) = 




h"{p) 




/2"'(P) = 




fM 


= P'^+^ 


h'{p) = 


4 

X2p2-n ' 


U'{p) 





(7.2) 



63 



Now we proceed with the conformal transformation for the metric Qf^iy and the trans- 
formation of the scalar field p. This is only the redefinition of g^i^ and p. 

p = e--^, (7.3) 

g^ll. e"*' • gf,„ = ^g^,,,. (7.4) 

This procedure comes of course from Ref. [50]. The only difference is that ^r^j^ is now 
nonsymmetric. After transformations (7.3) and (7.4) we get the following: 

R{W) + ^ ( 87re-('^+2)'^£YM(A) + -^^C^n{ V ^)+ 

- -^n^) - ^^7^>Cint ^)) - y AcalCZ^) + ^ e(-+^)^i?(r) + , (7.5) 

where 

It is easy to see that the scalar field W is chargeless (it has no colour charges). However, 
it couples the gauge (Yang-Mills') field and the Higgs' field due to the terms: 

87re-("+')*£YM(I), (7.7a) 

2p~^'^ gauge 
+ ^:^^kin( V ^), (7.7b) 

(n-2)*' 

^F(c?), (7.7c) 

4 (n-2)!f 

^Ant(^,^), (7.7d) 



r 

It also couples the cosmological terms: 

4 



^^g(n+2)^^(p)^ (7.8a) 



p. (7.8b) 



These six terms (7.7a-d) and (7.8a-b) suggest that the scalar field is massive. This 
is different than in Brans-Dicke theory, where the scalar field couples the trace of the 
energy-momentum tensor for matter. Our results from this section generalize results 
from Refs. [23], [24]. 

We can consider a more general case for the lagrangian in the theory i.e. 



{R{W) + (3)^/\x\. (7.9) 
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In this case we get an additional cosmological term fip^ or in terms of the field ^ and 
after a redefinition of the nonsymmetric metric g^jj 

(/? / dm\y)^\)e^^. (7.10) 

This term can be added to remaining cosmological terms in the theory. Moreover we do 
not consider this term anymore because it is not in the real spirit of the Kaluza-Klein 
(Jordan-Thiry) Theory. 
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8. Symmetry Breaking. Higgs' Mechanism. 
Mass Generation. Cosmological Constant 



Before passing to symmetry breaking in our theory we do some cosmetic manipu- 
lations, connecting constants. The connection cj on the fibre bundle P has no correct 

physical dimensions. It is necessary to pass in all formulae from u to as , oj 



he 



1 



UJ 



as 



UJ, 



(8.1) 



where h is the Planck's constant, c is the velocity of light in the vacuum and as is 
dimensionless coupling constant for the Yang-Mills' field if this field couples matter. 



For example in the electromagnetic case as 



, We use an 



ai 



he 



where g 



is a coupling constant for a gauge field. The redefinition of u is equivalent to a usual 

treatment in a local section e : V D C/ P, e*LO = -^A. Now our quantities have 

he 

correct physical dimensions. 

Using (8.1) one easily writes the integral of action (6.11): 



X 



u 

-2^ 



R{W) + 



+ 



Aeh 



-£int(^,A)-£,eal(!^) +A 



(8.2) 



Thus we get the integral of action for the matter described by the Yang-Mills' field 
and scalar field coupled to gravity. If we want to be in line with the ordinary coupling 
between gravity and matter we should put: 

^TiX^al 



N 



One gets: 



4eh 



2 

A = — ipi 

as 



lar. 



(8.3) 



(8.4) 



where Ipi is the Planck's length i^i 



G^h 



~ 10 cm. In this case we have: 



A. 



RiP) + 



g2(n+l)lf 



.2 — 



(8.5) 
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For V{$) one gets: 



V{^) = 2£ab ( X ( as^C^a^''n^^''n - —^/¥c^i-■frhn - ef ran ] X 



X 



X 



M 



9 9^ 



ah 



where 



Vhc (y-s * 



g{[mn],[ai\) _ g[rhn\g[ai\^ 



(8.6) 



(8.7) 



Let us pass to spontaneous symmetry breaking and the Higgs' mechanism in our theory. 
In order to do this we look for the critical points (the minima) of the potential V{^). 
The scalar factor before V{^) is positive and has no influence on these considerations. 
However, our field satisfies the constraints 



Thus we must look for the critical points of 

v' = v + - /x^^^-c,^6), 

where '0*'^c is a Lagrange multiplier. Let us calculate One finds 



5V' 



4^ 



{[fhn],[ab]) ( 1 (7" ,(5^ - —^/^ii"'- P f S . 

r^'^cd^ n V nc^ .J run ^ cj mn 

Vhc as * 



(8.8) 



(8.9) 



+ 



ha,rhb ja rhn,rp 

9 ' ^ nih 9 



51" 



X 



vhc ocs 
X ( as^Ct$''r5fn,5'i - 5'n.5%f.i \\\ + 



he 

id f fv 



where 



1 

as 



(8.10) 



(8.11) 
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and ^ ^^r*" satisfies the following equation: 

^dc9rni9'"'jjj^^ + icd9arn9'^'jjj^_ = 2i,agara9'^' 5^5^ ~,5l. (8-12) 



It is easy to see that, if 
then 



H^rhn = 0, (8.13) 

5V' 

if (8.8) is satisfied. This was noticed in Rcfs. [73], [78] and it is known in the symmetric 
theory. -ff"mn is the part of the curvature of u over the manifold M. Thus this means 
that ^^rt ; satisfying (8.13), is a "pure gauge". If potential V{$) is positively defined, 
then we have the absolute minimum of V. 

^«t) = 0. (8.15) 

But apart from this solution there are some others. Potential V (see (8.6)) is the 
result of the subtraction of two positively defined terms. This means that there exist 
some local minima of V and the shape of the potential is shown on Fig. 3. Values of 
V at these local minima are not zero. If the potential is not positively defined, the 
critical point ^^j.^ is not a point of the minimum and the shape of the potential is as 
on Fig. 4. In this case we have no minimum. All of these properties depend on values 
of the constants ^ and ( and on groups G, Gq, H. The case with no minimum is 
not interesting from the physical point of view. Radiative corrections may change the 
situation as shown on Fig. 5 (see [81], [88]). Let us examine the situation described in 
Fig. 3. At the point of local minimum we have: 

Vi^i,) ^ (8.16) 

and 

H^rnni^l,,) ^ 0. (8.17) 



This means that is not a "pure gauge" and the gauge configuration connected 
to is not trivial. This indicates that the local minimum is not a vacuum state. It 
is a "false vacuum" in contradistinction to "true vacuum" for the absolute minimum 
It is possible that the "tunnel effect" from point A to S (see Fig. 3) results in a 
second or first order phase transition (see [81-85]). Such a possibility was considered 
by Weinberg and a second (local) minimum occurred due to radiative corrections. Here 
we have this from the very beginning on the classical level. 

Now we answer the question of what is symmetry breaking in our theory if we choose 
one of the critical values of ^J?^ (We choose one of the degenerated vacuum states and 
the spontaneous breaking of symmetry takes place). In Ref. [73] it was shown that if 
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H'^mn = and (8.8) is satisfied then the symmetry is reduced to Go- In the case of the 
second minimum (local minimum — false vacuum), the unbroken symmetry will be in 
general different. Let us called it G'q and its Lie algebra Qq. This will be the symmetry 
which preserves $].^^ and the constraint (8.8) imposed on ^^rt- easy to see that 
the Lie algebra of this unbroken group preserves Eq. (8.10) and constraint (8.8) under 
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Ad-action. Thus it is necessary to find all symmetries of these equations. The other 
possibility is to find symmetries of the hypersurface, defined by V($) = const, and 
the constraints (8.8). This strongly depends on the details concerning ^, C, G, Gq, 
H in contradistinction to the absolute minimum ^^^.^ — true vacuum. Maybe it would 
be possible to find a similar geometrical interpretation as in the case of ^^rt- 
general this group will be completely different. 




Fig. 5. The possible influence of radiative corrections 
on the shape of the potential V('P) in the case without minima 



For the symmetry group of V is larger than G (it is H) we expect some scalars which 
remains massless after the symmetry breaking in both cases (i.e. k = 0, k = 1, "true" 
and "false" vacuum cases). They became massive only through radiative corrections. 
They are often referred as the pseudo-Goldstone bosons. 

Let us consider a problem of the Higgs' multiplet $'^a on E. One can find a repre- 
sentation space (N) of ^'^a in the following way (see Ref. [80]). Let 

Ado ^ ^ en* e Adoo (8-18) 
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be the decomposition of the adjoint representation of G, where are irreducible rep- 
resentations of Go and let us consider the branching rule of Adn 

Adif ^ ®{n'j O ruj), (8.19) 
j 

where n'j are irreducible representations of Go and mj are irreducible representations 
of G. The latest formula comes from the known fact that 

Go^G CH. (8.20) 

Thus for each pair {ni^n'j) where and n'j are identical irreducible representations of 
Go there is an mj multiplet of Higgs' field on In this way we can decompose into 
a sum: 

Thus the multiplet of Higgs' field is quite complicated in contradistinction to the usual 
case where the Higgs' field belongs to the adjoint representation of a chosen group. 
Moreover in our case we have a smaller number of parameters in the theory. The theory 
(it means a symmetry breaking) is established by a coupling constant a^, a radius r, 
parameters coming from the nonsymmetricity of the theory C ^ homomorphism //, 
an embedding of G in Hiaf) and an embedding of Go in G i.e. the manifold M. 

In the classical approach we need much more parameters in order to get a desired 
symmetry breaking pattern. 

Let us notice that in the branching rule for Adn we have a term Ad Go (8) I and in 
the decomposition for Ad G, the Ad Go. Thus the space N contains the representation 
space for I. 

Let us pass to the integral of action (8.2) in the two vacuum cases: ^^^^ and ^crt- 
Let us expand the Higgs' field in the neighbourhood of {^cvtYh ^ = 0, 1. 

^% = {^lnTi + {4>'Ti (8.21) 

gauge 

and apply this formula for e* $ a and V{$). We get 

gauge gauge \ r 

e* ^''a = e* (0'=)^a + as^{.{^l,T~aCl,a]A^^ + {^l^fifaiAW (8.22) 

y(^) = V(^,\J + V'=(/), A; = 0,1, (8.23) 

where V{^^\^^^ is the value of V for the critical value of and is the polynomial of 
fourth order in . If we put (8.19) to (6.4) and to (6.5) we can solve these equations 
with respect to L"'mn and L^^q, in a certain order of approximation (there are some 
procedures in N.G.T. (see Refs. [79], [80] and sec. 17). Thus we can expand the kinetic 
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gauge 



term >Ckin( ^) with respect to the decomposition (8.19) and we get a mass-matrix 
for vector bosons Aj^ which strongly depends on '^^rt- 

-e-^^N>^^Mf^{^i,)A^^Ai. (8.24) 
Let us consider the expression 

in order to find its interpretation. One easily notices that it equals to 

([Adij(y,) + Ad'G(r,)]-[et])'m 

(Adn and Ado mean the adjoint representation of the group H and G respectively.) 

Thus if /c = (*) equals zero for Yi G go and ii k — 1 (*) equals zero for Yi G flg. 
The latest statements come from the invariancy of the vacuum state with respect to the 
action of the group Gq for A; = (Gq for k = 1). Generators of Qq {q'q) should annihilate 
vacuum state. Thus the matrix elements Mfj{^^j.^) are zero for z, j corresponding to 
00 (So)- 

From the invariancy of the potential V with respect to the action of the group G 
one gets 



k ic 
crt J c 



0, 



(**) 



where 



Matrix N'^'^ depends on the tensor g^fs and for g^p = gpa we have N'^'^ = g^^ . In the 
zero*"^ order of approximation for gafj we get: 



-e-^^r^^^Mf^{^l^)A\AK, 



(8.24a) 



where iqi^^ is the Minkowski tensor. Eigenvalues of Mf^ {^cvt squares of the 

masses of the gauge bosons. The secular equation det(M^ — rri^J) = gives us a mass 
spectrum of massive vector bosons. 



Thus there is an orthogonal matrix (^% ) = A such that = A ^ and 



A-'M\^',,,)A = 



= ni, £i = dim G — dim Gq 







k = 0,l. 



(8.25) 



In this way we transform the broken vector fields into massive vector fields 



Ik 



(8.26) 
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such that 



r''J2'^'Mrt)B^^Bi = r''M!j{^i,)A'^Ai. (8.27) 
i=i 

The matrix A depends of course, on the critical point of the Higgs' potential. 

Moreover we should remember the formula (4.51) which is a constraint for Higgs 
field. In this way we should differentiate with respect to independent components of 

In all the formulae concerning Higgs field we suppose (removing spiirious components) 
that we have to do with independent components. Solving the equation (4.51) we get 
independent components of Higgs field. Let the components be ai and 



^"a = ^\(^«iaj. 



In this case we get 



and 



6V 



5 5 

In all the formulae containing the derivatives of V we suppose to pass from — to 

using above formulae (the same in the matrix below). 

The matrix of the masses for Higgs' bosons can be obtained in a similar way i.e. 



2 5^«a5<?^ 





^t4>\ + 



(8.28) 



The matrix 



^ l^crt) a b 



s-'v 







^ ^crt 



is positively defined and symmetric. Thus we can diagonalize it and we get 



^</'\ = -$^m2(^^\j\!Z/«a!Z/«a, 



where 



b,h 



(8.29) 



(8.30) 



(8.31) 



The matrix A'^J'^ depends on the critical point of the Higgs' potential. For the mass 
matrix one has: 



(A-i)^"am'(^crt)'a\^'d'5 = (m'(Ct)%)5"c5'^d 



(8.32) 
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The eigenvalue problem for m?{<P'^^^) can be posed as follows 

m\$i,fl,X\ = m\$i,)X\. (8.33) 
The mass spectrum of Higgs' particles one gets from the secular equation 

dei{[m\^i,)] - m\^i,)J) = 0. (8.34) 
One easily writes the shape of mass matrix: 

m\^Lfa\ = -^- .rrf^rrd ^ \/^<^a. (^'n (^t )"m - (^t )^n^"m) - /" nn.^^ 
' 013 fiffiOii na V C 



+ 



+ ^/f (^^)c=,(5\5^^ -^-^^^^ft). (8.35) 

The diagonalization procedure of the matrix rn^(^crt)"a^6 can be achieved in the two 
following ways. The first way more theoretical is as follows. 

The matrix defines a quadratic form on the representation space — AT for Higgs' field. 
Moreover the space N can be decomposed into Higgs' multiplets mj and according this 
decomposition the matrix can be written in a block diagonal form 

[m^(<?c^t)]=E®^?(^crt)- (8.36) 

3 

We can diagonalize every matrix m|(<?gj,^.). Corresponding to the multiplet mj. 
The second way is based on the following observation. 

The matrix {^^^^)"' i, can be transformed into a different matrix (nin) x (nin) 
forming an index from two indices a and a 

a = aa + (^ + j, (8.37) 

where a, P, 7 are integers. The new index a should be unambigous. Thus we must 
choose ct, /3, 7 in such a way that for every a e A^"^" the equation (8.37) has only one 
solution for a G A^f , a G iVj"'. 

After this we can diagonalize m^((?crt) ^ ordinary matrix. In sec. 17 we consider 
some expansion procedures for m^(^gj.t) the second way is more convenient in this 
case. 

What is the scale of these masses? It is easy to see that: 

mx = — 



(8.38) 



where is the mass of a typical vector boson which obtained mass due to the Higgs' 
mechanism. The parameter, radius r, defines the scale of these masses as in Refs. [75], 
[80]. The spectrum of masses of all massive vector bosons depends, of course, on the 
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details of the theory. One can say the same about masses of scalar particles (Higgs' 
particles). Due to decomposition (8.18), we get mass terms from the expansion (8.20) 
and the scale of mass for massive scalar s will be the same as for massive vector bosons. 
We can also define a so called deconfinement parameter A{G) of order of a mass of 
typical Higgs' particle. A{G) in our theory is of the same order as m^. An interesting 
point will arise here if some of these particles remain without a rest mass or not. This 
has some importance in the hierarchy of mass scales and the hierarchy of physical 
interactions (see Ref. [89]). Moreover we expect masslcss scalars, the so-called pseudo- 
Goldstone bosons. It is interesting to notice that the scale of masses is the same in 
both cases A; = 0, 1, however there is a different spectrum of masses for the vector and 
scalar particles and with different unbroken groups. It is easy to notice that due to a 
factor e~'^^ in Eq. (8.22) we will have to do with an effective scale of masses depending 
on ^. 

Let us consider the following decomposition of the connection coe defined on the 
principal fibre bundle Q{E,G) 

uje = cjb + f^E, (8.39) 
c^E e 0, f^E e m, (8.40) 

corresponding to the decomposition of the Lie algebra Q 

= 00+m. 

In this way we consider a reduction of Q{E, G) to Qo{E, G) induced by an embedding of 
Go into G. The form uj% is a connection defined on Qo{E, G) and cr^ is a tensorial form 
defined on Q{E, G). We suppose that the reduction of the bundle Q to Qq is possible. 
The condition for this is quoted in sec. 12. In this way the transport of the connection 
is possible, because Gq is a closed subgroup of G. The form cu^ corresponds to the 
Yang-Mills' field (massless vector bosons) which remains after symmetry breaking. 
The tensorial form as corresponds to massive vector bosons. 
One gets for the curvature form 

f2E = f2^ + I^Ve + [cTE, cte] , (8.41) 
where i?^ is a curvature form for u!% and D° means a covariant derivative with respect 



to io^. Thus 



^E = ^^V^"Ar/3^.Fi, (8.42a) 

(JE = cj'^Ya, (8.42b) 

gauge _ 

e*DVE = Vg, al^e'^ A d Ya, (8.42c) 

gauge _ , -> 
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eVE = KO^Y-a = K9"pfYa, (8.42e) 
e*a;° = I^/Jj^'^y,, (8.42f) 

gauge 

The matrices , define an embedding of go into g (Go into G), V° means a gauge 
derivative with respect to the connection lo^ and e is a local section. 

The above decomposition of u;^; corresponds to a case, where the symmetry group 
is broken from G to Gq, i.e. to the first type of the critical points of the Higgs' 
potential. Moreover in the case of the second type of the critical point we can repeat 
the decomposition of uj-e according to the decomposition 

= 0o+m', (8.43) 

where Qq corresponds to G]o — a group which remains unbroken. One gets 

uje = + 

and Q{E, G) is reduced to Q{E, G'q). 

One easily connects ue and cr^ with B (i.e. fields with defined non-zero rest mass, 
because A have not defined masses) fields 

eVE = ^S;'rri., (8.44) 

where 

Y, = {A-')\Y, = {A-^)\,(3tYa. (8.45) 

The matrix A is defined by the Eq. (8.25*). The same holds for a'^. 

Let us consider the following gauge transformation i.e. a change of a local section 
oiQ{E,G) from e to / 

e{x) = U {x)f{x), (***) 



where 



(k) 



U (x) = exp(^^?7.(x)Y^), 

a 

for k = 0, Yi^ em i.e. a = a, for /c = 1, Y^ e m'. 

a a 

(fc) 

and r] ^{x) is a multiplet of scalar fields on E transforming according to the Ad Go 
(Ad G'q). Yu span m or m' (A; = or A; = 1). Such a gauge condition is called a "unitary 
gauge". 

Let us consider the following parametrization of the Higgs' field 

= AdG{u{x)yi ■ Adu{u{xm, ■ mLTa' + ^^ii^))- {****) 
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(0) 

For k — we suppose that g° = 0, where cq is an estabhshed index. For k — 1 
it is more complex and strongly depends on the details of the theory. Moreover this 

is always possible to give similar condition. The nonzero (J) £ fields are usually called 
surviving Higgs' fields. 

Thus we can transform Higgs' and gauge fields i.e. 

C^) W , , (k) 

(fc) he w w 1 

B;ix)Yi = AdH{U{x))]Bj^{x)Y, - -d^ U (x) U -\x). 

9 



One easily notice that 



crtra - L Vert] a = 0. (8.46) 



Moreover simple counting of the degrees of freedom on both sides of the Eq. (****) 
(fc) 

reveals that some of | fields are not independent (neglecting the fact that satisfies 
a constraint). 

(fc) (fc) 
Thus we should constrain | in such a way that (dim G— dim Go) dim H = dim G + 

(fc) (0) (1) 

rank( ) where G = Gq and G = G'q. One easily gets 

gauge (fc) (fc) _^ gauge (fc) ^ 

V° ^'^a = Adn{U{xm,-AdG{U-\x)fa- V« i^-Ya,. 

On the level of the tensorial form ue one establishes that 

(fc) i^) 1 (fc) W C^) 1 

raE^AdG{U-\x)){e*aE)-dU{xy U -\x) 

and 

'^ym(^) = ^ym{B) = Cym{B'). 

It is important to notice that we should consider a local section for lij i.e a^- = e*£y 
in the lagrangian for the Yang-Mills' field. 

The fields B' are massive with the same masses as B. The important point to notice 
is that the full lagrangian is still G — gauge invariant. Moreover a choice of a particular 
value of <?gi,t (which is Gq invariant) reduces symmetry from G to Gq (spontaneously). 
The fields r]u[x) disappear. They are "eaten" by the gauge transformation and due to 
this the massive vector fields have 3 polarization degrees of freedom. Sometimes rju {x) 
are called "would-be Goldstone bosons". In the matrix of masses they corresponds 
to zero modes. It means the mass matrix w? {$^^^)'^ J' b should be transformed into 
m'2(<?0rt)"a^ where a, 6 7^ cq for A; = and for /c = 1 into {<^I^^Y' a>^' b> A^' J" a' A^\^ , 

where A h = for those a, a for which ^ is constrained to zero. Moreover we 
can check it by a direct calculations of the eigenvalues of {^^j.^)*^ J' i that it has 
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(dimG — dim Go) ((dimG — dimGQ)) zero eigenvalues corresponding to the "eaten" 

Goldstone bosons. This result can be obtained directly using invariancy of the classical 

vacuum with respect to the action of the group Gq or Gq. 

One of simplest condition to choose independent parametrization of is to take 
(k) 

such (f) - that 

^ (fc) (fc) 
a 

and 

(fc) (fc) 



' a a ' 



~ ^''^ (fc) 

are orthogonal in g i.e. h{ cp'^^^ t] ) = 0, where cq is an established index. 

For both cases if the vector boson is massive after spontaneous symmetry break- 
ing and the Higgs' mechanism, the strength of the Yang-Mills' field which corresponds 
to 5* has Yukawa-type behaviour with short range 

^le-(-R/^). 
Due to equation (6.1) we have similarly for 



and for M^^j^ (see (6.3)) 



'^^ R 



R 



Thus we get that for the Yang-Mills polarization induced by the skew-symmetric part 
of the metric for "broken" , massive vector bosons is of short range. Let us pass to the 
cosmological terms in both of these cases. 

Ac. = e<»+^"'Jfl(f) + ^ + e<»-)«'^(^)v«.), *: = 0,1, (8.47) 

where P is defined by (6.21). These two terms are different and both depend on the 
scalar field ^. Using (8.20) one gets: 

Ac. = e^-^'^^fm + e"^4 f f ) + 4e("-^)^4 f ^ V^'^^^-t)- (8-48) 



"-pi 

We get that: 
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where Qg and Pg are polynomials of the s^^ order and Pg+i is the polynomial of 
order with respect to ^. Qs and Ps-\-i{Ps) have not common divisors. 

Lh = hah + ^Kh- (8.50) 
In a similar way we can prove that: 

Tl(f) = P^ o. ..G/G„. (8.81) 

where Wk{x^ C), Vfc(x, C) are polynomials of the k^^ order with respect to C, with coef- 
ficients depending on x G G/Gq and 14+i(x, () is the polynomial of the (k + 1) order 
with respect to ( with coefficients depending on x G G/Gq. Wk and Vk+i{Vk) have 
not common divisors. 

- hli + Ck% (8.52) 



However: 



M 



M 



'''^'^^ AO, or |4|1^(C) (8.83) 



and (/)(C) is a function of ( where Rr, Sr are polynomials of the r*^ order with respect 
to C and Sr+i is the polynomial of (r + 1)^* order with respect to (. In both cases we 
have similar asymptotic behaviour with respect to ^ and C if the function cf) is bounded. 
Rr and Sr+i{Sr) have not common divisors. 

~ ~ C 

i?(r) ~ y or ~ Ci, (8.54) 

P ~ or - Ca, (8.55) 

where Ci and C2 are constants. If the polynomials Qg and Rr have real roots ^0 and 
Co such that: 

Qsi^o) = (8.56) 

and 

RriCo) = (8.57) 

we get: 

Aefc(eo, Co) = 4e(--^)'^^ Vj.^(Ct), ^ = 0, 1. (8.58) 

ag \c / 
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In the case for sufficiently large ^, ( one gets: 
or 

Acfc(e, = (e^^+^^-^Ci + e-^C!,) + 4^ % • e(-2)%V^«,), (8.59) 

A; = 0, 1; Cj, C2 are constants. 

Thus in some cases we are able to make the first part of Xck as small as we want. 
From the observational data point of view we know that the cosmological constant is 
almost zero. Thus it occurs in the first or second case (real roots of polynomials Qs 
and Rr or in the limit of large ^ and (). One gets: 

Ao = 0, (8.60) 
Ai=4^(^j^J.^(^^rt)- (8.61) 

For the "false vacuum" the cosmological constant is not zero. It is zero only for the 
"true vacuum" — absolute minimum of the potential V. Thus we get that worlds corre- 
sponding to two critical points of the potential V are completely different with different 
unbroken groups, different mass spectrum for intermediate bosons and different cos- 
mological constants. Thus the "tunnel effect" from point A to B (see Fig. 3) results 
in a transition between completely different worlds. 

In some cosmological models (see [81-85]) one introduces in a phenomenological way 
the Higgs potential of this type with two critical points: first (true vacuum) with zero 
cosmological constant and second (false vacuum) with nonzero cosmological constant. 
If the model of the universe is divided into some number of clusters with the "false" and 
the "true" vacuum then evolution of clusters with different vacua will be completely 
different. There are different laws of expansion for cosmological models in General 
Relativity (in Moffat's theory too) for two cases: with zero and nonzero cosmological 
constants (radiation and de Sitter universes). Transition from point A to B results in 
the first order phase transition in models of the universe. Clusters with "true vacuum" 
devour clusters with "false vacuum" (see [81]). Thus we can reproduce the inflationary 
scenario of the Universe (old scenario). If the point A on Fig. 3 is identical with the 
maximum of V we can reproduce the new inflationary scenario of the Universe (without 
the "tunnel effect") as well (the so-called "rolling penny" scenario). We can also work 
with an extended inflationary scenario, because our theory is equipped with a scalar 
field which plays the role of dilatation scalar field. 

In Moffat's theory of gravitation there are some cosmological models with the phase 
transition of the second order in the early stages of the universe (see [90-91]). This 
occurs due to the skewsymmetric part of the metric g^jy on the space-time. It is easy 
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to see that if the metric on the homogeneous space M = G/Gq, g-^ is symmetric 

9,L = h\i, (8.62) 

we never obtain a second local minimum for the potential V. 

Let us calculate P for M = = SO(3)/SO(2) (a cosmological constant). One gets 

P = r S(f ) ^ dm=^ f R{0, C) Vl + cos2 e sin 9 dO. (8.63) 
One gets after some algebra (for C 7^ 0) 

+81n(|C| VC^) + ^^^^(TT^^^^I / + ^^^^ + + ^^-^^^ 

For V2 = 'x/M^'^ ^® S®^ 

27r 



^2 = ^(ln(|C| + + + 2C' + 1) 7^ 0, (8.65) 



where 



K{k)= J 7; . (8.65a) 
^ V 1 - sm ^ 

7r/2 

E{k)^ J \/l - k^smOde, < k^ < 1 (8.65b) 


are first and second order elliptic integrals. 

It is easy to see that for C = 0, P(0) = 0. The function P is plotted on Fig. 6. Let 
us look for zeros of P. 

EiCo) = 0, Co 7^ is a transcendental equation and we should find a solution using 
numerical methods. One gets Co = ±1.36. . . and P(C) ^ —00 if |C| —>■ +00. Let us 
notice that the integral (8.69) has been calculated under the assumption C 7^ 0- For 
C = we should do it in a different way. It is easier of course and corresponds to the 
symmetric connection on S'^. 

Let us consider a more general case given by Eq. (6.49). 

One gets in the case of the Kahlerian structure. 

I W)VW\dmig) = ^ J ^/W\9~'%bP)dmig). (8.66) 

2 M 2 M 
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p 




Fig. 6. The function P plotted versus ^ 



Moreover R{r) is left-invariant with respect to the action of the group G on M. Thus 
we have 



In particular 
Thus one gets 



R{r{y)) = R{r{gy)), g e G, y e M. (8.67) 
g(f ({eGo})) = Wiy))- (8.68) 



P = g^'R,-,{u). (8.69) 

Let us notice that in the case of S'^ equipped with the nonsynimetric tensor coming 
from Kahlerian structure on S'^ one simply gets (see Eq. (6.60)). 



Thus for a large ( we have 



P~^. (8.71) 

The interesting point in our theory is a place of electromagnetic field in the theory. 
Let us suppose that lJ{l)ei C G is a subgroup of the gauge group and let us consider 
the case when this group is broken to the \J{l)ei only. The Higgs field ^^{x) in this 
case takes the special value (^[!j.^)~ or (^crt)a (depending on the appropriate minimum 
of the Higgs potential V{$). If the Higgs field takes value from the vacuum manifold 
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G/Gq (G/Gq) we can suppose that 



gauge 

= 0. (8.72) 

We can consider a transformation 

e G/Go, U:S^ G/Go (8.73) 

such that 

gauge ^ 

V^^l{x) = 0. (8.74) 

Now we consider Go = U(l)ei. This is beyond our considerations, because U(l)ei is 
not semisimple. However in that case we can reduce the problem to much more simpler 
one. The Higgs field just belongs to the adjoint representation of the group G and we 
really have to do with 0(a;) = (/)*(a;)l2. Thus we can consider a gauge field 

~ - - gauge 

h..cl>'{x)u% = 0Jel, V^(/. = 0, (8.75) 

which is a one-from with values in R (a U(l)-group Lie algebra). This form will be 
considered as an electromagnetic connection. (0 belongs to vacuum manifold G/\J{1)). 
Let us notice that 

7r2(G'/U(l))=7ri(U(l)) = Z. (8.77) 

This means that the topological type of the field is characterized by an integer, the 
topological charge. 

Thus we can define a strength Ffj,^{x) of an electromagnetic field. 

F^^ix) = h..Hl,phm), (8.78) 

where 

S:q^ G/V{1) (8.79) 

and takes the field to a vacuum manifolds. P is a generator for the stabilized U(1)0, 
(f) e G/U(l) satisfying the normalization condition: 

h..p\<l>)p\<l>) = l. (8.80) 

Moreover, we can compute the electromagnetic field strength in a more general way 
finding a gauge-invariant expression that coincide with the previous one. 
One consider the following expression 

~ ~- gauge - gauge - 

F^,{x) = h..Hl,P^{E{4>)) + x..(0(a;)) 4>\x) V. c^{x), (8.81) 

where 

X.. = -K-. (8.82) 
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This could be rewritten in a different form. 

~ ~- - gauge gauge 

F^^ix) = h..H;^P^{U{<P)) + <P, V, <P), (8.83) 

where 

x^(X,Z) = x..(0)xV\ (8.84) 

X = xV., Z = Z^^Y". (8.85) 
This form satisfies the following conditions: 

x^{X,Z) =xj:^^){E'X,E'Z), (8.86) 

x^„(AdG(^)0o,AdG(S)0o) = -\.[A,Bfp\<j>^), (8.87) 

A,Beq and 0o is the critical value of the Higgs field. E' means a tangent transfor- 
mation of at i.e. 

r' = r^). (8.88) 



Let us notice that 

1 
2 



In the case of G = SU(2) one simply gets 0(a;) e Ai, = 0*X^, and is a three- 
dimensional vector in i.e. (j) = (j) (see the second position of Ref. [17]). 
One writes 



= U\\-^ri + r2 + r^- (8.89) 



We also get 



P((/>) = ^, (8.90) 



^'('^)} = raf^]-™<^V.) (8-91) 



x<^(X, Z) = (8.92) 



and 



Recently have appeared some papers on Higgs'-bosonless Standard Model (see the 
last two positions of the Ref. [75]). In this approach the remaining Higgs' boson is 
eliminated from the theory (after spontaneous symmetry breaking) due to conformal 
invariance of the theory. This interesting approach wants to cure the problem with 
difficulty in Higgs' boson hunting (maybe because of its very big mass). In our theory 
we can make the Higgs boson masses very big and we can eliminate one of the remaining 
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Higgs' boson connecting it to the scalar field ^ (but only one). This makes our approach 
closer to the mentioned one. 

This can be achieved in the following way. Let us suppose that one of the surviving 
Higgs' field is </? and let us connect it to the ^ field by a transformation (/? = g{^), 
where g is a, smooth function of one variable. In this way the Higgs' field </? disappears 
from the theory becoming a ^ field connected to the variable gravitational ,, constant" 
(an effective one). If the field (p is the field from Weinberg-Salam Model, we can 
remove -ff^ from the theory. Let us remind to the reader that the Weinberg-Salam 
Model (a bosonic part of the model) is covered by the theory (see Ref. [75]). The form 
of the function g could be established by a requirement that the full lagrangian of ^ 
in a linear approximation looks classical. 

Let us consider a more general case of symmetry breaking i.e. G to Gq or to G'q 
corresponding to two possible critical point of the Higgs' potential. In this case we use 
a smooth transformation 

E:S^ G/Go (or G/G'q) (8.93) 

is such a way that 

gauge 

= 0. (8.94) 

Moreover due to decomposition (a reducive one) of the Lie algebra of the group G 

= Qo+m = 5o-i-m (8.95) 

we have a natural parametrization of the homogeneous space G/Gq (or G/G'q) in forms 
of the complement m (m') in such a way that: 

(^5, a;6, • • • , Xni+A) v(g exp XaXa^ ) , (8.96) 

a 

which maps a neighbourhood of zero in m(m') on a neighbourhood of (f{g) in G/Gq. 
An inverse mapping is a local coordinate system in a neighbourhood of ^{g) G G/Gq 

on M — G/Gq. </? is a natural (canonical) map G^M = G/Gq. Let us call this map 

f 

i/j. One gets 

r«(^) = V(^"a), (8.97) 

where 

i;-\xlxl . . . ,x-^^+^) ^ ^(^gexp(J2^l{x)Ya)), x e E, g e G. (8.98) 

a 

It is easy to see that for every a, e G/Gq (G/G'q). In this way we do not 

suppose 

gauge 

^1 = 0. (8.99) 
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Now we can construct a gauge covariant form of the gauge strength 

gauge gauge 

'kj 



= h,,Hl^P^{E{^)t,'l) + x«^(^(x))[( n){ V, ^iW'af^'iUt., (8.100) 



where P^{^°-) are generators for the stabihzator of (Go)*«) £ G/Gq (the same for 
G'q case). Satisfying the normahzation conditions 

||pj(^«)|| = 1. (8.101) 

This is the gauge field strength which remains massless after the symmetry breaking. 
If we take under consideration 

7r2(G/Go) = 7ri(Go), (8.102) 

(the same for the G'q case) we can consider a nontrivial topological configuration of the 
gauge field i.e. the so called ,, coloured" magnetic monopoles. The gauge field strength 
defined above is simply the curvature of the connection u)^ e (or oj^'e)- 



gauge „ 1 ~^ gauge „ i ~ • 

D ^\ = ^H\J';,e^Y. or ZP' e = ^H'^J^'^d^Yy 



and analogically for uj^'e- 

The form x"^(^(x)) satisfies the following conditions: 

= (8.103) 

If we define a form 

x{${x){X, Z) = J2 ^^'\^{x))X^Z^ (8.104) 
a, 6 

the formula for the strength of the gauge field can be rewritten as follows: 

i?;,(x) = (^^.(x),p(r«(<5)/^))+ 

- gauge - gauge ^ 

+ x(c?(x))(/.'^ ^Ifi'i V. ^l)fl^. (8.105) 

The form x(^) can be found from the requirements: 

x((?)(X, Z) = x{E^){E'X, E'Y), (8.106) 

■ ) is tangent map to E 

><(^^t)(AdG(A)fA*lAdG(A)|'(<?^J?,,AdG(S)?^'lAdG(i?)[(<?>L)t) = 

-{[A,B],p\^i,)), k = 0,l, (8.108) 
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where (X, Y) = hijX'X^ and A, B,X,Ye Q. 

We can consider in our theory topologicaUy nontrivial field configurations labeled 
by 7r2(G/Go) or 7r2(G/Go)- They are ,, coloured" magnetic charges. In the case of 
Go = U(l) we have to do with ordinary magnetic charges. 

Let us define a magnetic and a ,, coloured" magnetic field 

Hil^) = (F23(^), F3i(^), Fi2(^)), (8.109) 
hH^) = {Fi{l^),Fl{-^lFl,{l^)) (8.110) 
and magnetic and coloured magnetic charge (monopole): 

m = ^ j ll {Ic) dS , (8.111) 

rJ ^ ^ ^ h\1c) dS , (8.112) 

where the integrals are taken over a sphere infinitely far away i.e. for a sphere at 
infinity. In this case we suppose that 

<?a("x') e G/Go if ll'x'll oo and 

gauge ^ ^ 

^1(^)^0, if ll^ll^oo, 

where H^x^H = a/I^ciP + |x2p + {xsl"^- 

For example we can get a nontrivial topological gauge configurations for the fol- 
lowing classical Lie groups 

SO(n), 7ri(S0(n)) = Z2, for n > 1, 
U(n), 7ri(U(n)) = Z, for n > 1. 

In the case of SU(n), Sp(n), and Spin(n), n > 1 we get trivial gauge configurations, 
became 

7ri(SU(?i)) = 7ri(Spin(?i)) = 7ri(Sp(?i)) = 0. 

Thus we can expect ,, coloured" magnetic charges (monopoles) for SO(n-l-l) and U(n), 
n> 1 (equal to Go or Gq). 

Finally let us remind to the reader that in the case of Go group (a ,,true" vacuum 
case) we have to do with a trivial gauge configuration of the Higgs' field <?~(a^) (i.e. <P^^ 
case). In this case a part of a strength of the multi-dimensional gauge field connected 
to Higgs' field does vanish. In the case of Go-group (a ,, false" vacuum care) this 
part of the strength of the multidimensional gauge field does not vanish. Thus 
the ,, magnetic" coloured charges (monopoles) in both cases have different physical 
meanings. In some sense in the second care they corresponds to something which 
could be called ,, exited" magnetic monopoles (coloured ones) i.e. for ^1^.^ case. 

It is worth to say we suppose now that Gq or Gq is simply connected. The topo- 
logical (magnetic) charges depend only on the configurations of Higgs' fields $'i{'x) 
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and does not depend on the gauge field u'^e ot uj^'^ {ujei in the case of electromagnetic 
field). 

We defined the topological type of the field by looking of the asymptotic behaviour 
of the scalar field Thus the topological type of the field is an element of {5^, G/Gq) 
that is a homotopy class of mapping from S"^ into the vacuum manifold. When Gq 
is simply connected, the set {S^ ^G/Gq\ can be identified with 'K2{G/Gq) = 771(^0)5 
which is a finite group. 

Thus there are r topological charges, as many as there are magnetic charges. 
Clearly, the magnetic charges completely determine the integral values of the topo- 
logical charges of a field. In addition to integral topological charges, there may be 
charges taking values in a finite group (i.e. Z2), these do not correspond to mag- 
netic charges. They are coloured magnetic charges (monopoles). In general we can 
consider topological charges for HJ^,^ field 

x{^e) = ^ J {HAH), (8.113) 



where 



and similarly for 



where 



167r2 

E 



{HAH) = -lh.jKf,H^yX0l0' 



^(^'^) = Y^ I (HAH), (8.114) 

E 



{H AH) = --h..w^pHi^,eyj'^e' 



2 '^^ 

The topological number of a field uje (or e) on E can be defined when the strength of 
the fields H^^p or H^^p tends to zero sufficiently fast 

(In this case we take E — R^). If the field H decays quickly uje coincides asymptotically 
with a pure gauge field, that is it has asymptotics of dg, where g{x) is a G- valued 
function. In that case we have 



1 r ~ ~ ~ 
x{u;e) = --^^ J i^E A [lje,uje]) 



53 



^ / {g-UgA[g-Ug,g-^dg]), (8.115) 



967r2 

where is taken as a sphere at infinity. In this case the topological charges are 
classified by 7r3(G), 7r3(Go) or 7r3(Go). 
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9. Variational Principle. Equations of Fields. 
Interpretation of the Scalar Field ^ 



Let us consider Palatini variational principle for the action S. 



6S = 0. 



(9.1) 



It is easy to see that (9.1) is equivalent to 



(9.2) 



u 



We have the following independent quantities g^i,, W ^u, coe, ^ and We vary with 
respect to the independent quantities. After some calculations one gets: 

1 HttK gS'Uge seal int 

R,.AW) - -9^..R{W) = -^{T^. +T^,{^) + T^,{^) + T^,+g^,A), (9.3) 



y ,1/ — 

= 0, 



((n^ + 2M)5^("'^) - n^g''^g,~g^'''^) 



+ 



-9 



n 



2 



X 1^ - 87r(n + 2)e-("+2)^£^^(^) _ ^^c^^^^,A)+ 



+ 



(9.4) 
(9.4a) 
(9.5) 



X 



(9.6) 



_ ZLe-^P - i!mMe("+2)^^(f) = 0, 
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gauge 



gauge 



1 e 



he 



+ 



/36 



gauge 



gauge 



, e^'^*' ~ I.- r-ri gauge r . , 



X 



ri/3a 



gauge 

Vm (46 L"'^ 



2r2 V ^^f-^i 



5'6n + 



2^ge^^ li\{H\,gy^^^)h,i —^cg^-^\C%p-~^g~^^^ 

\a.s 



1 



led] 



av 



+ 



+ 

(9.7) 



(9.8) 



where 



gauge /••r ~ ~ rl~/~•^ 



(9.9) 



is the energy-momentum tensor for the gauge (Yang-MiUs') field with the zero trace. 



gauge 
seal 



(9.10) 



IGtt 



{9xa9L0/3 + 9u>a9xl3) X 



n 



(9.11) 
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is the energy-momentum tensor for the scalar field ^ with nonzero trace 



seal 



It plays the role of an effective gravitational constant. 



(9.12) 
(9.13) 



gauge 



1 



g2(n-2)'P- 

87rr4 



gauge 



(n-4)*' , ^„„^^ 



(9.14) 



It is an energy-momentum tensor for the Higgs' field. 



int 

T 



-habf^iH\ug 



ab] 



1 

as 



,2(n-2)'f 



+ 



47rr^ 



habf^nKpg^'^'^W'^x 



(9.15) 



It is an energy-momentum tensor corresponding to the nonminimal interaction term 

Ant(A^)- 



A 



1 



ICttCn 



^-R{r) + ^-^P) = 167rG'Ne-("+2)'^Ae. (9.16) 



^pl 



It plays the role of the "cosmological constant" , which now depends on the scalar field 

^^0b 

^. The quantity ^.^use satisfies the following equation: 



gauge 



(■dcgixISg^^ gauge ^cdgarhg gauge 



99^' 



-99 ■ y ^f3j 



24d^am^"^^5"/35"eC, (9-17) 

(9.18) 
(9.18a) 



5V' 

L'^p-y satisfies equation (9.1) and -^"^5 the equation (9.4) — ^ is defined by the equation 

n 

(8.10). The scalar field ^| satisfies constraints (8.8). Let us pass to the interpretation of 
the field equations (9.3-8). Equations (9.3), (9.4) and (9.5) are gravitational equations 
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from N.G.T. with the following matter sources: Yang-Mills' field (in the nonsymmetric 
version), Higgs' field, scalar field with a presence of the cosmological term depending 
on scalar field ^. Equation (9.6) is the equation for the scalar field ^. This field 
is of course chargelcss, but it interacts with Yang-Mills' field and Higgs' field due 
to some terms in (9.6). It interacts also with cosmological terms, which effectively 
depend on ^. This field due to equation (9.13) has an interpretation as an effective 
gravitational constant. Equation (9.7) is the equation for Yang-Mills' field. Now 
as in the Nonsymmetric Kaluza-Klein Theory we have for this field two tensors of 
strength H^^j and (ordinary and an induction one) and the nonsymmetric parts 

of metrics on E and on G induce the polarization M"^^^. In the equation (9.7) we have 
sources connected to a skewsymmetric part of metric gr^,^ and to Higgs' field. Due to 
the existence of a skewsymmetric part of metric £ab and g-f^ the current connected to 
Higgs' field is more complicated. Equation (9.8) is an equation for Higgs' field. We 
write this equation in terms of tensor 

L«^g = g^'^L^-^^. (9.19) 

gauge _ _ 

This tensor plays a similar role for Va as L^^a for i^^^a -Thus we have in the 
theory an analogue of the polarization tensor M"^g for Higgs' field 

gauge 

L\i =^an- (9.20) 

Let us consider the following two Ad^- type two-forms L = L°'f^iO°' A 9''Xa and 

M = WrB'^ A e^Xa. One gets L = Q- —M =d~-Q, where 

c 2 

^ gauge ^ 

Q= Va ^"5^'* A e^'Xa, Q = Q\ie'' A e^'Xa. 

In this way we get a geometrical interpretation of the polarization 2- form of the Higgs' 
field as a part of a torsion. 

The field ^ due to (9.13) is connected to the effective gravitational constant. How- 

int 

ever, it also enters the definition of energy-momentum tensors T^jy{^) and T^^^,. Thus 
it plays the role of the universal factor. In the next section we deal with this field in 

details. 

Let us notice that the left-hand side of Eq. (9.7) can be rewritten in the following 
way 

gauge 

gauge _ ~iaa — ~ ~. 

gauge 

where means a covariant derivative with respect to the connection cJ ^ on i? and 
We on Q{E, G) at once. The Eqs. (9.4-4a) are equivalent to the second condition of 
Eq. (5.5). 
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Let us consider a case with a trivial group Gq = {e}. This means a complete 
broken G symmetry group and M = G/Gq ^G, F~£'xG. Thus we get that the 
Higgs' field transforms according to the adjoint representation of the group H and 
G and it does not obey any constraints. They are satisfied trivially. Thus it transforms 
according to Ad^ ® Ad^. If we choose H — G one gets Ad^ ® Ad^. 

The Higgs' potential looks like: 

^ G 

- e^d-L\,{cl,$'^^$i - 'PlfU]- (9.21) 

The kinetic part of the Higgs' field lagrangian is as follows: 

gauge 1 „ rZ ~ gauge 

V ^) = / \J\iK'x{eabi^-L-'^l O, (9.22) 



Vg 

^ G 



where 



and 



gauge 



edc9^.|39^^L''^a + ^cdami'^^'L^p = 24d4m^™^ (9.23) 



(-dc^mh^^ L pa '\' (-cd^am^ ^ L (,p — '^^cd^am^ ^ H i,p. (9.24) 



For H'^hr, one gets 



bp 

d. — nd rF,a^c _ ^d rq 



In the above formulae £y is the same as in sec. 6. 



The nonsymmetric tensor on G is left-invariant and on H is right- invariant. 
The interaction term in the lagrangian is as follows: 



£int(^, A) = habfitH' J . (C>^^^ - ^'j;^). (9.25) 

G ^ 

The cosmological term takes the shape: 

(n+2)!f' 2 n<F 

Ac = — 72 — -R{r) + ^Rg, (9.26) 



pi 



r 



where Rq is the scalar curvature of the connection defined on the group G. In order 
to vanish it we take C = Co and C = Co such that R{r{^o)) = and R (Co) = 0. 

Vg= J \[^\d^iG{g)= J ^\(r'x. (9.27) 

G G 

The dimensional reduction procedure can be described in terms of 17, Q (see 5.56-58). 
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V V 

In this way Q decomposes into Qe, f2, f^, and L into L, L, L (see paragraphs below 
formula (6.3), below (6.7) and below (9.20)). Similarly we get a decomposition for M 

and Q into M, M, M and into Q, Q, Q- 

According to Eqs. (4.53-55) one gets for L, M and Q 

M = M ®M ® M, (9.28) 



similarly as for Q 
(see Eq. (4.52)), where 



Q^Q®Q®h (9.29) 



i?E = C^t^E + ^[wE,Ct)E]- (9.30) 

Let us incorporate in our scheme a hierarchy of a symmetry breaking. In order to 
do this let us consider a case of the manifold 

M = Mo X Ml X ... X Mfc_i (9.31) 

where 

dimMj=nj, i = 0, 1, 2, . . . , /c — 1 
fc-i 

dimM = ^nj, (9.32) 

Mi = Gi+i/Gi . (9.33) 

Every manifold Mi is a manifold of vacuum states if the symmetry is breaking from 
Gj+i to Gi, Gk = G. 
Thus 

Go C Gi C C . . . C Gfe = G. (9.34) 
We will consider the situation when 

M ~ G/Gq. (9.35) 
This is a constraint in the theory. From the chain (9.34) one gets 

00 C 01 C . . . C flfe = (9.36) 

and 

0i+i=0i + n^i, i = 0, 1, . . . , /c. (9.37) 
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The relation (9.35) means that there is a difFeomorphism g onto G/Gq such that 



k-i 



g:\{{Gi+^/Gi)^G/Go. 



(9.38) 



i=0 



This diffeomorphism is a deformation of a product (9.31) in G/Gq. The theory has 
been constructed for the case considered before with Gq and G. The multiplet of 
Higgs' fields breaks the symmetry from G to Gq (equivalently from G to Gq in the 
false vacuum case). Qi mean Lie algebras for groups Gi and rrij a complement in a 
decomposition (9.37). On every manifold Mj we introduce a radius (a "size" of a 
manifold) in such a way that > rj_|_i. On the manifold G/Gq we define the radius r 
as before. The diffeomorphism g induces a contragradient transformation for a Higgs 
field ^ in such a way that 



g*$^ (^0,^1, ••• ,^fe-i)- 



(9.39) 



The fields , i = 0, 



k-1. 



In this way we get the following decomposition for a kinetic part of the field ^ and 
for a potential of this field: 



gauge . ^ . a — <=- 

Uini V ^) = $^/:Lin( V 

i=0 
i=0 



k-1 



gauge 



gauge 



~ _ gauge 



Mi 



where 



-I 



\gi\ d^'x 



Mi 



9i = det {gfi,^aj . 

9ibd- ^ nonsymmetric tensor on a manifold Mj. 



Mi 



gi\(P'x 



y y^cd^imi^mi r^iiJmini iCiJ rairn I 



iJi dibi y cd^imi^rii r^iiJmini eiJimni J 

fl\ are structure constants of the Lie algebra g^. 



(9.40) 

(9.41) 
(9.42) 

(9.43) 
(9.44) 



(9.45) 
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The scheme of the symmetry breaking acts as follows from the group G^+i to Gi 
(G^) (if the symmetry has been broken up to Gi+i). The potential V^{$i) has a 
minimum (global or local) for ^fcru k = 0,1. The value of the remaining part of the 
sum (9.41) for fields j < i, is small for the scale of energy is much lower (r^ > r^, 
j < i). Thus the minimum of V*(^i) is an approximate minimum of the remaining part 
of the sum (9.41). In this way we have a descending chain of truncations of the Higgs 
potential. This gives in principle a pattern of a symmetry breaking. However, this is 
only an approximate symmetry breaking. The real symmetry breaking is from G to Gq 
(or to Gq in a false vacuum case). The important point here is the diffeomorphism g. 

^*^^=«^5,...,0ti) (9.46) 
^t = ^iaX% i = 0,...,k-l. (9.47) 

The shape of is a true indicator of a reality of the symmetry breaking pattern. If 

g = Id + Sg (9.48) 

where Sg is in some sense small and Id is an identity, the sums (9.40-41) are close 
to the formulae (6.17) and (6.18). The smallness of 5g is a criterion of a practical 
application of the symmetry breaking pattern (9.34). It seems that there are a lot of 
possibilities for the condition (9.38). Moreover, a smallness of 6g plus some natural 
conditions for groups Gi can narrow looking for grand unified models. Let us notice 
that the decomposition of M results in decomposition of cosmological terms 

~ fe-i ^ 

where 

Pi = ^ f ^\%{fi) r^x (9.50) 
l^i v% J 

Mi 

where Fi is a nonsymmetric connection on Mi compatible with the nonsymmetric 
tensor fi^j^.g. and Ri^Fi) its curvature scalar. The scalar field W is now a function on a 
product of Mi, 

W = W{x, yo,... , Vk-i), Vi^Mi, i = 0,l,... ,k-l. 

The truncation procedure can be proceeded in several ways. Finally let us notice that 
the energy scale of broken gauge bosons is fixed by a radius at any stage of the 
symmetry breaking in our scheme. The possible groups in our symmetry breaking 
pattern can be taken from section 4 (see 4.62-4.66). 
Let us consider Eq. (9.39) in more details. One gets 

Ataiiy)^liy) = y e M, e M, (9.51) 
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where 



A, 



Ak-i , 



, i = 0,l,2, 



' 0=1,2,... ,ni, ai=l,2,... ,n{ 

is a matrix of Higgs' fields transformation. 
According to our assumptions one gets also: 

For g is an invertible map we have det g*{y) ^ 0. 
We have also 

k-i 



and 



or 



i=0 



k-1 



i=0 



9*-\y) = 



Ai 



\ Ak-i ) 



such that 



A, = A% 



Oi=l,2,... ,ni, a=l,2,... ,ni 



g{yo,--- ,yk-i) = y 
{yo,yi,-- - ,yk-i) =g~^{y) 



For an inverse tensor g°'^ one easily gets 



k-l 



We have 



i=0 



fc-i 



-'"^det(^,g) = n^'"'det(^,,^^^). 



i=0 
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In this way we have for the measure 

fe-i 



My) = n MiVi) (9.62) 



i=0 

where 

d^{y) = Vdet g d'^'y (9.63) 

= \/det^irf d^^yi . (9.64) 

In the case of >Cint(^, ^) one gets 

_ fe-i _ 

A„t(^,^) = 5]'^int(^i,^) (9.65) 

where 
where 

jf'''^ = yj VW\d'''xgf'''\ z = 0,l,2,...,/c-l. (9.67) 



Mi 

Moreover, to be in line in the full theory we should consider a chain of groups Hi, 
i — 0,1,2, . . . , k — 1, in such a way that 

H0CH1CH2C ...C Hk-i = H. (9.68) 

For every group we have the following assumptions 

Gi C Hi (9.69) 

and Gi+i is a centralizer of Gi in Hi. Thus we should have 

Gi^Gi+iCHi, 1 = 0,1,2,... ,k-l. (9.70) 

We know from elementary particles physics theory that 

Go = Uel ® SU{3)color, 

Gi = 5C/(2)l ® U{1)y ® SU{3)coior 

and that G2 is a group which plays the role of H in the case of a symmetry breaking 
from SU{2)i^^Uy{1) toUei{l). However, in this case because of a factor U{1), M = S'^. 
Thus Mo = 52 and G2 C Hq. 
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It seems that in a reality we have to do with two more stages of a symmetry- 
breaking. Thus k = 3. We have 

M ~ 5^ X Ml X M2 (9.71) 

M = G/{U{1)^SU{3)) (9.72) 
Ml = Gi/{SU{2) X U{1) X SU{3)) 

U(l) ® SU{3) c SU{2) (7(1) ® SU{3) C ® -SC/(3) C = G (9.73) 

and 

GiCHiCH (9.74) 

C/(l) ® ^t/(3) ® G C if (9.74a) 

(C/(l) (g) 5C/(2) SU{3)) (g) G2 C i^i (9.74b) 

and 

G20G C H2 = H (9.74c) 

M2 = G/Gi. (9.75) 

We can take for G <S'C/(5), 50(10), E6 or S'f/(6). Thus there are a lot of choices 
for G2, Hi and H. 

We can suppose for a trial that 

G2 (g) SU{3) C Hq. (9.75a) 

We have also some additional constraints 

rank(G) > 4. (9.75b) 

Thus 

rank(ifo) > 4. (9.75c) 

We can try with F4 = Hq. 
In the case of H 

rank(if) > rank(G) + 3 > 7. (9.75d) 
Thus we can try with E7, E8 

rank(iyi) > rank(G2) + 4 

Tank{H) > rank(G2) + rank(G) > rank(G2) + 4 > rank(G) + 4 > 8. (9.75e) 

In this way we have 

rank(iy) > 8. (9.75f) 

Thus we can try with 

H = ES. (9.75g) 



99 



But in this case 

rank(G'2) = rank(G') = 4. 
This seems to be nonreahstic. For instance, if G = S'O(IO), E6, 

rank(5O(10)) = 5 
rankEQ — 6. 

In this case we get 

rank(if) = 9 
rank(iy) = 10 

and H could be SU{10), SO{18), SO{20). 

In this approach we try to consider additional dimensions connecting to the man- 
ifold M more seriously, i.e. as physical dimensions, additional space-like dimensions. 
We remind to the reader that gauge-dimensions connecting to the group H have dif- 
ferent meaning. They are dimensions connected to local gauge symmetries (or global) 
and they cannot be directly observed. Simply saying we cannot travel along them. 
In the case of a manifold M this possibility still exists. However, the manifold M is 
diffeomorphically equivalent to the product of some manifolds Mj,z = 0,l,2,...,/c — 1, 
with some characteristic sizes r^. 

The radii represent energy scales of symmetry breaking. The lowest energy scale 
is a scale of weak interactions (Weinberg-Glashow-Salam model) tq — 10~^^ cm. In this 
case this is a radius of a sphere S'^. The possibility of this "travel" will be considered 
in section 16. In this case a metric on a manifold M can be dependent on a point 
X e E (parametrically). 

It is interesting to ask on a stability of a symmetry breaking pattern with respect 
to quantum fluctuations. This difficult problem strongly depends on the details of the 
model. Especially on the Higgs sector of the practical model. In order to preserve this 
stability on every stage of the symmetry breaking we should consider remaining Higgs' 
fields (after symmetry breaking) with zero mass. According to S. Weinberg, they can 
stabilize the symmetry breaking in the range of energy 

]-f^) <E<^(-], i = 0,l,2,...,k-l, (9.76) 

Ti \cj n+i \cj 

i.e. for a symmetry breaking from Gi+i to Gi. 

In this place we can introduce deconfinement parameters A(Gi) = ^^(f) which 
introduce a scale of energy for a symmetry breaking. 

It seems that in order to create a realistic grand unified model based on nonsym- 
metric Kaluza-Klein (Jordan-Thiry) theory it is necessary to nivel cosmological terms. 
This could be achieved in some models due to choosing constants ^ and ( and fj,. After 
this we can control the value of those terms, which are considered as a selfinteraction 
potential of a scalar field The scalar field W can play in this context a role of a 
quintessence. 
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Let us notice that using (4.51) and (9.56) one gets 

fc-l k-l 
i=0 1=0 

In this way we get constraints for Higgs' fields ^^o, ^i, • • • , ^fc-i. 

Solving these constraints we obtain some of Higgs' fields as functions of independent 
components. This could result in some cross terms in the potential (9.41) between <?'s 
with different i. For example a term 

where means independent fields. This can cause some problems in a stability of 
symmetry breaking pattern against radiative corrections. This can be easily seen from 
Eq. (4.51) solved by independent 

^ = B^' (9.78) 

n = ^i^'l (9-79) 

where i? is a linear operator transforming independent into 

We can suppose for a trial a condition similar to (4.51) for every z = 0, . . . , A; — 1, 

^tA^=^4:^.c^l>, (9-80) 

where C^%. are structure constants for the Lie algebra i)i of the group Hi. /K. are 
structure constants of the Lie algebra h are indices belonging to Lie algebra Qi 
and tti to the complement rrij. 
In this way 

=^1^51. (9.81) 

In this case we should have a consistency between (9.80) and (9.77) which impose 
constraints on C, /, ^ and C*, where C*, /\ refer to Hi, Gj+i. Solving (9.80) 

via introducing independent fields one gets 



Combining (9.79), (9.81-82) one gets 

fc-i ^ 

Bf.^'l = V A^dl B':^l . (9.83) 

be b lb icibi ^bi ^ ' 



Eq. (9.83) gives a relation between independent Higgs' fields ^' and Simultaneously 
it is a consistency condition between Eq. (4.51) and Eq. (9.80). However, the condition 
(9.80) seems to be too strong and probably it is necessary to solve a weaker condition 
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(9.77) which goes to the mentioned terms V{$^,^j). The conditions (9.80) plus a 
consistency (9.83) avoid those terms in the Higgs potential. This problem demands 
more investigations. 

It seems that the condition (9.38) could be too strong. In order to find a more 
general condition we consider a simple example of (9.34). Let Go = {e} and K = 2. 
In this case we have 

{e} C Gi C ^2 - G (9.84) 
Mo = Gi, Ml = G/Gi (9.85) 
g:GiX G/Gi ^ G. (9.86) 

In this way Gi x G/Gi is diff'eomorphically equivalent to G. 

Moreover, we can consider a fibre bundle with base space G/Gi and a structural 
group Gi with a bundle manifold G. This construction is known in the theory of 
induced group representation (see [51] and section 4). The projection : G — > G/Gi is 
defined by (p{g) = {gGi}. The natural extension of (9.86) is to consider a fibre bundle 
(G, G/Gi, Gi, (p). In this way we have in a place of (9.86) a local condition 

gu-.GixU—^G (9.87) 

in 

where U C G/Gi is an open set. Thus in a place of (9.38) we consider a local diffeo- 
morphism 

gu : Mox Mix ...X Mk-i G/Gq . (9.88) 

in 

where 

U = UoxUiX ...X Uk-i, 

Ui C Mi, i = 0, 1, 2, . . . ,k — l, are open sets. Moreover we should define projectors ipi, 
z = 0,1,2,... 

ipi : G/Go ^ G,+i/G,, (9.89) 

i.e. 

ifi {{gGo}) = {gi+iGi}, (9.90) 

g & G, gi+i e Gi+i, Go G Gi G G^+i c G 

k-i 

in a unique way. This could give us a fibration of G/Go in Yl (Gi+i/Gi). 
For g e Gj+i we simply define 

<fi {{gGo}) = {gGi}. (9.91) 

U g E G, g ^ Gi+i, we define 

^i {{gGo}) = {Gi}. (9.92) 
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Thus in general 

{{9G0]) = {pi9)Gr} (9.93) 

where 

M = {'- 'l^i'^' (9.94) 

Thus in a place of (9.38) we have to do with a structure 

fc-1 

[g/Go, n iG,+l/G^) ,<fo,<fi,... , fk-i] (9.95) 

i=0 

such that 

9u o V\u = id (9.96) 

where 

fc-1 

^Piu = n '^'\Ui ■ (9-97) 

This generalizes (9.38) to the local conditions (9.88). Now we can repeat all the 
considerations concerning a decomposition of Higgs' fields using local diffeomorphisms 
9u (gu) in the place of g (g*)- Let us also notice that in the chain of groups it would 
be interesting to consider as G2 

G2 = SU{2)i, SU{2)n ® SU{4) 

suggested by Salam and Pati, where SU{4:) unifies SU {3)co\ot ® U{1)y- This will be 
helpful in our future consideration concerning extension to supersymmetric groups, 
i.e. U{2 I 2) which unifies SU{2)j, S'C/(2)r to the super Lie group U{2 \ 2) consid- 
ered by Mohapatra. Such models on the phenomeno logical level incorporate fermions 
with a possible extension to the supersymmetric 5*0(10) model. They give a natural 
framework for lepton flavour mixing going to the neutrino oscillations incorporating 
see-saw mechanism for mass generations of neutrinos. In such approaches the see-saw 
mechanism is coming from the grand unified models. Our approach after incorporating 
manifolds with anticommuting parameters, super Lie groups, super Lie algebras and in 
general supermanifolds (superfibrebundles) can be able to obtain this. However, it is 
necessary to develop a formalism (in the language of supermanifolds, superfibrebundles, 
super Lie groups, super Lie algebras) for nonsymmetric connections, nonsymmetric 
Kaluza-Klein (Jordan-Thiry) theory. In particular we should construct an analogue 
of Einstein-Kaufmann connection for supermanifold, a nonsymmetric Kaluza-Klein 
(Jordan-Thiry) theory for superfibrebundle with super Lie group. In this way we 
should define first of all a nonsymmetric tensor on a super Lie group and afterwards a 
nonsymmetric metrization of a superfibrebundle. 
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Let us notice that on every stage of symmetry breaking, i.e. from G^+i to Gj, we 
have to do with group G[ (similar to the group G'q). Thus we can have to do with a 
true and a false vacuum cases which may complicate a pattern of a symmetry breaking. 
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10. Properties of the Scalar Field ^. 
Cosmological Drifting of the Mass Scale 



In section 9 we get the equation for scalar field ^ (see (9.6)). It has the following 
shape: 

□!f + /(!f) = 0, (10.1) 

where □ is a wave operator (differential linear operator of the second order) and 
describes interaction of ^ with Higgs' field, Yang-Mills' field and cosmological terms. 
In the terms of the effective gravitational constant the field ^ is defined: 

'^ = -^-^-lnf^Y (10.2) 
(n+2) \Gn) ^ ' 

Simultaneously the field ^ enters the equation (8.21) and (8.22). It means that there 
exists an effective scale of masses for broken gauge bosons. It is 

"T-eff = e ~ e , (10. d) 

The field ^ enters also the effective cosmological constant for "false vacuum" case. We 
get: 

^-=e'"-^**^(^)l'(*;,.). (10.4) 
Using effective scale of masses one gets: 

Aer = 4e(-+^)^^(^)£^,V^(^e^t)• (10-5) 

Let us suppose that we have a situation corresponding to one of the minima of the 
potential V{$). It means that: 



Ant(A^) = 0, 



gauge 



>Ckin( V ^)=iV'^'^M4.(^,^rt)^;^i, 

Cym = 0. 



(10.6) 
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Let us suppose that the cosmological terms are neghgible. In this case we have for 

my- 

im = -^N^''Mf^i$i,)A;Ai + ^^e("-2)'^V(Ct)- (10-7) 
In the vacuum state the fields ^4^ and ^ fluctuate only around this state. Thus 

I; = I^^, + m;, (10.8) 

It means that: 

= di + d2S^, (10.9) 

di, d2 are constants and we put A^^'^ = Mrj^^ (in zero order of approximation). And 
from (10.1) we get: 

It means that (10.1) becomes the Klein-Gordon equation for the fluctuation of the 
scalar fleld ^ and 5"^ is a massive fleld. Thus it has Yukawa-type behaviour. 



5W ~ -e~'^'' + const, a > 0. (10.11) 
r 



For the field W we get: 



W ~ const' +-e-"^ a > 0. (10.12) 
r 

Due to this we preserve the weak equivalence principle for the gravitational field. The 
scalar forces connected to the field ^ are of the short range. This is possible if d2 > 0. 
The first term in d2 is greater than zero and we have no troubles in the true vacuum case 
(V(^crt) — 0)- III the case of the false vacuum the situation may be different {d2 < 0). 
Thus the world built over the false vacuum state can violate the weak equivalence 
principle. Summing up we get that in the case of true vacuum the field ^ is massive 
with short range. It is in accordance with the weak equivalence principle, the universal 
fall of all bodies in gravitational field. This property is connected, from cosmological 
point of view of course, to space dependence of W (or Geff). It is interesting to ask 
what will happen if Geflf = G'eff (^)- It means that ^ = ^{t) depends on the time t 
only. Now it is a cosmological time. In this case ^{t) plays the role of the cosmological 
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factor. Let us estimate the dependence on time for the effective scale of masses, rUes, 
using some estimations for Geff- We have (see [56], [57]): 

/lG.ff 10-" - 10-'° 
, = |lnGe„W = -(n + 2)(f). (10.14) 



Thus we get 



= -- — '—At. (10.15) 
(n + 2) ^ ^ 



For the effective scale of mass one gets: 



Arrieff d , , , d ^ , . AW 



Thus we get 



and 



CO = , ^ (10.17) 
(n + 2) ^ ^ 

10-12 - 10-11 

u = , 10.18) 

yr 

if we suppose that n > 24 (n = dim G and for G = SU(5) we can have n = 24). Thus 
we are able to connect changing of the effective gravitational constant with very small 
drifting of the scale of masses for the broken gauge bosons. This drifting is really very 
small and it does not contradict experimental data. It is worth to notice that the sign 
of changing of Geff and mefi is the same. If Geff increases then rrteff increases too and 
vice-versa. This behaviour is in agreement with Mach's principle. 

Let us remind to the reader the Dirac large number hypothesis. He gets that 

—-^ ~ 10^°, (10.19) 

where nie, nip mean electron and proton mass, respectively, and 

^ 10^°, (10.20) 



e^/meC 



_ e 
r 

of a classical radius of an electron. 

If those large numbers are equal forever one gets 

e2 t 



where t is an age of the Universe and ^^^-^ is a time needed for light to pass a distance 



(10.21) 
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and we get an interesting cosmological dependence 



]=(^]Gml. (10.22) 



The mass of a proton is established by vIqcd and we do not expect the cosmological 
drifting of vIqcd- Thus nip = const. However, in the case of me is different 

Trie ~ TOEWeff ^ -e~'^ ~ m^e~'^ (10.23) 



r 



and 



Thus we get 



where C is a constant. 
And finally 



G = Gefi = Gjve-^"+^)*'. (10.24) 



1 = ^^Q_25) 



m = -L-ln{Ct), (10.26) 

which gives an evolution law for a scalar field ^. This could be incorporated as an 
ansatz for some cosmological models, where 

1020 

C~ (10.27) 

and tpi is a Planck time. 
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11. Fermion Number, M+ and U(1)f Invariance 



In N.G.T. and in Einstein Unified Field Theory there exists a gauge invariance for 
the 2-form of curvature 

J2'^i3{W) ^dW^p + W^p aW^p (11.1) 

such that 

72%(Tr) = 72%(r'), (11.2) 

where 

^ w'^'p = - dcj) (11.3) 

and where is a function on E. This results as a gauge transformation for the 1-form 
W 

W ^W' = W + d(l). (11.4) 

It is easy to see that the 2-form of curvature for the connection W^^ is also invariant 
under (11.4) 

f2^^{W) = O^^iW), (11.5) 

where 

W'^B = W'^B- —^—5'^Bd(j). (11.6) 
^ ^ 3(m + 2) ^ ^ ^ ^ 

In N.G.T. (see [34], [47], [65], [66]) the vector field Wfj, is coupled to the fermion current 
(fermion number plays in this theory the role of the second gravitational charge). 
Thus (11.4) results in the conservation law for the fermion current. Fermion current 
is simultaneously the source of the skew-symmetric part of the metric (see for details 
[34], [47], [65]). The fermion current for a Dirac particle has the same shape as an 
electric current 

5^ ^ ^^M^. (11.7) 

We have only a different coupling constant between and W^. 

One can ask what is the origin of the transformation (11.3). It is very well known 
that the linear connection (coefficients of the connection) W p obeys the following law 
of transformation: (the linear connection is not a geometrical quantity of cr-type in 
a Shouten sense as for example tensor, vector, spinor, 2-form of curvature, etc., see 
Ref. [59] for more details). 

A'^.w'^p = W^A^'p + dA'^p, (11.8) 
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— Ct — / 

if we change basic forms 6 into 6 °^ such that 

r = A"/^, (11.9) 

where fi is a matrix valued function on the manifold E (space-time) with values 
in GL(4,M), det(A";3) ^ 0. If we restrict GL(4,M) to the subgroup GL|(4,M) = 
{(A"^), det(A"^) > 0} we may consider the following transformation: 

H = S'^ He--^'^ (11.10) 

and we get from (11.8) Eq. (11.3). It is easy to see that (11.10) is a dilatation. Let us 
write every matrix A from GL^ (4, R) in the form: 

A = e^. (11.11) 

This is possible, because det A > and let us decompose B into two parts 

S"^ = {B'^p - W«^) + = S'"^ - (11.12) 

where h = l/AB'^a and B'°'p is a traceless matrix. According to (11.12) one gets 

A = e''e^'. (11.13) 

But 

detyl = e^^ = e^^ (11.14) 

Comparing (11.13), (11.14) and (11.10) one gets: 

3 

0= --ln(det^), (11.15) 
8 

where A e GL|(4, R). In this way we have the decomposition 

GL|(4,M) = R+®SL(4,M), (11.16) 

where R+ = {eP, p e R} and SL(4, R) = {A e GL(4, R), det A = 1}. The gauge trans- 
formation (11.3), (11.4) and (11.6) are the gauge transformations corresponding to R^ 
in the decomposition (11.16). Transformation (11.4) induces the following dilatation 
transformations for spinor fields ^ and ^ (see Ref. [92]) 

= ^er''^'^, (11-17) 
W ^W' = W^^, (11.18) 

where /? is a constant connected to the universal coupling constant a from Moffat's 
theory. In this way we have compactification of the group R+ from the decomposition 
(11.16) (see Ref. [92] for details) and spinors transform according to the following 
group: 

U(1)f ® SL(2,C). (11.19) 
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In the case of electromagnetic fields we have 



U(l)ez®SL(2,C) 



(11.20) 



and the transformation law for and 




(11.21) 




A + dx- 



(11.22) 
(11.23) 



A 



A' 



The difference between (11.19) and (11.20) is significant, because U(1)f is a compact- 
ification of and U(l)e/ is compact from the very beginning. But there is a more 
fundamental difference, M_|_ (dilatations) belong to space-time symmetries and U(l)ei 
to the internal symmetry of the electromagnetic field. It is easy to see that we can get 
(11.19) from the following scheme 

GL(4, M)^GL|(4, M)^M+(g)SL(4, K)^R+(8)S0(1, 3)^U(1)f«)SL(2, C) (11.24) 

and U(1)f is a compactification of in the following sense: 



Fermion number is independently connected to the internal symmetries of elementary 
particles. We know that there are no forces with long range connected to fermion 
number (weak equivalence principle). In N.G.T. there are also no forces with long 
range connected to this charge. The theory satisfies the weak equivalence principle 
— universal fall of all bodies. In the Newtonian approximation of N.G.T. there is no 
Coulomb force connecting to the W potential or to the skew-symmetric part of the 
metric g[fj,u\- On the other hand fermion number is conserved in a similar manner to 
that of electric charge and it is usually connected to the U(1)f internal invariance. 

In the Grand Unified Theory based on the SO(IO) group (sec [93]), fermion number 
is one of the generators of the Lie algebra of SO(IO), Y-p, and F = B — L, where B is the 
baryon number and L the lepton number. Thus we have the local symmetry U(1)f. 
After spontaneous symmetry breaking the intermediate gauge boson corresponding to 
Yp in the adjoint representation obtains a rest mass and we have no forces of long 
range connecting to F. 

This symmetry breaking is the spontaneous symmetry breaking and the lagrangian 
of the theory is invariant under local transformations of SO(IO) (thus under U(l)i? 
too). Symmetry is breaking only due to choosing a concrete representative of the 
vacuum, which is here degenerated. 

In the Grand Unified Theory based on SU(5) we have no U(1)f local invariance, 
we have only global U(1)f invariance. 

In the SO(IO) G.U.T. we get after symmetry breaking U(1)f global invariance and 
the fermion number F = B — L is conserved. Space-time symmetries and internal 




(11.25) 
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symmetries are usually disconnected. Only some geometrical approaches similar to di- 
mensional reduction or Kaluza-Klein theory or maybe supersymmetry are able to con- 
nect these symmetries treating them as "space-time" symmetries on many-dimensional 
manifolds. 

In our theory we have this situation. We have a many-dimensional manifold and 
after dimensional reduction we get gravity coupled to the Yang-Mills' field and to the 
Higgs' field with spontaneous symmetry breaking and the Higgs' mechanism. Simulta- 
neously gravitation in our theory is described by N.G.T. Thus we should try to connect 
M-i- symmetry from N.G.T. with U(1)f internal symmetry. There are two possibilities 
for such relations. 

1) Let us suppose that U(1)f is a subgroup of the group G 

U(1)fCG' (11.26) 

in such a way that Yp G m. This means that after symmetry breaking the intermediate 
boson corresponding to Yp (for "true" vacuum case) obtains the rest mass and we will 
have no long range forces connecting to F. This is similar to the SO (10) G.U.T. 
Now let us suppose that there exists a homomorphism between GLj^ (4, R) and G 

£:GL^(4,M)^G, (11.27) 

such that 

£(A) =e-^*i'"^^^*^)^^), (11.28) 

where A = {A^,y), det A > 0. 

(11.28) is really the homomorphism between GLj^(4, M) and U(1)f. It projects 
GLj^ (4, M) to a one-parameter subgroup of G. This has the result that dilatations on 
the space-time from 1R+ induce internal rotations of U(1)f. 

2) Let us suppose that the group H has the following structure 

V{1)f<^\G, G^GoCH, V{1)fCH. (11.29) 
Let there exists a homomorphism between GLj^ (4, R) and H 

rj:GL^{4,R)^H, (11.30) 

such that 

r/(^) = e-(^ii"(^^*^)^^\ (11.31) 

where A — (A'^j^), det A > 0. Now dilatations from the space-time also induce internal 
U(1)f rotations. However the situation is different. Now Yp does not belong to the 
Lie algebra of the group G and due to the Wang condition there is no gauge boson 
connecting to U(1)f (to fermion number). There is no gauge field defined on space- 
time connecting to Yp. The U(1)f symmetry acts only on the Higgs' multiplet and it 
is really global. Thus we have a situation similar to SU(5) G.U.T. 

Moreover the correct interpretation of Yp can be obtained if we consider a funda- 
mental representation of G (if U(1)f C G). In this case we put fermion fields into 



112 



the representation and eigenvalues of Yp tell us what is the meaning of F. In the case 
of U(1)f C H and U(1)f ^ G the interpretation of F is more complex. We should 
consider a fundamental representation of H and try to span its space by fermion fields 
looking for eigenvalues of Yp. However the problem of fermion fields in the Nonsym- 
metric Jordan-Thiry Theory seems to be interesting and it will be done elsewhere. 

We do not identify oiu- group G with SU(5) or SO(IO) from G.U.T. The relationship 
between these classical G.U.T.'s and dimensional reduction procedures seems to be 
more complex (see Ref. [80]). The feature concerning the second possibility of the place 
of the U(1)f group seems to be more general than for U(1)f only. The dimensional 
reduction scheme offers us a treatment of global symmetries in elementary particle 
physics. Let ^ be a group such that the group H has a structure: 

ScH, S(^G, G^GqCH. (11.32) 

We have here 5 in a place of U(1)f in (11.29). Due to the Wang condition we do not 
get any gauge field corresponding to the gauge group S. This group is really global. 
Thus the dimensional reduction scheme allows us to consider both global and local 
symmetries. Both symmetries can be unified by the one group H. The group S acts, 
of course, on the Higgs' field ^ and would be broken spontaneously, without the Higgs' 
mechanism. The group S is the symmetry group of the potential V. Thus we should 
get after symmetry breaking from G to Gq massless scalars, the so-called pseudo- 
Goldstone bosons. The number of those zero modes is equal or greater dim 5. They 
can get masses through radiative corrections. The correct interpretation of generators 
of the Lie algebra of S can be obtained in a similar way as Yp- In the next section we 
consider in details the first possibility (1)). 
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12. Fermion Number as the Second Gravitational Charge 

and 1^ Potentials 



Let us consider the principal fibre bundle P of frames over the manifold E (space- 
time) with the structural group 

GL;(4,]R) = det{A^/3) > 0}. (12.1) 

Let 7? be a projection tt : P ^ E. For every x E E we have that 

Fx=^-\M)-GL^(4,M), (12.2) 

i.e., the fibre is equivalent to the structural group GLj^(4, M). Let >V be a connection 
on this bundle and let us decompose the Lie group GLj^ (4, M) into 

GL|(4,M) = M+ (8SL(4,M), (12.3) 

where 

SL(4, R) = e GL(4, R), det ^ = 1} 



and 



e", p=^ln(detA), A G GL;(4, 



The decomposition (12.3) can be used to construct two subbundles of P : Pi and P2 see 
Fig. 7. They are defined over E with structural groups M+ and SL(4, R). For SL(4, R) 
is a closed subgroup of GLj^(4, R), the transport of the connection from P to Pi and 
P2 is possible (sec Ref. [59]). 

In general the condition for a reduction of the principal bundle P{M, G) to a sub- 
bundle P'{M,G') where G' is a Lie subgroup of G is as follows. There is an open 
covering {Ua} of M with a set of transition functions {^pa} with values in G' . We 
suppose that this condition is satisfied in our cases (see Rcf. [59]). 

In this way we have, for the connection W, a decomposition 

W=W©W, (12.4) 

where W is a 1-form with values in the Lie algebra SL(4, R) and W is a 1-form with 
values in the Lie algebra of R+. W is a connection on P2 and W on Pi. Thus we have 

VV = >VZ, (12.5) 
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E 




E 




SL(4,M) 




U(l), 



GL^(4,R) 



Fig. 7. Principal fibre bundles Pi, P2, Qf and P 



where W is a 1-form with real values and Z is a generator of the Lie algebra . Let 
us take a local section / of the bundle P 



(12.6) 



One gets: 

rw=(ir%^^)x^«, (12.7) 

where X^q,, are generators of the Lie algebra of the group GLj(4, M). We can define 
the second connection W (coefficients of a connection W^/j) according to Eq. (12.7) in 
terms of W p. 

Let us consider the general transformation law for the coefficients of the connection 

A^,W'% = W\a^, + dA\, (12.8) 
where A^/^ is a matrix valued function from GL|(4, M) and a frame transforms as 

r = A%e'^. 

If we choose 



we get 



(12.9) 
(12.10) 



(12.11) 
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or 

W'\=cj\-'^d\W', (12.12) 

where 

W' = W + d(f) (12.13) 

and 

Thus it is possible to consider (12.10) and (12.13) as a gauge transformation for the 
1-form W. This was done in Refs. [34], [26], [27], J47], [65], [66]. It is easy to see that 
the 2-form of the curvature for the connection W f2°'i3{W) is invariant under this 
transformation (see Refs. [26], [27]). 

We can call this transformation the Einstein- A-transformation (see Ref. [3]). This 
is also true for the curvature of the W"^^ connection, i.e. f^^^ (see Refs. [26], [27]). 
Let us consider the decomposition (12.4) for the connection W corresponding to the 
decomposition (12.3) for the group GLj^(4, R).Thus for every local section / of the 
bundle P we get: 

/*W = uJ^„X^'x + WZ, (12.14) 

X^x arc generators of the Lie algebra of SL(4, M). This means that we have chosen the 
decomposition of the Lie algebra of GL|(4, R) into SL(4, R) and R (R is a real axis). 
Thus for every section of P or P2 and Pi one gets 

f*W = uj\X\, (12.15) 
f*W = Wy¥z. (12.16) 



Let us consider the decomposition (11.3) and compare it with formula (11.15). We 
have 

0= -^ln(detyl). (12.17) 
8 

The group R+ is called the dilatation group. Thus the gauge transformation (12.13) 
for the 1-form W is connected to the dilatation subgroup of GL|(4, R). Let us consider 
the principal bundle Q (see Fig. 2A) with the structural group G and with a projection 
tte over E (space-time). On this bundle we have defined a 1-form of a connection uje- 
(see Fig. 7). 

Let U(1)f be a subgroup of the group G such that 

U(1)f Go (12.18) 

and let us call this group the fermion charge group. Eq. (12.18) means that this sub- 
group is broken spontaneously and the Higgs' mechanism makes massive the gauge 
boson corresponding to this group. Let Ip G S be a generator of U(1)f- For U(1)f is 



116 



broken spontaneously Yp G m. Let us suppose that there exists the following homo- 
morphism between GL^ (4, R) and G 

(7 : GL4(4,R) ^ G, (12.19) 

such that 

a{A) = e-(^i'°(det^)VF)_ (12.20) 

In this way we project the group GL|(4, M) on the U(1)f subgroup of G. The 
Eq. (12.20) is really the smooth homomorphism between 1R+ and U(1)f. Simulta- 
neously (12.20) can be made a smooth morphism between typical fibres of the bundles 
P and Q. This suggests the following. Let us consider the morphism of the bundles P 
and Q 

E:P^Q or (^i : Pi ^ Qf), (12.21) 

such that we have (12.20) and on the space-time E (base manifold) 

idE : £^ ^ E, (12.22) 

where id^; means the identity on E. The morphism E has the following meaning. The 
fibre bundle P is reduced to the principal fibre bundle Pi over E with a structural 
group ]R+. Simultaneously the principal fibre bundle Q is reduced to the U(1)f fibre 
bundle over E i.e. Qp- This is possible because of the property of the U(1)f subgroup 
of G and the definition of subgroup of GL|(4, K). The transport of the connections 
of both bundles to their subbundles is possible. We can write our construction as a 
chain of morphisms: 

P^Pi^Qf^Q, 

where r\ means a reduction of P to Pi, reduction of Q to Qf and Ei a morphism 
induced by (12.20). Let us consider the contragradient transformation for E (a pull- 
back), E* and apply it for uje- One gets: 

E*{u^) = W (12.23) 

or 

E*{ujp) = E*{uIYy) = WZ. (12.24) 
Let us take a local section / of P. One finds 

-lA^^r = W^r. (12.25) 

Thus we get a relationship between the gauge field A^^, corresponding to the fermion 
number P, and the field W ^ which couples the fermion current in the nonsymmetric 
theory of gravitation. For the curvature of the connection cDe, one gets: 

E*{Q^) = E*{H^Yf) = E*{dujlYF) = d = dW = dWZ. (12.26) 
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One easily finds that: 

= F^t^u = d^A^, - d,A^^. (12.26a) 

In this way, we can make the following statements: 

1) local gauge invariancc on the space-time E connected to the 1R+ group is the 
same as the local gauge invar iance U(1)f for the fermion number. 

2) the gauge field and W ^ are the same. We have that 

fF\ = cJ% + (5;(I^X) (12.27) 
and in the gravitational lagrangian 

-\ i'""^ =i^''^ K (12.28) 

Due to the spontaneous symmetry breaking the field is massive and has short 

distance. Thus the Lorentz force term which appears for is of short distance 

\f9^^''^Wy^M^^ = -2/^('^-)^%,««, (12.29) 

(see Ref. [95]). In this way the weak equivalence principle is satisfied. This is really 
impossible to do in pure N.G.T., where the Lorentz force term (or Coriolis force term) 
appears as a term of long distance forces and it is necessary to remove it using the so 
called splitting of the conservation laws (see Refs. [34], [47], [65]). We do not need these 
additional assumptions, which are not of geometric nature. Moreover, the splitting of 
the conservation laws is an integral part of Moffat's theory. It seems that it provides a 
contradiction with the field equations with electromagnetic or scalar sources in N.G.T. 
(see Ref. [34]). It seems that it is also in contradiction with the Lagrange formulation of 
hydrodynamics. However the splitting of the conservation laws is necessary in N.G.T. 
in order to get the equation of motion for the test particle from conservation laws 
(Bianchi identities) as in G.R.T. In this manner Moffat fits the anomalous perihelion 
precession of Mercury and Icarus in the presence of a non-zero quadrupole moment of 
the sun 

Otherwise, he gets an equation with a Lorentz force term (Coriolis force term) for 

In some new formulations of N.G.T. (Ref. [95]) J.W. Moffat abandons the splitting 
of the conservation laws getting equation of motion for a test particle with Lorentz-like 
(Coriolis force term). 

The additional force term in the equation of motion has been connected to the 
"fifth force" (Refs. [54], [53]). However, it seems that the fifth force term (if this force 
really exists) should be of exponential decaying, not as in Moffat's approach ([95]). 
In our meaning the "fifth force" is rather scalar than vector-like. 
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The conditions (12.23), (12.24), (12.25) are really constraints in the theory. Thus 
we should add to the full lagrangian the term: 

^^Gn (a^^ + Iw), (12.30) 



c4 ~ V 3 
where 

(12.31) 

is a Lagrange multiplier and because of the gauge invariance (R_|_ and U(l)i?) we 
suppose 

a^A'^=0. (12.32) 
The La grange multiplier becomes a source for (j[^v\ 

g^^^^ = -K ^-Kc? 5^ « = (12.33) 

Thus it has a natural physical interpretation as a fermion current. It is coupled to 
the and simultaneously to W ^^. In this way the fermion charge plays the role 
of the second gravitational charge. The field W disappears from the theory. In 
the place of we have which is massive and due to this the weak equivalence 

principle is satisfied. The Lorentz force term (Coriolis force term) for A^ is of short 
range. From the Nonsymmetric Gravitational Theory we know that there are not any 
Lorentz forces and Coulomb potentials connected to g\piv\ ■ Thus the weak equivalence 
principle is satisfied and we have two gravitational charges: a mass and a fermion 
charge. 

In this way the argument raised by C. Will (see 4**^ of Ref. [47]) does not concern 
our case. The arguments is of course valid in the case of N.G.T., because there W is 
not of a short range. 

Let us notice that wc choose the second possibility of the role of 11(1)^ in our 
scheme from Ref. [26] and sec. 11. This corresponds to the situation similar for SO(IO) 
G.U.T., i.e. the first possibility from Ref. [26] and sec. 11. It seems that this possibility 
is more natural. Some possibilities concerning the intermediate stages of the symmetry 
breaking will be considered elsewhere. 

Finally we can say that the SU{5) scheme of G.U.T. seems to be in contradiction 
with experiment (proton decay). For this kind of scheme we cannot proceed with the 
construction presented here. U{1)f is global and Yp € (Lie algebra of the group H), 
and Yf ^. 

Let us conclude that in this section we have obtained the physical interpretation of 
the Einstein- A-transformation (Ref. [3]). It seems that this transformation is a local 
U(1)f gauge transformation corresponding to the fermion-number generator in G.U.T. 
In this way the problem seems to be solved. The Einstein Unified Field Theory in a 
real version was used as a theory of the pure gravitational field. It was necessary to 



119 



combine it with the Yang-Mills' and Higgs' field via the Nonsymmetric Jordan-Thiry 
Theory. 

Let us consider the lagrangian of the theory and find his part which contains the 
gauge field ^ = —^Wi_i. In order to do this we consider Eq. (6.1) with the fj,v 
contribution. One gets: 

Qigspg'^^L^^ + ga^sg^^V pa = 2g^59^''Wp,, (12.34) 

where 

li j = F we have 

195(39''^ + 9a69^'"L^i3a = 2g^59^'' p,. (12.35) 

For 

H^t.. = —W^^M (12.36) 

one gets 

Q^igspg'^'L^a + 9^59'" L^P5 = -^^a5^'"W^[^,a]. (12.37) 

This means that the field has a contribution to the full induction tensor of the 
theory. 

The Yang-Mills' field lagrangian with a direct contribution of looks as follows: 



DTT 



3 

There is also a usual part of N.G.T. lagrangian containing field i.e. 



(12.38) 



(12.39) 

We have also a contribution of the field W ^ in the kinetic part of the lagrangian for a 
Higgs' field if the gauge derivative of the Higgs' field contains = — fW^/x i.e. 

gauge Q ~. J r ~. 

e*( ^t) = + £(Qe«.^^^M^i + f^A^.n) = 

= - ||(Cde«F^M^a + /IfW^m^5)+ 

9 



gauge 



^5 + ;^ E(C'de«.^4^a + 44^5)- (12.40) 



120 



Thus one gets: 

gauge gauge 
■jw 

Taking everything together we have: 



^^n(V^ <?) = (V- nL^\)av. (12.41) 



+ 



gauge 

-^e-^-^CV- ^lL'^\)av. (12.42) 
However because of the Eq. (6.1) and Eq. (6.4) wc have the Wfj, field contribution via 

~. - gauge 

an induction tensor L*^;^ and L^"'a in the remaining parts of £ym and £^^^( ^). 
FinaUy let us rewrite the field equations modulo constraint ^ = — 

_ _ 8nK /tot 1 \ 

RiaP){n = -;^(^T(a^) - -9iaP)Tj^ (12.43) 
_ _ Stt / tot 1 \ 

^[Ml,A](n = ^(k Ti^fsi - 2^?[M]^J,A], (12.44) 



where 



and 



tot gauge seal int 

T«/3 = T al3+ Tap + Ta/si^) + Ta^ + Ag^p (12.45) 

a tot 

T = g""^ Tap, 

glf"'] = 4n S'', (12.46) 

g,.,.,a - gpvA%^ - g^pAP^^ = 0, (12.47) 



where 



-^^Ant(<?,A)J, (12.48) 
\a = r%a + D%,{S) (12.49) 

and 

gpvDP^a + gixpD^ai^ = -^SP{g^agpu - gixpgau + g^lvg[ap\)^ (12.50) 
— — —a —'^ 

Rapir) is a Moffat-Ricci tensor for a connection oj p = F pryO'^ . It is easy to see 
that we have sources for equation (9.4) and (9.5). This is similar to the situation with 
the second pair of Maxwell equations in the Nonsymmetric Kaluza-Klein Theory in 
comparison to the classical Kaluza-Klein Theory. 
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The above equations have been obtained as results of variations with respect to gf^l, 



and 



Moreover if we vary with respect to 



the variation with respect to the first part of lo is included in the variation of 1^ ^ 
because of 



2^ 



Thus we get Eq. (9.7) for j ^ F only. 

We can easily calculate the form of 5''^. One gets 

— SGat^ fsa-uge _ -fan r ^,1 gauge _ . 



(12.51) 



c 



H 7, — asVhce 



+ 



gauge 



gauge 



+ 



gauge 



X 



■:if3a 



+ 



(12.52) 



The remaining equations i.e. Eqs. (9.6), (9.8) are the same substituting for 



and for 
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13. Equation of Motion for a Test Particle 
in the Nonsymmetric Jordan— Thiry Theory 



Let us derive the equation of motion for a test particle in our theory from the 
Bianchi identities in the hydrodynamic hmit. 

In N.G.T. one derives the foUowing Bianchi identity (see Refs. [5], [97], [98]) 



where 



\{Gp. gn,. + \{G.p /'^),a + \ G ^ = 0, (13.1) 

Gp, = Rp,{T) - ^gpMn, (13.2) 

G ^ = V^G,,, (13.3) 

Rpy{r) is the Moffat-Ricci tensor for the connection cU"^ and R{r) is the scalar of 
curvature. 

From Eq. (9.3) one gets: 

RcpiW) - \gapR{W) = ^e-(-+2)'^ Tap, (13.4) 

where 

tot gauge seal int 

Tap = T ap + T^pi'^) + Tcp + gcpA + Tap. (13.5) 

If we suppose the constraints (12.30) we have to use an effective energy-momentum 
tensor 

eff tot constraints 

Tap — Tap + T api (13.6) 



where 

constraints , , / z, \ ± / z, 

1 nn — C 



Aa [Wp + - ]^g^p\^ {w^ + 

Now Eq. (13.4) takes the form: 



(13.7) 



RcpiW) - \gapR{W) = ^e-(-+2)'^ Tap. (13.8) 



Simultaneously for Eq. (9.4) we have 



2 
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(13.9) 



From Eq. (13.1) one derives: 

eff eff . X eff 2 

[,-(n+2)^(^a. T.p + ^^" 2:.p)],a +^'^^pe-("+2)'^ T,. + -S^= 0. (13.10) 

Let us suppose that: 

1) The field configuration described by Eqs. (9.3)-(9.8) and constraints (12.30) 

correspond to a situation close to the "true" vacuum case. 

2) The hydrodynamic limit for this field configuration. 
From 1) we have (see Eq. (10.12)): 

^~0, (13.12) 
-l^M-^^^M^^^'^''^^^ (13.13) 

where ^ is the range of the gauge field n. 
Thus from Eq. (13.10) one gets: 

eflf efl eff 

(^'^^ Tp. + T.p) + g''\p T^. = 0. (13.14) 

2) means that our field configuration is described by the macroscopical (averaged) 
hydrodynamic quantities: u"' (four- velocity of a fiuid), p (pressure), p (density), T 
(temperature) and F^j^ (macroscopic electromagnetic field) which is the only gauge 
field with long range. 

eff eff 

Tp. = Tp.(«",p,p,T,F^^). (13.15) 

Thus Eq. (13.14) would be treated as an energy-momentum conservation law in N.G.T. 
for phenomenological sources. 

Let us derive the equation for a test particle from Eq. (13.14). In order to do this 
let us go to the limit of one uncharged particle. This means: 

p = 0, F^^ = 0, (13.16a) 

Tpu = mogpa9i3uU°'u^, (13.16b) 

du = d{^/^uj'') = 0. (13.16c) 

The last equation gives: 

,a = 0, (13.17) 

where is a four- velocity of a test particle and mo its mass. Putting Eqs. (13.16b) 
and (13.17) into (13.14) one gets after some algebra: 

^'-\i<\('!^)('!^)=0, (13.18) 



dt^ [aPj \ dt J\dt 
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where = and { J^} are Christoffel symbols formed for the metric g(^ai3)- 

Thus we get that a test particle (without spin and electric charge) moves along a 
geodetic line for the metric (7(q/3). The Eq. (13.6) fits the anomalous perihelion shift of 
Mercury and Icarus in the presence of a nonzero mass quadrupole moment for the sun 
if we use the symmetric part of the spherically symmetric, static solution in N.G.T. 
(see Ref. [45]). In this limit we suppose that Mercury and Icarus can be treated as test 
particles in the gravitational field of the sun. 

It works also very well in the case of the anomalous periastron movement of the 
closed binary system DI Hercules (DI Her i.e. HD175227), which contradicts G.R.T. 
predictions up to 21a (standard deviations) (see Refs. [67], [99]). The equation fits 
the observational data. In the case of different closed binary systems (AG Per, AS 
Cam.ctVir, V541 Cyg, V1143 Cyg, V889 Aql) with strange movement of the periastron 
the equation can also fit the observational data. Using the equation under above 
conditions wc can also fit the data for X-ray bursters (Ref. [49]). 

Let us notice that the Eq. (13.15) could be treated as a fundamental equation in 
any post-Newtonian approximation for N.G.T. using the hydrodynamic formalism as 
in Ref. [100]. 

Finally let us consider the Newtonian limit for ^. Let us expand e~("+^)*' into a 
power series: 

e-(^+2)'^^l-(n + 2)?Z^+... (13.19) 
The field ^ has a Yukawa-type behaviour i.e. 

W^C + -e-T^ (13.20) 
r 

where '^,C' ,C = const and 7, C > 0. One gets: 

^-{n+m ^ (1 + C') - (^ + 2)C e-7r, (13.21) 

r 

We can consider a correction to the Newtonian potential coming from the scalar field 
^. One has: 

Veff(r) = -Geff- = -(Ge-("+2)^)^ = -Gj,^ + ^e'^^, (13.22) 

where Gjv = G(l + C") plays the role of the Newton constant and 

a = GC(n + 2) > 0. (13.23) 

Thus the correction to the Newtonian potential has a repulsive character. Putting 
Eq. (13.18) into linearized equation of motion for a test particle we can get a composi- 
tion-dependent repulsive correction with a short range. This could be considered as 
something similar to the fifth force (Refs. [53], [54]). We can also try to get an equation 
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of motion from the conservation laws under conditions (13.17) and (13.19), i.e. 

eff efT eff 

(^"'^ Tp. + g^'^ T^p) + g^\p - (n + 2)^g^\, T,, = 0. (13.24) 

Recently J. W. Moffat and his coworkers have renamed ([10]) N.G.T. into N.G.E.T. 
(Nonsymmetric Gravitational and Electromagnetic Theory), taking the Lagrangian for 
the electromagnetism from Nonsymmetric Kaluza-Klein Theory ([18]). They found 
nonsingular solutions in the case for pure gravitational field with interesting physical 
interpretations ([102], [103]). 
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14. On a Cosmological Origin of the Mass 
of the Scalar Field ^ (or p). 
Cosmological Models with Quintessence and Inflation 



Let us consider the lagrangian in our theory supposing that Yang-MiUs' and Higgs' 
fields are zero. One gets in terms of the field ^ (see Eq. (7.5)): 



R{W) + 



->C.ea.(^^) + ^e("+^)^^(f)+^P 



(14.1) 



If we suppose that we have to do with a cosmological background i.e. R{W) = Rq = 
const and ^ is constant we get in terms of p — e~'^ (p > 0) 



Ro + 



= W{p). 



(14.2) 



4pn+2 

Eq. (14.2) is a self-interacting potential for a scalar field p. The potential has a critical 
point if 

dW 



dp 



I.e. 



Rjr) 

A2 



Eq. (14.4) has real positive solutions if 



> - 



16(n- l)(n + 2)\ f R{r)V{0)\ 



(14.3) 



(14.4) 



(14.5a) 



and 



F(0) 

In this case we have: 



nX^P ^ \ln^X^P'^ + 16(n - l)(n + 2)l/(0)i?(r) 



(14.5b) 



Po,i,2 = ± 



^n'^\2p2 + - l)(n + 2)V(Q)R{r) ± nXP 

W) 



(14.6) 
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i.e. in general two positive real roots. The potential W has a minimum at p = po if 



dp' 



> 



(14.7) 



P=Po 



I.e. 



X^V{0) 4 n{n + l)P 



4^2 



p2 + (n+l)(n + 2) 



4R{r) \ 
A2 



> 0. 



P=Po 



(14.8) 



P 



All of these conditions could be easily satisfied if R{r) = and ^^^^ > 0. The 

condition (14.8) can be satisfied for only 2 roots of Eq. (14.4). For R{r) = Eq. (14.6) 
has the shape: 



Pf = ± 



nP 



X V (n- l)y(O)' 



In terms of a scalar field ^ one gets: 

dW 



d^ 



^, 1 d'^W 



2 



(<Z/')' + ..., (14.9) 



where 



One finds 



W{^) = W{po) + 



\P = - Inpo + ^ % + IZ^'. 

pI d^w 



P=Po 



2 dp2 

For (14.7) is satisfied we can write: 

,d'^W 



dp^ 



P=Pa 



= —mlM 
4 



and rewrite Eq. (14.2) in terms of ^' . One easily gets: 



C = Rq+'—[Aq+ '-^MiW'f + higher order terms 1 , (14.12) 



where 



—Ao = W{po) - Ro, 



is a new cosmological constant. 



(14.6') 



{^'Y + higher order terms in (14.10) 



(14.11) 
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Thus one can write Eq. (14.1) in terms of ^' using Eq. (14.12). 

\2 / ™2 \ 

jC = R{W) + Y ( - jCscA^') + M^{^'f + higher order terms in + ^ j . (14.13) 

Thus the cosmological background can induce a mass for the scalar field ^{p) via usual 
mechanism known in solid state physics if (14.5a), (14.5b), (14.7) are satisfied. In this 
way a mass tiiq for ^' has a cosmological origin and the field ^ or p has a short range 
(Yukawa- type) behaviour. Moreover we should redefine a field ^' . 

The scalar field ^{p) is connected to the effective gravitational constant and the 
mechanism presented in this section gives us a cosmological reason for a slow change of 
the gravitational constant. This mechanism gives also some explanation for the origin 
of the possible "fifth force" similar in spirit to the Fujii theory (see Ref. [96]). It is 
easy to see that if we choose po > the reflection symmetry of W{p) is spontaneously 
broken. 

Let us notice that the value Rq does not enter to the formulae for po and mo. Thus 
we can abandon in principle a constancy of Rq and consider a slow changing in time 
of R i.e. 

R{t) = i?o - 2A7rGNdoHo{t - to), (14.14) 

where Rq is the scalar curvature at the present epoch time to, do is a present rest mass 
galaxies density and Ho is the Hubble constant. 

Finally let us calculate the mass of the scalar field ^' and the cosmological constant 

^0. 



4 



mo 



-,x^^^(0) 4 n{n + l)P „ , ^AR(r) 
-in - 2)(n - l)^^pt + Po + + 2)(n + 3)^ ^ 



and 



(14.15) 



where po is given by Eq. (14.6). In the case R{r) = one easily gets 



r 



/A»WS"-2»-2)/ nP \-* 
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and a range 



ro = (14.17a) 
moc 

\n+2p / p \-t 



We can calculate V{0) using Eq. (6.18). One gets: 
V2 



M 

where 



In the symmetric case one easily finds: 

^ M 

Let us consider the effective gravitational constant Ggflt close to the minimum of W{p). 
One gets: 

Geff = Goe-("+2)* = ^Gn(^1- ^e'^^/'-")^ , (14.22) 

where 

Gn = Gop^+^ (14.23) 

and 

n + 2 

0<a = ^=7, (14.24) 

vm 

(7 is a positive constant). 

According to new observational data [104] concerning distances of type la super- 
novae it seems that we need some kind of "dark energy" which drives the evolution of 
the Universe. This "dark energy" can be considered as a cosmological constant or more 
general as cosmological terms in field equations (in the lagrangian). In the case of cos- 
mological model this type of "dark energy" — "vacuum energy" is a cause to accelerate 
the evolution of the Universe (a scale factor R{t)) (see Ref. [105]). The cosmological 
constant is negligible on the level of the Solar System and on the level of the Galaxy. 
Moreover it can be important if wc consider even nonrelativistic movement of galax- 
ies in a cluster of galaxies (see Ref. [106]). In some papers considered cosmological 
terms result in changing with time of a cosmological constant (see Ref. [107]). Some 
of them introduce additional scalar field (or fields) in order to give a field-theoretical 
description of such an evolution of a cosmological "constant" . Those scalar fields are 
independent in general of the additional scalar fields in infiationary models. 
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Thus the inflation field (or fields in multicomponent inflation, which can be 
the same as some of Higgs' fields from G.U.T. -models) can be different from those 
fields. In particular considering scalar-tensor theories of gravitation results in so called 
quintessence models (see Ref. [108]). Moreover in such theories there is a natural field- 
theoretical background for an inconstant "gravitational constant" . In such a way this 
quintessence field can be used in twofold ways. First as a source of change in space and 
time of a gravitational constant. Secondly as a source of cosmological terms leading 
to the model of quintessence and a change in time of a cosmological "constant". In 
our theory we have a natural occurrence of these phenomena due to the scalar field ^ 
(or p). Let us consider the lagrangian of our theory paying a special attention to the 
part involving the scalar field i.e.: 

(~ e~^^ gauge 
e-("+2)^£YM(A) + ^£kin( V ^) 



where all the terms are defined by Eqs (6.16-22). 

and M is defined by Eq. (6.27a). We put c — h=l. 

Now we rewrite the lagrangian (14.25) in the following form. 



7 



L = R{W) - 87rGive-("+2)*L 



matter 



- 87rGjv/:scai(?f^) + e"'^ | -^alR{r) + 



e'*' 9?^,^, , P\ (14.25a) 

2~ 
pl 



where in Lmatter we include all the terms from Eq. (14.25) with Yang- Mills' fields, 
Higgs' fields, their interactions and coupling to the scalar field ^. 
The effective gravitational constant is defined by 

in such a way that the lagrangian of the Yang-Mills field in Lmatter is without any 
factor involving scalar field ^. If the scalar field W is constant (e.g. iP" = 0) we can 
redefine all the fields in such a way that we get ordinary (standard) lagrangians for 
these fields. 

Let us consider the situation after a spontaneous symmetry breaking and simplify 
to the case of g[niy] = 0. We get 

L = ^ - 87rGefrL„,atter - 87rGjvi^scal(*') + 87tGnU{^) (14.26) 
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where 

i^scal = M^^"??',. • ^,y, M > (14.27) 



{n—2)9 _l_ (n+2)'f' 

'p. 

We get the following equations 



%tiGnU{^) = - ^^f^^ Z^ie^"-^^^ + 6^^+^^*^ ' + ^e"^. (14.28) 



~ ^ matter seal 

R^,- -Rg^, = 8nG^s T^^ + SttGnT^., (14.29) 

where i?^,^ and R are a Ricci tensor and a scalar curvature for a Riemannian geometry 
generated by g^^ = 5f(^^), 

matter 

T = (p + p)w'^w'^ - (14.30) 
is an energy-momentum tensor for a matter considered as a radiation plus a dust. 

seal a \ - 

SttGn T^u = SttGn f y^m- • i9''^^,a ■ - MW^^ ■ + q^^^Kk (14.31) 
where 

Kk = 2e(-^)'^^/^iy(Cj - e^"+^)^^i?(r) - e-'^-4£, (14.32) 

where m~ is a scale of a mass for massive Yang-Mills' fields (after a spontaneous 
symmetry breaking for a true vacuum case). It is convenient to write 

_ g(n-2)<f n<f g(n+2)ip- 

Kk = -^—o^K - ^7 (14.33) 

p = P{^,as,m~) (14.33a) 

K = 0,1 corresponds to true and false vacuum case, i.e. 

F«J = 0, Vi^lJ ^ 0, (14.34) 

ao = 0, ai^ 0. (14.34a) 
For a scalar field ^ we have the following equation: 

IQnGNMg''^ {^a{dp^)) +{n- 2)e^^-'^''aK - (n + 2)e^-+^^'' (3 

- ne^*7 - (n + 2)GesT = 
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where T = p — 3p is a trace of an energy-momentum tensor for a matter field. For we 
are interested in cosmological models we take for a metric tensor a Robertson- Walker 
metric: 

+r2d^2 + r2sin2^Vl 



ds^ = dt^-R\t) 



1 — /cr^ 



, A;= -1,0,1 (14.36) 



and we suppose that ?Z^, p, p are functions of t only. 
One gets 



^Ix \ M ) M ^ ^^^^^^^ 



^ mpi 

In this case we get standard equations for a cosmological model adapted to our 
theory 

^ = -STrGeff Q(p + 3p)^ - SttGat Q(p* + 3p^)^ , (14.38) 
RR + 2R + 2k = STrGeff (^(p-i^)J i?^ + 87rGiv (^{p^-p^)j R^- (14.39) 



Using Eqs (14.38-39) one easily gets 

2 , , STrGeff , SttGat f^. 
H +k= — - — pH — p,p (14.40) 



R 

where = — is a Hubble constant 
R 



M -n 1- 

SttGnP^ = SttGjv + 2^cK 
M 1- 



(14.41) 



Let us consider a cosmological model for a "false vacuum" case, i.e. without matter 
and only with a scalar (P' and a vacuum energy V(^crt) 0. In this case p = p = 
and we get 

2m-'^^-M^,'-^ = (14.42) 
if + k=-(- -^^^ + -Aei I R^ (14.43) 
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3R M f„ 1 , 



Let us take 



Thus we get 



and 



!Z/ = = const. 



cl 



(<^i) = 



(n + 2)l3x{ + n^xl - {n - 2)ai = 

3R _ 1 
^ ~ 2 



Aci(a;i) 



xi = e 



One gets from Eq. (14.49) 



R{t) = Roe 



Hot 



where 



Aci(a^i) 
6 



is Hubble constant (really constant). From Eq. (14.47) we obtain 



Xl 



2{n + 2)P 



For Q!i > 0, /? > we get 



(14.44) 

(14.45) 

(14.46) 

(14.47) 
(14.48) 

(14.49) 
(*) 

(14.50) 
(14.51) 

(14.52) 
(14.53) 



2(n + 2)2/? 



n7^ - 7 V^'^T^ + 4(n2 - 4)q;i/3 + 4ai/3(n + 2) (14.54) 



(n-2)/2 



-,1/2 

- 7^71272 + 4(n2 - 4)ai/? + 4ai/3(n + 2) . (14.55) 
2(n + 2)v3/3 L J 

Thus we get an exponential expansion of the Universe. Using Eq. (14.48) we get also 
A; = (i.e. a flatness of a space). 
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In this way we get de Sitter model of the Universe. This is of course a very special 
solution to the Eqs (14.42-44) with very special initial conditions 



'iO) = HoRo 



RiO) = Ro 
dR 



(14.56) 



Let us disturb the solution by a small perturbation and examine its stability. Let 

^ = Wi + ^. |(^|, < ip-i 

R = R + 6R, \6Rl\6R\<^R. 
One gets in a linear approximation 



(14.57) 



j2\ 

2M(p + QMHoif + Ml^-^{^i)ip = 

2k5R + -M(p^(R^ + R5R). 
6 



One gets 



(fi = (^oe~^^°*sin ( + 5 



2 



(14.58) 
(14.59) 
(14.60) 

(14.61) 



M 

where (we take for simplicity M = 



p= -A = 



pi 

1 d^Xci 



2M d^'^ 



i^i) - %Hl > 



(14.62) 



if 



M < Mn = - 
3 



X 



n{n + 2)7^^7^ + 4(71^ - 4)ai/^ - 4(n + 2)^(n - l)aip -n^{n + 2)7^ (^"^-^^^ 
77,7^ + 4(n + 2)aiP - ^\Jn^i^ + ^{v? - 4)q;i/? 



Thus we get an exponential decay of the solution i.e. a damped oscillation around 
^ = ^i. It means the solution ^ = is stable against small perturbations of initial 
conditions for i.e. 



d^ 



— (0) = (fio (-|ifosin5 + cos5) . 



(14.64) 
(14.65) 
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Making (pQ and 5 sufficiently small we can achieve smallness of perturbations of initial 
conditions. The exponential decay of the solution to Eq. (14.58) can be satisfied also 
for some different conditions than Eq. (14.63) if we consider aperiodic case. However, 
we do not discuss it here. 
Thus we get 

< \M<f^ < a^e-^"°* (14.66) 

where is a constant. 

From Eq. (14.59) one gets 

0<6R< a'^e-^^°\ (14.67) 

which means that SR and SR = O{SR{0)). It means SR = SR{0) + SR{0)t. 
Moreover from Eq. (14.60) we get that k = due to the fact that 5R is a linear 
function of t. In this way we get 

R{t) ^ R{t) + 6R{0) + 6R{0)t ^ { Ro + ^^^"Iho!^^"^ J e^°*. (14.68) 



This means that the small perturbations for initial conditions for R result in a 
perturbation of Rq in such a way that Rq is perturbed by a quickly decaying function. 
Thus our de Sitter solution is stable under small perturbations and is an attractor 
for any small perturbed initial data. One can think that this evolution will continue 
forever. However, we should remember that we are in a "false" vacuum regime and 
this configuration of Higgs' fields is unstable. There is a stable configuration — a "true" 
vacuum case for which aK — {K — 0). For o: = the considered de Sitter evolution 
cannot be continued. Thus we should take under consideration a second order phase 
transition in the configuration of Higgs' fields from metastable state to stable state, 
from "false" vacuum to "true" vacuum, from <?gj.^ to ^^crt- ^^^^ Higgs fields 

play a role of an order parameter. Let us suppose that the scale time of this phase 

transition is small in comparison to — and let it take place locally. We suppose locally 

-no 

a conservation of a density of an energy. Thus 

seal seal matter 

T44= T44+ T44. (14.69) 

We suppose also that the scalar field ^ will be close to the new equilibrium (new 
minimum for cosmological terms) and that the matter will consist of a radiation only: 

'3^4 = ^Aei(xi) (14.70a) 

seal matter \ q 

T44+ T44 = -Aco(xo) + 87rG'jv^. (14.70b) 
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For xq = is a new equilibrium point we have: 



dX 



cO 



i^o) = 



dXp 
dW 



= -e^^ ((n + 2)/?e2'^ + n7) 



One gets 



and supposing 



thus 



n|7| 



(n + 2)/? 



7 < 



Aco(^^o) 



/3^(n + 2)^ 



^+1 • 



(14.71) 
(14.72) 
(14.73) 

(14.74) 

(14.75) 
(14.76) 



Prom Eqs (14.70ab) one gets 



1 



„n-2 



X 1 



leTrGjv i (n + 2)2/3 
2 



n7' 



- 7^7^272 + 4(n2 - 4)ai/3 + 2ai(3{n + 4) 



It+i 



71+2 n+2 
n 2 ^ 2 



(14.77) 



/32(n + 2)2+^J (n+2) — 



This gives us matching condition for a second order phase transition and simultaneously 
it is an initial condition for a new epoch of an evolution of the Universe plus a condition 
^{tr) — 0, R{tr) = R{tr), whcrc tr IS a time for a phase transition to occur. Notice we 
have simply iZ^o 7^ ^i- Thus we have to do with a discontinuity for a field ^. Let us 
consider Hubble's constants for both phases of the Universe 



2 Xci{xi) 
2 Xco{xo) 



Hi 

Hi ^ Hi 



2 n 2 



6 



3/3t(n + 2)t+i 



(14.79) 



Summing up we get 



R(tj.) — R[tr) = -0,0 

Hi ^ Hi 



Rne+^°^' 



(14.80) 
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Thus we see that the second order phase transition in the configuration of Higgs' 
fields results in the first order phase for an evolution of the Universe. We get disconti- 
nuity for Hubble constants and values of scalar field before and after phase transition. 

Let us calculate deceleration parameters before and after phase transition 

g = -5^ (14.81) 
q = -l (14.82) 

before phase transition and 

q=-\ (14.83) 

after phase transition. 

Let us come back to the Eqs (14.38), (14.40), (14.37). Let us rewrite Eq. (14.37) 
in the following form 

m + ^-^^ + = 0. (14.84) 

(Remember we now have to do with a radiation for which the trace of an energy- 
momentum tensor is zero.) 

Let us suppose that (P' a; 0. Thus Eq. (14.84) simplifies 

J^M^+^ = (14.85) 



and we get the first integral of motion 



+ Aco = ^5 = const. (14.86) 



M^^ = Ml^{5 - 2Aco). (14.86a) 
One gets from Eqs (14.38) and (14.40) 



3i? 1 Pr 1 / 2M -2 



R M^j 6(^+2)*- 2 I 



- Aeo (14.87) 



Using Eq (14.86a) we get: 
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One can derive from Eqs (14.89-90) 



l{RR) = -l5R^ + lx^,R^-k 



Aeo = -e^^(/?e^^ + 7) 



(14.91) 
(14.92) 



Let us take k = and S = and let us change independent and dependent variables 
in (14.91) using (14.92) and (14.86a). One gets 



2y\y' - + 2/ ((r^ + 4)y^ - (n + l)y - 2) f = If (y^ - l)f{y) 



dy 



where 



and 



, f3 ^ 
|7| 



f = R' 



It is easy to see that y^ > 1 for 

'dt 
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n + 2 
4 



(14.93) 



(14.94) 



(14.95) 



(14.96) 



Moreover according to our assumptions ^ and this can be achieved only if < 
y — 1 < £, where e is sufficiently small. 

Thus for further investigations we take z = y — 1, y = z + l. One gets 



2z{z + 2){z + If^ + {z + l) ((n + 4)^2 ^ ^ _ + 3)) ^ 



AM 



(14.97) 



z{z + 2)f{z)^Q. 



Let us consider Eqs (14.89-90) supposing A; = and 5 = 0. 

After eliminating R (via differentiation of Eq. (14.90) with respect to time t) and 
changing independent and dependent variables one gets: 



d_ 
dy 



y 



-i^ifW - 1) 



where 



l7l 



n+l 



It is convenient for further investigations to consider a parameter 

4M 



(14.98) 



(14.99) 



(14.100) 
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In such a way we get 



'iy\y' - 1)^ + y ((n + 4)|y2 _ (n + l)y - 2) ^ - f (y^ - 



(14.101) 



and 



2z{z + 2){z + 1)20 + + 1) ((n + 4)^2 + + 7)^ _ + 3)) ^ 



- rz{z + 2)/(^) = 0. 
One can transform Eq. (14.98) into 



d 
dy 



SttG 



Changing the independent variable from y to z = y — 1 one gets 



+ ^y^{y'-l)]f 



y^-' [{n + 2)y^-n\f. (14.103) 



d_ 

dz 



SttG 



N- 



Pr 



+ {z + irz{z + 2)]f 



(2 + l)"+2 2 

= iz+ir-' [{n + 2){z + lf-n] f. 
Let us come back to Eq. (14.96) in order to find time-dependence of ^. One gets 

d^ t-ti 



(14.104) 



pi 



or 



/ 



dx 



t - ti 



'M 



(14.105) 



(14.105a) 



If n = 21, where / is a natural number, one gets for /3 > 



2p+l 



2p 



VVF^^-\/3(v/^x+|7|) 
2a/3 I VV^x - |7| + V3( + |7|) 



H ^In 



(14.106) 



In this case it can be expressed in terms of elementary functions. For a general case 
of n, (3 and 7 one gets 



2x-t,F2(i,-f,(l-^);i^) ^ (t_t,) 



pi 



^ (14.107) 

where i-F2(a, 6, c; 2:) is a hypergeometric function. For a small z (around zero) one finds 
the following solution to Eq. (14.102) 



f{z) = Ciz^ 1 - 



(n+7) / (n + 7)(5?i + 23) 



8(n+ 1) 



z]+C2 1 + 



{n-iy 



(14.108) 
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C11C2 = const. Thus 



Riy) 



(" + 7) 



Ci(y-l)^ 1 



+ 1 + 



(n + 7)(5n + 23) 



8(n + l) 



(n-1) 



(14.109) 



where y > 1 (but only a httle) . 

Let us make some simphfications of the formulae taking under consideration that 
y — 1 is very small. 

One gets 



f{y) ^c(i + 



(n-l) 



R{y) = Ri{l + 
After some calculations one gets 



(n-l) 



c > 



(14.110) 
(14.111) 



2(n + 5) 4 10f(n + 2) 3 

y ^ / 1 \ / I a \ y 



(n + 4)(n-l)^ (n-l)(n + 4)' 
I (8^;(^-l)(^ + 4)) ^2 2r(n + 3) ^ ^ (r-n+1) 



(14.112) 



2(n-l)(n + 4) ^ (n^ - 1) ^ ' (n-l) 

(taking into account that (y — 1) is very small). Let us make some simplifications in 
the formula (14.96) for y close to 1. We find: 



/ 



dy 



Vy^ 



_^|7| * v2 



{t - ti)Mpi 



and finally 



Tl+4 

2 



y= — „ (t-ti)^ + i 



(14.113) 



(14.114) 



such that y — 1 for t = ti. 

Let us pass to the minimum value for pv with respect to y close to 1. Thus we are 
looking for a minimum of a function 



1 



P = 



SttG 



-y 



2(n+l) 



2(n + 5) 4 10r(n + 2) o 

:y + 7 TT7 — n^^y 



N L (n + 4)(n-l)^ (n-l)(n + 4)- 

(8f - (n- l)(n + 4)) o 2f (n + 3) (f-n+1) 



2(n-l)(n + 4) ^ (n^ - 1) 
for such a y that is close to 1. 



(n-l) 



SttG 



N 



-y 



2(n+l) 



W^{y) 
(14.115) 
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Let us write y = 1 + rj, where 77 is very small and develop W4(l + rj) up to the 
second order in rj. One finds 



and 



where 



W4l + r])c^V2{v) (14.116) 
^2(77) = a?7^ + 6?7 + c (14.117) 



{-n^ + 3ni20f - 9) + 4{32f - 31)) 

a=- 777 -T (14.118) 

2(n + 4)(n-l) ^ ^ 

_ (-n^ - 4n2(7f - 3) + 5?i(18f - 11) + 22(3f - 2)) 

^ ~ (n + 4)(n2-l) ^^"^-^^^^ 

_ (-Bn^ + 2n2(9r - 8) + n(50f - 29) + 4(7f - 4)) 

= 2(n + 4)(n2-l) 

Let us find minimum of ^2(77) for 77 > such that ^2(77) > 0. For a < 0, 6 < 0, 
c > we get 

^2(r/min) = (14.121) 

and 

,„,„ = ^±4™. (14.122) 

In this case 

(1 + r7min)'^"+'%4(l + ??min) > (14.123) 

and will be close to the real minimum of the function (14.115). Simultaneously 

Vmin < 1- 

For 



(where cr is a Stefan-Boltzmann constant) we get Tmin and we call it a Td (a decoupling 
temperature-decoupling of matter and radiation). Thus 7/^ = 1 + 77min- Ud is reached 
at a time (a decoupling time) 

td = ti + ^J-fff!^ Mpi. (14.125) 

2|7|^ 2 ) 

From that time (td) the evolution of the Universe will be driven by a matter (with 
good approximation a dust matter) and the scalar field ^. The radius of the Universe 
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at t = td is equal to 



2 




R{td) = Ri[l + ^^vLnj ■ (14.126) 
The full field equations (generalized Friedmann equations) are as follows: 

^'i^^^ + iA^I (14.127) 
- Aco I (14.128) 

- 5^ - S ■ - ^ + (n+ 2)8.p.Ge. = 0. (14.129) 

Before wc pass to those equations we answer the question what is a mass of the 
scalar field IP' during the de Sitter phases and the radiation era. One gets: 

-ml = ^^(^i) (14.130) 

-ml = ^^i%). (14.131) 
The second question we answer is an evolution of the Universe during a period from 



tr to ti, i.e. when y is changing from y — y to y = 1. 
This will be simply the de Sitter evolution 

R(t) = Re"^^ (14.132) 

where 



i^i-y^^. (14.133) 

This will be unstable evolution and will end at t = ti, i.e. for iP' ~ and value of the 
field ^ will be changed to the value corresponding to ?/ = 1, i.e. 

nti) = \^^y^y (14.134) 

Thus we have to do with two de Sitter phases of the evolution with two different Hubble 
constants Hi and Hq. In the third phase (a radiation era) the radius of the Universe 
is given by the formula 

R{t) = R,e^oU+^^it.-U) . (■ 1 + ^=[L_(, _ ,,)4 j (14.135) 
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and such an evolution ends for t = ta, 

R{td) = Roexp{Hotr + Hi{ti - U)) ■ (^1 + ^^^^vLn^ ' • (14.136) 

In both de Sitter phases the equation of state for the matter described by the scalar 
field ^ is the same: 

= -p^. (14.137) 

In the radiation era we get 

= |pa^. (14.138) 

Now we go to the matter dominated Universe and we change the notation intro- 
ducing a scalar field Q such that 

Q = V^^. (14.139) 



In this case we have 



where 



PQ = \q' + V{Q) (14.140a) 
VQ = - U{Q) (14.140b) 



U{Q) = ^co (^) = -f + i|7|e^^ (14.141) 
a = Mpi, b = Mpi. (14.142) 



VM VM 
Let us write Eqs (14.127-129) in terms of Q: 

Q + 3HQ + U'{Q) - 87r(n + 2)G^sPm = (14.143) 

where 

Geff^Gjve (14.144) 

= i (^STrGefiPm + ^Q^ + (14.145) 

^ = 1 (s^rGeffP^ + 2(Q2 - t/)) . (14.146) 
Let us define an equation of state 

Wq = ^ = (14.147) 
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and a variable 

which is a ratio of a kinetic energy to a potential energy density for Q. It is interesting 
to combine (14.143) and (14.145) using (14.147) and (14.148). 
Let us define 

= (14.150) 
Hm + nQ^l (14.151) 



One gets 



or 



STrGeffPm = 3(1 - nQ)H^. (14.152) 
We call Pyti an energy density of a background and for such a matter the equation of 



state is 



Wm = — ^0. (14.153) 

Pm 



It is natural to define 

Pm = SirGeffPrn (14.154) 

as an effective energy density of a background with the same equation of a state 
as (14.153). 

Under an assumption of slow roll for Q, i.e. 

^Q^ < U{Q) (14.155) 

one gets 

Wq ~ -1, (14.156) 

i.e. an equation of state of a cosmological constant evolving in time. In this case 
~ 0. This can give in principle an account for an acceleration of an evolution of 

the Universe if we suppose those conditions for our contemporary epoch. 

Let us come back to the infiationary era in our model. For our Higgs' field is 

multicomponent, i.e. it is a multiplet of Higgs' fields, we have to do with so called 

multicomponent inflation (see Ref. [109]). In this case we can define slow- roll parameter 

for our model in equations for Higgs' fields. 
One gets from Eq. (9.8) 

5 (£f )„ - (Lf)^, = -^l^i- ||:<,,J (14.167) 



n 
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where Lq^ = Lf^ (a time component of L^g) is defined by 

ldcLt~a + IcdQarng'^'Lt, = 2Zed^am^'^'^ {^f) , (14.158) 

sv ( 6v' ^ 

V, and < \ are defined by Eqs (8.6-12) and Eq. (6.24). 

n ^ fi av 

ZH^ = SttGn f ^4 V'{^) -^£kin(^) + 2^ci(?fi) j (14.159) 

H = SttGn f ^>Cki„(^) j (14.160) 

where i? is a Hubble constant and 

(f'l is a constant value for a field ^. The slow-roll parameters are defined by 

e = 1^ ^ (14.162) 

S = ) , ^ ^ ^ (14.163) 

with the assumptions of the slow roll 

e = 0{r]), 6^0{r]) (14.164) 

for some small parameter r]. 

Under slow-roll conditions we have 

3H (L^.) + ^/^^ ^gr- ^ (14.165) 



H' = ^\ —;:^v'i^) } + ^Aei(tf^i) (14.166) 



'pi 

and with a standard extra assumption 

^ = 0{v'). (14.167) 

We remind that the scalar field ^ is the more important agent to drive the inflation. 
However, the full amount of time the inflation takes place depends on an evolution of 
Higgs' fields (under slow-roll approximation). The evolution must be slow and starting 
for ^ = ^l^. It ends at ^ = (f^^- 
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Thus we have according to Eq. (14.50) 



^ = p/! ^""^^ = -f^o(*end - ^initial) 
-K(^tinitialj 



where 



^(tend) = <t (14.169) 

^(tinitial) - ^Iri (14.170) 
^end — 

(we omit indices for <?). 

Thus we should solve Eq. (14.165) for initial condition (14.169) and with an as- 
sumption H = Hq. We have of course a short period of an inflation with H = Hi from 

tend = tO t — ti, I.e. 

iVtot = N + Ni = Hoitr - tinitial) + Hi{h - U). (14.171) 

Let us remind to the reader that N is called an amount of inflation. Let us consider 
inflationary fluctuations of Higgs' flelds in our theory. We are ignoring gravitational 
backreaction for the cosmological evolution is driven by the scalar field We write 
the Higgs field as a sum 

0^(f, t) = ^Ut) + ^^Ur. t) (14.172) 

where ^^(t) is a solution of Eq. (14.165) with boundary condition (14.169-170) and 
5<?^(r, t) is a small fiuctuation which will be written in terms of Fourier modes 

K 

The full field equation for Higgs' field in the de Sitter background linearized for <^^^^(^) 
can be written 



(14.174) 



where 



IdcMi- + Icdgarng'^'Mi.^ = 2l,dg~afag'^''6$%-. (14.175) 
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Let us change dependent and independent variables. 

dt ^ 



dT=^ = i?oe^o* (14.176) 

R{t) = (14.177) 
- oo < T < (a conformal time) (14.178) 



and 



S$%_ = (14.179) 

Km Jl ^ ^ 

Simultaneously we neglect the term with the second derivative of the potential. Even- 
tually we get 

where 

IdcMi-^^ + lcd9amg'^'Mi. = 2l,dgamg'^'x%s- (14-181) 

Let us notice that \Kt\ is the ratio of the proper wavenumber \K\R~^ to the Hubble 

radius — . At early times \Kt\ :$> 1, the wavelength is small in comparison to Hubble 

radius and the mode oscillates as in Minkowski space. However, if r goes to zero, 
\Kt\ goes to zero too. The wavelength of the mode is stretched far beyond the Hubble 
radius. It means the mode freezes. Thus the analyzes of the modes are similar to 
those in classical symmetric inflationary perturbation theory neglecting the fact that 
we have to do with multicomponent inflation and that the structure of representation 
space of Higgs' fields should be taken into account. 

However, the form of Eq. (14.180) is exactly the same as in one component sym- 
metric theory if we take Mi, a field to be considered. The relation (14.181) between 

Mi and y'1 is linear and under some simple conditions unambigous. 

Ka "^^Ka ^ ^ 

It is possible to find an exact solution to Eq. (14.180) and Eq. (14.181). One gets 

t\K\ cos(r|-ft^|) — sin(r|-ft^|) 



^Km IKm 




(*) 



148 



and 



Kb 1Kb 



+ ^2Kb 




(**) 



where 



In this way one obtains 



Ro 



^ " ^Km 



Q — Hot \ 



RqHq 



(***) 



(****) 



and using (*) one easily gets 

\K\ 



Km IKrh y JI^Hq 

\K\ 



e~"°* cos 



\K\ 



li^l 



sm 



RqHq 

-Hot 



\K\ 



-Hot 



\ RqHq \ RqHq 



+ COS 



\K\ 



RqHq 



RqHq 

-Hot 



(V*) 



where 



iKm iKm 



(VI*) 

However, it is not necessary to use a full exact solution (V*) to proceed an analysis 
which we gave before. 

Thus the primordial value of Rj^it) is equal to 



Rk-- 



d_ /(gd \ " " Km 
dt y^rh) 



(14.182) 



\t=t* 



where Rj^(t) is defined in cosmological perturbation theory as 

i?(^)(t) = 4^i?^(t) 

(see Ref. [7]) and t* is such that \K\ = R{t*)Ho, i.e. 

\K\ 



r = ^ln 

-no 



RqHq 



K = K. 



(14.183) 



(14.184) 



The primordial value is of course time-independent. We suppose that fluctuations of 
Higgs' fields (the initial values of them) are independent and Gaussian. 
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Thus we can repeat some classical results concerning a power spectrum of primordial 
perturbations. One gets 



I Km 



2 



Ho:' 

2tt 



(14.185) 



Thus 



for t* given by Eq. (14.184). 

Taking a specific situation with concrete groups H, G, Gq and constants ^, r we 
can in principle calculate exactly Pji[K) and a power index n^. Thus using some 
specific software packages (i.e. CMBFAST code) we can obtain theoretical curves of 
CMB (Cosmic Microwave Background) anisotropy including polarization effects. 

Let us give the following remark. The condition for slow-roll evolution for can be 
expressed in terms of the potential V . If those are impossible to be satisfied for some 
models (depending on G, Gq, H, Gq and parameters ^, Q, we can employ a scenario with 
a tunnel effect from "false" to "true" vacuum and bubbles coalescence. In the last case 
the time of an infiation (in the first de Sitter phase) depends on the characteristic time 
of the coalescence. 

Let us consider a more general model of the Universe filled with ordinary (dust) 
matter, a radiation and a quintessence. 
From Bianchi identity we have: 

d 3-R 

^Ptot + (Ptot +Ptot)-^ = (14.187) 

where 

Ptot = PQ + Pm+Pr (14.188) 

Ptot=PQ+Pv (14.189) 

Let us suppose that the evolution of radiation, ordinary matter (barionic + cold dark 
matter) and a quintessence are independent. In this way we get independent conser- 
vation laws 

^^{R^p^) = (14.190) 
1{R%)^0 (14.191) 



and 



3-R 

PQ + {PQ+Pq)^^0. (14.192) 
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One gets 



_ A 

Pm^^, const. (14.193) 

~ B , , 

p^= B = const. (14.194) 
R 



From Eq. (14.192) we get 



Pq + [1 + Wq)pq- — = ^. (14.195) 

Substituting Eqs (14.193-194) into Eqs (14.38) and (14.40), remembering Eqs (14.139) 
and (14.141-142) one gets 

, 1 fA B\ 1 



R 



+ k = 






B 




R? 


3R _ 


1 


( ^ 


+ : 


~R ~ 




V2i?3 



) + ^PqR (14-196) 



/ —pi 
2B\ 1 



and from Eq. (14.143) 



-{1 + 3Wq)pq (14.197) 
pi 



Q + 3iyg-^^^^ = 0. (14.198) 



However, now Q and C/ (Q) are redefined in such a way that factor appears be- 



1 



fore pq. This is a simple rescahng. We have of course 

Pm = e-^^+^^'^pm = e-^Qp^ (14.199) 

= e-^^+^^'^p, = e-"^p^. (14.200) 

Thus we get 

Pm = ^e-Q (14.201) 

Pr = ^e««. (14.202) 

Let us consider Eqs (14.196-198) and Eq. (14.192). Combining these equations we 
get the following formula 

(n + 2)A 



(1 + Wq)pq = 0. (14.203) 



The one way to satisfy this equation is to put Wq = — 1. It is easy to see that if ^ = 
then Eq. (14.203) is satisfied trivially. The condition ^ = does not imply 5 = and 



we can still have B ^ 0. For such a solution Q = Qq = const, and Qq = -jj—^o found 

Mpi 
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earlier 



n\'y\ 1 / \ / n\P_ 



{n + 2)p as \mpij y (n + 2)i?(r) ' 



Thus 

-aQo _ .-(n+2)^o _ V""^ ^!i±2\ ^ ( ^ 



or 



g-aQo = g^n+2 



n + 2 

r \ fn + 2\ 2 / R(r) 



/pi / V n 



n+2 
2 



Let us put VFq = -1 into Eqs (14.196-197). One gets 

, 1 /A S . 



3i? 1 / yl 2S 



+ ^r54 +pq] ■ 



From Eq. (14.207) one gets 



±RdR 

■■ dt 



PQ f?4 _ i, D2 1 A T> 1 B 
Kit +3m2-^+3m2- 



pi pi pi 

if ^ = 0, 

±RdR 



PQ R4 _ I. d2 I B 

pi pi 



Taking x — R^ one gets 

(ice 



PQ ^2 _ l.^ I B 
3M^"^ AvJ. -t- 3j^^ 
pi pi 



= ±2{t - to) 



and finally 



where 



a; = w — y. 



PQ 
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For a flat case A; = we find: 



± 



/ 



The last formula can be easily integrated and one gets 



{t-to). 



(14.214) 



sinh 



B 



{t - to) 



(14.215) 



where we take a sign + in the integral on the left hand side of Eq. (14.214). 
Let us calculate a Hubble parameter (constant) for our model. One gets 



B 



ctgh 



'2x/3^Mpi 



B 



{t - to) 



For a deceleration parameter one obtains 

RR (2 sinh^ (u) - cosh (it) ) 



where 



R^ cosh(tt) sinh2 (tt) 



u = 



B 



-(t-to). 



(14.216) 



(14.217) 



(14.218) 



Thus we get a spatially flat model of a Universe dominated by a radiation which is 
expanding and an expansion is accelerating. 

Let us take /c = and 5 = in Eq. (14.209). One gets 

±R (IR 



PQ p4 I A p 
3M2--n- -t- 3]g2--n- 



dt 



pi 



pi 



A 



R^^l—x, x = Rll^. 

PQ y A 



One flnally gets 



Let us notice that 



/ 



X dx 



±- 



^x{x^ + 1) 3Mpi 



PQ{t-to). 



R 
R 



3M2j V 



A ^ \ ^ PQ 

+ pq]> 



pi 



RR (2pQi?4 _ 



i?2 2{A + pqR^) 
Thus the model of the Universe is expanding and accelerating. 



(14.219) 
(14.220) 

(14.221) 

(14.222) 
(14.223) 
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Let us consider the integral on the left hand side of Eq. (14.221). One gets after 
some tedious algebra: 



92-\/4V3 + 3 (lAlVs + 272) + (9V3 - 15) ^598^/ 16 + dVs) F 



^/6 
598 



(14.224) 



where 



W 



( 



_ (16 - 7^3) / 2a; + V3 - 1 

2 2 I 2a; - - 1 



V 



+ 2^6- 



(2x- \/3- 1) 













/(2x + V3-l)^ 













X 



'(2x + V3- 1) 
(2x- V3- 1) 



(14.225) 



n = n I arccos 



F = F \ arccos 



(14.226) 
(14.227) 



where 77 is an elliptic integral of the third kind and F is an elliptic integral of the first 
kind 



F{u,k) = 



k = 



n{u, n, k) = 



dip 



\/l — /c^ sin^ if 



(5 - 2v^) 
^3 



(1 — n sin^ Lp) a/I — /c^ sin^ Lp 



(14.228) 

(14.229) 
(14.230) 
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n = VS-l (14.231) 

and with the same modulus as F{u, k) 

,2 5-2^3 
^ =^^- 

However, the most important condition for an existence of a physical solution is coming 
from the first part of a sum in the right hand side of Eq. (14.224). 
We should have 

W >Q. (14.232) 
In order to analyze condition (14.232) let us write W in the following way 

_20 - 9^ + (l^^y + 2VQ^\ky + 7 - 4^3) (y - 1 + ^) 
W = ^ (14.233) 

y- 1 

where 

Obviously y >0. 

We have two possibilities: 

I y>l (14.235) 
and 

-20 - 9^ + (i^^^y + 2 V^6 - VS^ {y + 7- 4^3) (^y - 1 + ^) > (14.236) 

II y < 1 (14.237) 
and 

_20 - 9^ + ii^^^y + 2 - VS^ (y + 7 - 4 V3) - 1 + ^ ) < 0. (14.238) 
The first possibility can easily be solved: 



I y > 4.0612 (14.239) 
or for the second possibility 

II ~ ^ <y<l- (14.240) 
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We have finally 



For 



0.7916 < a; < 



3V3-5 1 

< X < -. 

2 2 



X > 



we get 



X < 3.072. 



Let us notice the following: the function W has a finite limit at 
we can remove a singularity at a; = "^^^ . In this way we get 

0.7916 <x< 3.072 

or 

3^3-5 1 

— 7^ — < a; < -• 
2 2 

This simply means that the solution exists only for 

0.7916.7 — < i?< 3.072 f/— 

V PQ y PQ 



or 



Let us calculate a density of a quintessence energy: 
PQ = Mp2iC/(go) = -^e"^"(/3e^^°-|7l) 

I-PI 



n 
n + 2 



m , 



2(n+l) I \ m , 
as / \"''pi 



m 



A 



Rin. 



An energy density of a matter is equal to 

A 



Pm = ;^e««° ~ pQe"^° 



and 



n+2 



mpi 



n+2 



n + 2 



n + 2 
2 



i?(r) 



Tl + 2 

2 
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Let us consider the behaviour of the "effective" gravitational constant in our model 

n+2 



n + 2 / 



n+l „„ (14.252) 



vn^j y |P| / \ n 



Thus Geff is a constant. For we are living in that model we should rescale the constant 
and consider Geff(Qo) (Eq. (14.252)) a Newton constant. Thus 



Tl + 2 Tl + 2 



Tt + 2 

2 



where Go is a different constant responsible for a strength of gravitational interactions 
in earlier epochs of an evolution of the Universe. It means we should write 



G..^lG.a:^<'^^H^J (^1^1 l.e-<-)^ (14.54, 

The obtained solution (i.e. (14.224)) is for Wq = —1. However, this is not an attractor 
of the dynamical equations. This is similar to the tracker solution of Steinhardt (see 
Ref. [111]). Moreover we cannot apply his method because our equation for a scalar 
field ^ (or Q) is different. It contains an additional term with a trace of the energy- 
momentum tensor (matter + radiation). Only with a radiation filled Universe our 
equation is the same (if we identify pr with Steinhardt density of a matter). In this 
case we could apply Steinhardt tracker solution method and apply his criterion for a 
potential U{Q). In our case U{Q) is given by Eq. (14.141) 

U\Q) = — ^ ((n + 2)/3e"^ - nhle^^) (14.255) 
2VM 

U"(Q) = ((n + 2)2/3e«^ - n^Me^^) . (14.256) 

4VM 



The Steinhardt criterion consists in finding 

_ U"U __ {(n + 2)2/?e"^ - n'^\^\e''^) (/?e"^ - \^\e^^) 
~ Wf ~ ((n + 2)/?e«Q-n|7|e''Q)^ ' '^^ 

To get a tracker solution we need 

r > 1. (14.258) 
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In our case 

r = 1 - 
r ~ 1 - 



4^|^|e(a+b)Q 



((n + 2)/3e 



aQ 



n 



4|7| 



(n + 2)/? 



,{h-a)Q 



1 - 



/3(n + 2) 



2M„, 

— 
e VM 



1 - 



/3(n + 2) 



(14.259) 
■2*. (14.260) 



Thus asymptotically we are close io F = 1. Moreover the Steinhardt criterion is 
only a sufficient condition. Our radiation filled Universe seems to be unstable due to 
appearing of a matter (a dust matter). Moreover a quintessential period of a Universe 
model has a severe restrictions of a value of a radius. Thus the solution with Wq = — 1 
and a matter independently evolving cannot evolve forever. 

In order to answer a question what is a further evolution of the Universe we come 
back to Einstein equations with a scalar field ^ and matter sources. Supposing as usual 
a Robertson- Walker metric and a spatial flatness of the metric we write once again a 
Bianchi identity 



seal 



+ 



, „, ^ matter 
-(n+2)<f ixv 







(14.261) 



where 



matter 



(14.262) 



is an energy-momentum tensor for a dust matter. One gets 



-(n+2)<2>- 



3R 

Pm + Pm + Pm^ - (n + 2)pm^ 



M 



(14.263) 



— = 0. 



M^i M^i R 

We make the following ansatz concerning an evolution of a matter density 



Pm = Poe("+^)'^ 
po = const. 



(14.264) 
(14.265) 



In that moment the scalar field ^ and the matter pm interact nontrivially. 

Using Eqs (14.264-265), (14.263) and an equation for a scalar field ^ one obtains 



Po 



{n + 2) PO 3R 

Po + ^TTo-— = 0. 



M. 



pl 



M2 R 



(14.266) 
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Using Eq. (14.266) and Eq. (14.127) one gets 



. Mpi 



±-^(t-to) (14.268) 



where 



2 



'^ = 2(^) -IS- (14.269) 



a; = e^. (14.270) 
Using Eq. (14.268) and Eq. (14.127) one gets 

^lni?=i^ (14.271) 

dt Mpi ^ ^ 

or 

i? = i?oe^^^^*~*°\ (14.271a) 

Let us consider Eq. (14.268) and let us suppose that x < 1 (and practicaUy smaU). In 
this case we can simphfy 

dx f dx 



I 



xy/S + 3/?a;^+2 + 37a;" J x^6 + 3^x^ 
and finally we get 



(14.272) 



^=J-ln( - i./^Mpi(t - to). (14.273) 

Thus our prediction that x <1 and is small has been justified. Using Eq. (14.273) one 
easily gets 

(5M2 / [25' \ 

^ i# - ^ (- V s*^^'<' - ■ <"-^^^' 

It is easy to see that 

^ ^ 1. (14.276) 

t^oo 

Thus in this model we have to do asymptotically (practically very quickly) with a stiff 
matter equation of state: 

p = p. (14.277) 
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Simultaneously an energy density for a scalar field ^ is dominated by a kinetic 
energy which is practically constant and 



2^ - 3n2 • 



(14.278) 



In this sense a dark matter generated by ^ in the model is in some sense K-essence 
(not a quintessence) . 

Let us calculate an energy density for a matter 



(n + 2) 

S I (n + 2) / 25 _ , , , 

Pm = Po\iTV7-A exp(-^— — -\/-==Mpi(t-to) • 



3|7|/ y n 

The effective gravitational constant reads 

(" + 2) 



3M 



(14.279) 



GeS = G 



N 



n 



(14.280) 



It is easy to write i? as a function of ^ 

f 

R = Rq exp 



V 



dx 



x^j5 + 3/3a;"+2 + 37a;'' 



(14.281) 



where 



Xq = 



3|7l 



2n 



(14.282) 



Eq. (14.281) can be easily reduced to the Eq. (14.271) using Eq. (14.268). 

Thus an energy density of matter goes to zero in an exponential way. The effective 
gravitational constant is growing exponentially. What does it mean for the future of 
the Universe? First of all the Universe will be very diluted after some time of such an 
evolution. Secondly, a relative strength of gravitational interactions will be stronger. 
This means that if we take substrat particles as cluster of galaxies then in a quite short 
time any cluster will be a lonely island in the Universe without any communication 
with other clusters. All the clusters will be beyond a horizon. On the level of a single 
cluster the strength of gravitational interactions will be stronger and eventually they 
collapse to form a black hole. In an intermediate time a gravitational dynamics on the 
level of galaxies' clusters will be governed by a Newtonian dynamics (nonrelativistic) 
with a gravitational potential corrected by a cosmological constant. The cosmological 
constant induces a positive pressure (a stiff matter) and will be important up to a 
moment of sufficiently large gravitational constant. After a sufficiently long time only 
a classical Newtonian gravity will drive a dynamics of galaxies' clusters. Let us roughly 
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estimate this effect. In order to do tliis let us suppose tliat 



= = „ ^ = const. 



3n2 



In an energy momentum we get 



seal 



(14.283) 



(14.284) 



3n^ 2)11? 

However, we liave in tlie place of Newtonian constant Gn ^ Geff which is a function 
of cosmological time and in the equation for gravitational field for g^^, we should put 

2 



1 seal 



3n^ 



(14.285) 



where 



VSTrGeff 



pi 



n+2 / \ ^ 

2(n+l)2-3po^ ' 



X exp 



1 fn + 2 



25 
3M 



3|P| 
Mpi{t-to) 



(14.286) 



Thus 



where 



2 seal 



T = Ae-''(*-*°) (2w V - g^"") 



K 



A = 



1 
2 

3n^ 



n + 2 



25 



3M^ 

-(n+2) 



mpim- 



2(n+l)^-3po 
3|P| 



-(^) 



(14.287) 

(14.288) 
(14.289) 



Consider the following case (the justification will be given below): 

1 seal ^ fj. J. \ 



(14.290) 



Now let us solve the following problem. Let yl be a value Ae~'^^^~^"^ in an established 
cosmological time t = t and the same for G = (j'eff (^)- Let us consider a gravitational 
field of a point mass Mq static and spherically symmetric. Consider a metric 

ds^ = B{r)dt^ - - {de^ + sin^ 9 dO^) (14.291) 
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in spherical coordinates and Einstein equations 

Rnv — i^QixfR — —■^gixv 

for the metric (14.291) where 

A = Ae-<^-*°\ 
Via a standard procedure one obtains 

^ ' r 3 

Thus an effective nonrelativistic Newton-hke gravitational potential has a shape 



(14.292) 
(14.293) 



(14.294) 



V{r) = h 



(14.295) 



r 6 

Remembering that G is growing exponentially in time and A is decaying in time ex- 
ponentially we see that the second term is important only for a short time. For a 
contemporary time 

Z~10-^2m-2 (14.296) 

according to the Perlmutter data and it could be important on the level of a size of 
galaxies' cluster. However, in a short time it will be negligible even on that level. 
Let us calculate a Schwarzschild radius for a mass Mq with an effective gravitational 
constant Geff- One gets 

n+2 



„eff 



= ^2MoG'eff(t) = r, ( ) 



X 



3|P| 



n+2 
2 



2(n + l)2-3po 



exp 



1 /n + 2 



25 
3M 



Mpi(t-to) 



(14.297) 



Thus (calculated for an effective gravitational constant Geff(^)) is growing ex- 
ponentially. It means that after some time it will be of an order of size of galaxies' 
cluster. Then galaxies' clusters collapse to form black holes. The time of a collapse is 
easy to calculate. 



fg — ''cluster 



(14.298) 



^collapse = to + {n + 2) VgM 

'n + 2 



In 



cluster 



+ {n + 2) In 



/ mpim 



A 



+ 



In 



3|P| 



2(n + l)2-3po 



VS{n + 2)Mpi] ^ (14.299) 



where rg is a gravitational radius of a mass of a galaxies' cluster with G = G^. 
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Let us calculate a Hubble constant and a deceleration parameter for our model. 
One gets 

H^^^{n+ l)Mpi (14.300) 
-ft 

JrlJrl 

,= --_ = -!. (14.301) 

Summing up we get the following scenario of an evolution. The Universe starts in a 
"false" vacuum state and its stable evolution is driven by a "cosmological constant" 
formed from R{r), P, V{^1^^^) and being a minimal solution to an effective self- 
interacting potential for ^. This evolution is stable against small perturbation for ^ 
and R. The evolution is exponential and a Hubble constant is calculable in terms of 
our theory (the nonsymmetric Jordan-Thiry theory) . This evolution ends at a moment 
the "false" vacuum state changes into a "true" vacuum state. In that moment an en- 
ergy of a vacuum is released into radiation (and a matter). The Universe is reheating 
and a big-bang scenario begins at a very hot stage. Moreover the evolution is still 
governed by a scalar field ^ which attains a new minimum of an effective potential. 
The effective potential is different and a new value of IP', a, ^o, is different too. The 
evolution is exponential and a new Hubble constant Hi is also calculable in terms of 
the underlying theory. In this background we have an evolution of a multiplet of scalar 
fields from $1^.^ to ^crt- This goes to a spectrum of fiuctuations calculable in the 
theory. After that time the field ^ is slowly changing iP' and the temperature of 
the Universe is going down. The evolution of a radiation is in the second infiationary 
stage adiabatic and afterwards during next phase {W ~ 0) nonadiabatic. The last 
means there is an energy exchange between radiation and a scalar field ^. The total 
amount of an infiation A'^tot is calculable in the theory. The evolution of a factor R(t) 
is governed by a simple elementary function of a small rise. After this the radiation 
condenses into a matter (a dust with zero pressure) and a matter (a dust), a radiation 
and a scalar field evolve adiabatically without interaction among them. The evolution 
of a scalar field is governed by a quintessence, i.e. pq = WqPq, where Wq = — 1. 

The quintessence field Q is a normalized scalar field ^. During a radiation era 
(!^ ~ 0) an equation of state for a scalar field iP' is different: — (similar 
to stiff matter equation of state). The scale factor R{t) evolves according to some 
elementary function built from hyperbolic function in radiation -|- quintessence scenario 
and according to complicated function formed from the first and the second elliptic 
integrals (after reversing of those functions). It expands and accelerates. The solution 
with radiation and quintessence has a restricted behaviour (Eq. (14.247-248)). The 
energy density of radiation is going to zero. Only a quintessence energy density is 
constant. The energy of a quintessence is a potential energy dominated. However, 
the solution cannot be continued up to the end for an interaction between a matter 
and a scalar field starts to be important. The effective gravitational constant remains 
constant during the period. Let us remind to the reader that during infiationary epochs 
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the effective gravitational constant was constant. Only during a radiation era it was 
slightly changing. In order to keep the Universe to evolve forever it is necessary to 
find a solution with an interaction between a matter and a scalar field ^. Using an 
appropriate ansatz for an evolution of an energy density of a matter we get such a 
solution. The scale factor R{t) is exponentially expanding. 

An energy density of a matter is going to zero and an energy density of a scalar 
field is approaching (exponentially) a constant. However, now a scalar field ^ forms 
a different form of a matter — a stiff matter with an equation of a state pxp ~ pi^^ 
{Wt^ ~ 1). The effective gravitational constant is growing exponentially in time. In 
contradistinction with the previous period of an evolution the scalar field ^ forms a 
matter with a kinetic energy dominance (i.e. ii'-essence) . In the previous period we 
have to do with a potential energy dominance (i.e. quintessence). 

Let us give some remarks on a spatial curvature of a model of the Universe. In the 
first period (infiationary scenario) the spatial curvature has to be zero and any pertur- 
bations of initial conditions cannot change it. In next periods it is natural to suppose 
that it is not changed. Thus our model of a Universe is spatially fiat. In the moment of 
change of a phase of an evolution we should apply a matching conditions for an energy 
density and for a scale factor (a radius of a model of a Universe). However, an evolu- 
tion in such moments undergoes phase transitions for a law of an evolution of a scalar 
field and a scale factor, which can be considered as a second order or even a first order 
phase transition. It is worth to notice that in formulae concerning Hubble constants, 
deceleration parameters, gravitational constants (effective) meet some parameters from 
unification theory of fundamental interactions and from cosmology. It seems that we 
are on a right track to give an account for large number hypothesis by P. Dirac. This 
demands of course some investigations especially in developing nonsymmetric Kaluza- 
Klein (Jordan-Thiry) theory. It is also interesting to mention that the scalar field ^ 
plays many roles in our theory. It works as an infiation field during an infiation epoch. 
(However Higgs' fields play an important role in creating fiuctuations spectrum.) It 
plays also a role of a quintessence and a X-essence, except its infiuence on an effective 
gravitational constant and on an effective scale of masses in unification of fundamental 
interactions. This field is massive getting masses from several mechanisms. During 
infiation phases it acquires mass due to spontaneous symmetry breaking, different in 
both epochs. It gets a mass from a cosmological background mentioned earlier in this 
section. It can get a mass from interactions with Higgs' fields (see sec. 10). Thus except 
its cosmological importance the fluctuations of a scalar field around its cosmological 
value could be detected (in principle) as massive scalar particles of a large mass. In 
this way an effective gravitational potential in nonrelativistic limit takes a form 

V{r) = (l - ^e-(^)) e'^(*-*o) + ^e-«(*-*°) (14.302) 

where k,A are given by Eqs (14.288-289), ro is a range of massive scalar (a fluc- 
tuation of a scalar field ^ in a cosmological background). This could be detected as 
a tiny change of a Newton constant in gravitational law (e.g. the fifth force) on short 
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distances. Let us notice that on short distances and on short time scales an effective 
gravitational potential reads: 

r \ r / 
On large distances and short time scales 

V(r) = ^ + ^. (14.304) 

r 6 

On short distances and large time scales 

r \ r ' 
On intermediate distances and large time scales 

V{r)=^^e<'-'-\ (14.306) 



The latest being a cause to collapse a cluster of galaxies into a black hole. It seems 
also possible to consider an effective coupling constant for ctg enters and m^. 
However 

^ e-* (^) , (14.307) 
r is a radius of a manifold G/Gq (e.g. a radius of a sphere S"^). If we rewrite Eq. (14.307) 



as 



^ = -e"^, (14.308) 



af^ r 



it would be quite diflBcult to distinguish a drift of from af^ drift. Only a quotient 
has a definite dependence on the scalar field ^. Especially it is interesting to consider a 
drift of ttem (a fine structure constant) reported from several sources. However, without 
extending our theory to include fermion (spinor) fields this is impossible. Thus it is 
necessary to construct a nonsymmetric-geometric version with supersymmetry and 
supergravity including noncommutative (anticommutative) coordinates to settle the 
problem. The scalar field ^ can form an infinite tower of massive scalar fields which 
could have important astrophysical and high-energy consequences (see sec. 16). 

Let us consider Eqs (4.51) and (4.56) and changing a base in the Lie algebra f) we 

get 

fit = 5t (14.309) 

and 

a1 = 51 (14.310) 
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Simultaneously ior G C H {g C i)) we get 

fk = (14.311a) 

4 = (14-311b) 

where a,6, c refer to the complement m in g (g = go+Tn), ii3,k to the subalgebra go 
of g. Let us suppose a symmetry requirement 

[m,m]cgo. (14.312) 

From Eq. (14.312) it follows that 

= 4 = 0. (14.313) 

Eq. (4.51) looks like 

= ^ICI,. (14.314) 

Eq. (4.55) 

m = CX^l - Cr-u - (14.315) 

ab '^0 o, b ab a ab ^ ' 

Let us come back to Eq. (14.157). 

For our inflation driving agent is a scalar field we do not carry any backreaction 
of Higgs' fields and we can consider some nonstandard scenarios of an evolution of 
those fields. Thus we can consider an evolution which is not a slow-roll evolution. Let 
us suppose that 

^ ^ 0. (14.316) 

In this way we get from (14.316) 

+ (".317) 

The next step in simplification is such that we collapse all the degrees of freedom of 
Higgs' fields into one 

= 5^<?>. (14.318) 
In this way constraints (14.314) are satisfied trivially and Eq. (14.315) is as follows: 

^56 = ^Ib (^^ - 1 - ^) • (14.319) 
In this way V = V' (no constraints) and 

A 2 

= — (q;2^2 _ ^ _ ^^^^ (14.320) 



where 



A = 



lab (2^['^"]^[«"^]C^^C^^ - Cif.g'-'^g'^Ll^)]^^ (14.321) 
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and 



= Lt, ( -^-^] (14.322) 



a. 



Idcg^ig'^^Lf-^ + Icdgarng'^'Lf^ = 2Ugaing'^'Cf.. (14.323) 

We can get the following identity 

Idcg'^g'^^LiaCk + lcdg^'g''Lf,CI^ = 2Ug^'g^'Cf.CI^. (14.324) 
Using Eq. (14.317) we get the following equation for 

+ ^^ = (14.325) 



dt^ 2r2 
if the following constraints are satisfied 

WKx {gj^' + f'^g-cnSf) = 2V26I6I. (14.326) 

Thus from Eq. (14.325) one gets a first integral of motion 

- + -^V =-= const. (14.327) 



/ 



From Eq. (14.327) one gets 



I 



= = ±{t - to) (14.328) 



and finally 



where 



dip / Ae'^'^i , , , , 

^ =±\^^{t-to) (14.329) 



^(a - ^2 + ^ + l)(a + ^2 _ ^ _ 1) 



/ Sr2 

« = «^Vl^ (14.330) 
^=—ip. (14.331) 



In order to find an integral on the left hand side of Eq. (14.329) and its inverse 
function we use a uniformization theory of algebraic curves. Let 

/(^) = (a - ^2 ^ ^ + l)(a + ^2 _ ^ _ ;L) = -^^ + + ^2 _ 2^ + (q2 _ (14.332) 
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One easily notices that 

l + \ 



<fo = 7, (14.333) 



is a root of the polynomial f{(p) (a real root). 
In this way one gets 

^- 4(P(/-S"(.o)) "^° 

where 

P{z) = P{z;g2,g3) (14.335) 
is a P Weierstrass function with invariants: 

5 - 3a2 , , 

92 = (14.336) 



3 

03 = — + — • (14.337) 
yci 22 27 ^ ^ 



One easily finds 



/'((^o) = 1 (5 + 3a)V5T^ (14.338) 
f'i^o) = -2(5 + 6a) (14.339) 



and 



In this way one gets 



z= [f{x)]-^dx. (14.340) 

Jtpo 



^ i5 + 3a)VWTra 1+^5 + 4^ (^,3,^) 

8a, (P(z) + ^(5 + 6a)) 2q;, ^ ^ 



where 



z = ±\l^-^{t-to). (14.342) 



Let us come back to the potential V Eq. (14.320) and let us look for its critical 
points. One gets 

dV 2A 



and from 



(al^^ - as^ - 1) (2a,^ - 1) (14.343) 
as ^ ^ 



^ = (14.344) 
d^ 
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easily finds 

^1 = 
One obtains 



^1 = — (14.345a) 
2as 

^2 = (14.345b) 
2as 

c?3 = i±:^ (14.345c) 



95 4 

^(*') = TS5 

V{$2) = (14.346b) 

V(^3) = 0. (14.346c) 

It is easy to see that is a maximum and ^2 and ^3 are minima of tlie potential V. 

However, in our simplified model of an evolution of Higgs' fields we have not a 
second (local) minimum. Thus in order to mimic a real situation we start an evolution 
of a Higgs field from the value 

<? = 0. (14.347) 



In this case 



Thus 



V{0) = 4 • (14.348) 



^(tioitiai) = (14.349) 

+ \ 
2a, 



^(tend) = • (14.350) 



Coming back to Eq. (14.329) we get 



I 



^ ^{a - v?2 ^ (/? + l)(a + _ ^ _ 1) V r 
Thus the amount of inflation obtained in our evolution is equal to 

l + \/S 
2 



2 (^end - ^initial)- (14.351) 



No = Ho\l [ (14.352) 



Supposing simply 



a < ^ (14.353) 
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one gets 



(•fil ¥'2 



where 



cosVi = 7- (14.355) 

5 + 4a ^ ' 

5 

cos^ (^2 = 3 ^ (14.356) 

5 + 4a ^ ^ 



or 



^l-(i^)sin^^ 



5Aae"'^i „ 

<P2 



^ ffo 4/ 4r2 /■ 



^0 = -?=\ .r, / . (14.358) 



or 



In order to get 60-fold inflation 

No ~ 60 (14.359) 

we should play with parameters in our theory. Let us notice that in our simple model 
the constant cti equals 

(see Eqs (14.32-33a). 

Let us consider a slow-roll dynamic of Higgs' field in this simplified model. From 
Eq. (14.165) one gets 

Using our simplifications from Eqs (14.309-319) and Eqs (14.300-306) one gets 
supposing a condition 

4 = l^"9pn + r^gnp (14.363) 

or 
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Changing the dependent variable into 



one gets 



where 



dip 
lit 



+ 6 ((^2 - - 1) (2(^ - 1) = 



From Eq. (14.366) one finds 



and finally 



1 ± 



-5fe(t-to) 



2as 



I _ g-5&(t-to) 



One easily notices that for {t — to) — > oo 

It simply means that a slow-roll infiation never ends. 
If we suppose that an inflation starts at <^ = 3, i.e. for 

15 

^initial — ^0 + 77 7 ; 

00 4 



(14.365) 
(14.366) 
(14.367) 

(14.368) 
(14.369) 

(14.370) 



(14.371) 



it is evident that to complete it we need an eternity. 

Summing up we get in our simplified model a finite amount of an inflation for a 
nonstandard dynamic of a Higgs fleld and an inflnite amount of inflation for a slow-roll 
dynamic. The truth probably is in a middle. 

Probably it would be necessary to consider a full equation for a Higgs fleld in a 
simplifled model 

^ ^ ^Ho^- 3bHo - - l) {2as^ - 1) = 



or 



-3Ho^- 3basHo {^p^ - if - l) (2</p - 1) 



0. 



Changing an independent variable from t to r = Hot one gets 

-V^-l)(2^-l) = 0. 



(14.372) 
(14.372a) 

(14.372b) 
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Let 

Sbag 

and let us change a dependent variable into 



a (14.373) 



z = 2ifi-l (14.374) 
if = . (14.375) 



One gets 



^ - 3^ - _ (15a), = 0. (14.376) 
Now let us take a special value for a = — ^ and let us change z into r: 

z = iV5r. (14.377) 

One gets 



+ 3^-2r^+2r = 0. (14.378) 



dr"^ dr 

This equation can be solved in general ([112]) 

r(T) = zCie^ sn(Cie^ + C2, -1). (14.379) 

Thus 

z{t) = -v^Cie^ sn(Cie^ + C2, -1). (14.380) 

sn(w, —1) is a Jacobi elliptic function with a modulus — —1, Ci and C2 are 
constants. In this way 

^{t) = f 1 - V5Cie"°* sn(Cie^°* + C2, -1)) . (14.381) 
However, we are forced to put o = — Let us remind that 

-a = ^A (14.382) 



and we are supposing A > 0. However (see Eq. (14.321) for a definition of A), it is 
possible to consider A < only for a pleasure to play. Thus we use formula (14.381) 
to consider a dynamics of a Higgs field. Let us start an infiation for t — with ^ = 0. 

^(0) = 0. (14.383) 

One finds 

^ sn(Ci + C2,-l) (14.384) 



(i.e. tinitial = 0). 
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Let 

^(^end) = ^ {^^-^^ (14.385) 
(a true minimum — a "true" vacuum). One gets 

I = -Cie-f^°*-^ sn (Cie'^°*-<i + C2, -l) . (14.386) 
Let us calculate the derivative of ^{t). One gets 



+ cn (Cie^°* + C2, -1) • dn (Cie^°^ + C2, -l)) . 
Let us suppose a slow movement of <5 such that 



(14.387) 



^(0) = 0. (14.388) 

From (14.388) one gets 

sc(Ci + C2, -1) = - dn(Ci + C2, -1). (14.389) 

This gives us an equation for a sum of integration constants. Thus we can get from 
Eq. (14.389) and Eq. (14.384) integration constants Ci and C2 and from Eq. (14.386) 
tend) which can give us an amount of inflation 

No = Hotend. (14.390) 
In some sense Eq. (14.386) is an equation for an amount of inflation 

^ = -Cie^° sn (Cie^° + C2, -l) . (14.391) 
Using Eq. (14.389) and Eq. (14.384) one easily gets 



One gets 



Ci = -\l ^ -0.5256. (14.392) 



Ci + C2 = ^ (F(90°\45°) - F(32°\45°)) = 0.9431 (14.393) 
v2 



where F is an elliptic integral of the first kind and 



arcsin ( \l ^ | ~ arcsin(0.5256) ~ 32°. (14.394) 
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Let us come back to Eq. (14.391) and let us denote 

e^o = Xq. (14.395) 

One gets using (14.393) and (14.392) 

C2 ^ 1.4687 (14.396) 

and finally 

1.4866x0 - 5.0354 = F (^/45°) , (14.397) 

where 

cos(^=i:^. (14.398) 

Xq 

From Eq. (14.397) one finds 

^-8.0354= /^J^. (14.399) 

We come back to this equation later. 

Thus we get the following results. The Higgs field evolves from a "false" vacuum 
value (^ = 0) to the "true" vacuum value (^ = ^0) completing a second order phase 
transition. The potential of selfinteracting ^ field changes and a new equilibrium if'o is 
attained. However, the field ^ evolves from to new value a little different from 
and afterwards a radiation era starts. The change of the value of a scalar field ^ is 
small in terms of a variable y (see Eq. (14.94) for a definition) only from ^J^^ ^ 
(n is a natural number n = dimi/, and H is at least G2, dimG2 — 14). Let us consider 
an evolution of a field ^ in this epoch. From Eq. (14.84) we get 

(p + ujI^p = (14.400) 

where 

^ = ^Q + (p (14.402) 

and we linearize Eq. (14.84) around neglecting a term with a first derivative of (p. 
Thus a scalar field ^ undergoes small oscillations around the equilibrium ?fb- These 
oscillations cannot be too long for a field should change from 
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to 



(14.404) 



In terms of a field </? from (p — to (p — ^ ln(l + ^) ~ Thus we have 

(fi = (fiosm{u!ot). (14.405) 
For t = 0, (p = the time At to go from cp = to cp = - is simply equal to 



At 



arcsin(^— ) 



< 



TT 



Thus the full amount of an inflation in this epoch is equal to 



AtHi = — 

UJQ 



arcsm 



(pon 



< 



TrMpi 



2a;o 2V6M{n + 2) 



In our notation 



tr + At 



(14.406) 



(14.407) 



(14.408) 



(see Eq. (14.114)). 

After a time ti the Universe goes to the phase of radiation domination with a strong 
interaction between a radiation and a scalar field 1?' up to a minimal temperature where 
an ordinary (a dust) matter appears. This matter evolves afterwards independently of 
a radiation and of a scalar field ^. The scalar field now is evolving as a quintessence. 

In order to get some comparison let us consider an evolution of a scalar field ^ 
during the second de Sitter phase in a slow-roll approximation. Using Eq. (14.84) one 
gets 



dt 



or 



where 



and 



/ 



■s/l - y'^dy 



= B{t - to) 



S = 2(n + 2)|7| 



y 



n 



n + 2 



I7l 



13 



(14.409) 



(14.410) 



(14.411) 



(14.412) 
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Let 



/ 



y/l - j/dy 



for 



n 



n + 2 

n > dimG'2 = 14. 



(14.413) 

(14.414) 
(14.415) 



For the integral / one finds: 
I = — arcsin(j/) + 



+ 



^n{n + 2 
1 



n V 2 / n + 2 



In 



2 








) 



n + 2 



n+2 



(14. 



16) 



In order to find an amount of an infiation let us find limits of / for y = 1 and y = y ^+2 
One finds 



lim / = h 

y-i 2 



n 



+ 



In 2 1 + 



n+2 



(n + 2) 
In f 2 f 1 - 



n+2 



(n + 2) 



lim / = — oo. 



(14.417) 
(14.418) 



Thus we see that a slow-roll approximation offers an infinite in time evolution of a 
to 1. It is similar to an evolution of a Higgs field in some slow-roll 



field y from y 

approximation schemes. The infiation never ends. Let us come back to the Eq. (14.135) 
and let us calculate a Hubble constant and a deceleration parameter for this model 

, = _|5=4f 1 ,K;!V (14.420) 
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Let us compare Eq. (14.419) with the similar equation for radiation dominated 
Universe in General Relativity 

and let us calculate a speed up factor 

' HoK M/?n(n-l) (i+ j7i";- A t-t,Y\ ' 

and let us do the same for a model Eq. (14.215) (i.e. radiation dominated with a 
quintessence). Using Eq. (14.216) one gets 



H _ 3VSmpipQ{t - ti) 



(14.423) 



^GR 2Stgh(^mp,(t-ti)) ■ 
Let us notice that for a (t — ti) ~ 

Z\i ~ (14.424) 

and 

lim Ai = +00. (14.425) 

Thus at early stages model Eq. (14.135) is slower than that in General Relativity. 
For large time the behaviour depends on details of the theory. In the case of model 
Eq. (14.215) we have 

lim A2 = l (14.426) 
t — >ti 

and 

lim A2 = +00. (14.427) 

t^oo 

Thus in the first case A is monotonically going from to +00 and in the second case 
from I to infinity. According to modern ideas an expansion rate in early Universe has 
an important influence on a production of light elements, the so called primordial abun- 
dance of light elements (see Ref. [113]). If at a beginning of primordial nucleosynthesis 
the Universe expansion rate is slower than in GR, then we have ^He underproduction. 
This can be balanced by considering a larger ratio of a number density of barions to 
number density of photons (remember the barion number is a conserved quantity) 

7/ = — (14.428) 

where ub^tLj — barion and photon density numbers for a high rcdshift z = 10^*^. In con- 
trast to the latest if an expansion rate became faster than in GR during nucleosynthesis 
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process, those bigger rj (traditionally one uses the so called) rjio 



(14.429) 



do not result in excessive burning of deuterium because this happens in a shorter time. 
The standard model of big-bang nucleosynthesis (SBBN) demands 



3 < ?7io < 5.6. 



(14.430) 



It seems in the light of observational data from cosmic microwave background (CMB) 
(BOOMERANG and MAXIMA) and from the Lyman cu-forest that rjio = 8.8 ± 1.4, 
significantly higher than the SBBM value (for CMB) and 8.2 ±2 or 12.3 ±2 for Lyman 
Q!-forest. Thus the second model could help in principle to explain the data without 
modification of nuclear reaction rates due to neutrino degeneracy or introducing new 
decaying particles. As the Universe expands, cools and becomes more dilute, the 
nuclear reactions cease to create and destroy nuclei. The abundances of the light 
nuclei formed during this epoch are determined by the competition between a time 
available (an expansion rate) and a density of reactans: neutrons and protons. 

The abundances of D, ^He, ^Li are limited by an expansion rate and are deter- 
mined by the competition between the nuclear production/destruction rates and an 
(universal) expansion of the Universe. The SBBN theory is based on a fiat radiation 
dominated Universe model in General Relativity and found in a laboratory nuclear 
reaction rates. Thus it is strongly constrained. Any significant discrepancy between 
observed and calculated value of ijiq (known as baryometry) could be very dangerous. 
Thus changing the ratio of an universal expansion relative to the model of General 
Relativity can give some margin in a primordial alchemy. 

In our theory after two infiationary phases we have in principle two radiation domi- 
nated phases described by Eq. (14.135) and Eq. (14.215) with speed up factors (14.422) 
and (14.423). However, the important point is to match those models. We get 



R{td) = Ro exp {Hotr + H^{h - U)) 1 + 




and 



r 2 

^min 



(n-1) 



4 1 

TOpl ( tl - to + , ,n+4 <in 




(14.431) 



|7| 4 / \ |7| 4 



Pmini?o exp (SHotr + 3Hi{tl - tr)) 1 + 



(n+1) 



'/mm 



(14.432) 



178 



where pmin is given by 

Pmin = Mp^i^ (1 + r7„,in)'^"+'^ W^{1 + T/n^m), 



(14.433) 



W4^{y) is given by formula (14.115) and ?7mm by formula (14.122). 

The time tr = tend in ^iny inflation model for an evolution of the Higgs field in the 
first de Sitter phase. The time ti = tr + At can be calculated from Eq. (14.406) 



At = 



arcsin(^— ) 



<^0 



and is bounded by 



At < 



2M 



Mpi|7|5 y (n + 2) \ n 



n + 2 



(14.434) 



(14.435) 



From Eq. (14.431) we can get the constant to 



V2M/3' 



\a 1 

tQ = ti + — -TTT^^min 



(14.436) 
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where 



B arsinh 



T = 



Rl^e^p i2Hotr + 2H,it, - tr)) (l + j^vLn) 



2V^^Mpi 



(14.437) 



and B is given by Eq. (14.432). 

Let us notice that for t = td the Universe undergoes a phase transition due to a 
change in an equation of state for a scalar field ^ from = |pij/ in a first radiation 
dominated phase to = —p^ in a second radiation dominated phase (a quintessence 
phase) . 

A matter which appears in the second phase does not play any role in an evolution 
of the Universe. For t = we have a discontinuity in Hubble constants (parameters) 
for both phases 

2|7r+4 {td-t^)i 



H(td) = 

^ ' 3M{n - 1)13 

in the first phase and 

H{td) ^ \/3mpi 

for the second one, 



^ + (n-l)^min ) 



(14.438) 



PQ 
B 



ctgh 



2^ 



PQmpiT 



H{td) + H{td) 



(14.439) 



(14.440) 
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2 /3t(n + 2)t+i 

Let us notice that a speed up factor Ai changes from 

/Ai(ti) = (14.442) 

to 

AJtd) = =^ , ^ ^ ^ (14.443) 

and an expansion rate can be slower than in General Relativity. 

The speed up factor A2 has a more complicated behaviour than Ai. It is natural 
to expect a rapid speed up of a rate of expansion resulting in non-equilibrium nuclear 
synthesis of light elements. Thus the presented scenario offers interesting possibilities 
for an evolution of early Universe. Recently some papers have appeared on scalar- 
tensor theories of gravitation exploiting the idea of a speed up factor in primordial 
nucleosynthesis [114]. 

Finally let us come back to the model (14.221), (14.224). We cannot invert analyti- 
cally the formula (14.224). Moreover taking under consideration Eqs (14.242-245) and 
making some natural simplifications we come to the following approximative formulae 
for R{t). 

FoTx< 1.1969 (Eq. (14.243)) 

/ A 

R{t) = ? — (0.44 + 0.085iV) (14.444) 
V PQ 

where 



AT = exp ( 0.374^^ {t-to) + 157.93 ) . (14.445) 

V ^pi / 

One can calculate a Hubble parameter and a deceleration parameter and gets: 

R Mpi44+8.5Ar ^ ' 
5.21 ^ 

-q = ^ = — — + 1. (14.447) 

R^ N ^ ' 

We have > 0, and q Thus the model expands and accelerates. First of all we 
consider 

Pm ^36 

and we take boundary for R. In this way one gets 

Pm^ai-pQc'^'^, i = l,2,3,4, (14.448) 
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ai = 2.015 
a2 = 0.034 

14.449) 

ag = 1060 ^ ' 

04 = 8 

If we reconsider a contemporary gravitational constant Gjv as Gjve~*-"'"''^^'^° we would 
get interesting ratios. Thus we get 

— = 0.034^2.015 or 8^ 1060 (14.450) 
PQ 

which for the first is an excellent agreement with recent data concerning an acceleration 
of the Universe. Solving Eq. (14.445) for N \IR = 1.33y^ gives us 

N = 10.47 (14.451) 



H = . 0.25 (14.452) 

Mpi ^ ^ 

-q = 1.5. (14.453) 

Using Eq. (14.445) and Eq. (14.452) we can estimate a time of our contemporary- 
epoch 

t=~.l0^^jr-to (14.454) 

where /i is a dimensionless Hubble parameter, H = h - Hq (we take for a contemporary 
Hubble parameter Hq — 100^^), 0.7 < h < 1, which seems to be too much. 
We can also estimate a density of a quintessence 

PQ= . 0.571 = ■ 0.08 • 10-^3-1 = ■ 10"^^-^ . (14.455) 

Let us come back to the Eqs (14.334) and (14.341). In Eq. (14.341) a Higgs field is 
given by a P Weierstrass function. This function can be expressed by Jacobi elliptic 
function 

P{z) = 63 + (ei - 62) ns2 [z{ei - 62) ^ ) (14.456) 

with 

^2 ^ (14.457) 
ei - 63 

where ci, 62, 63 are roots of the polynomial 

4x^ - g2X - gs. (14.458) 
Thus we should solve a cubic equation 

„3 



X 



_ 1 (5 _ 3a2) _ 1 f ^ + 1^^ = 0. (14.459) 
12 ^ ^ 12 V 4 9 y ^ ' 
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We want Eq. (14.459) to have all real roots. Thus we need 



12 

and 



p= --^ (5-3a2) < (14.460) 



D = + ^ <0 (14.461) 



27 4 
where 

Both conditions (14.460) and (14.461) are satisfied if 

0<a< 0.3115. (14.463) 



In this case we get 



-1 

ei = - VS - 3a2 cos ^ (14.464) 



62 = - V 5 - 3a^ cos — - — 



where 



Prom (14.464-466) one gets 



Thus 



where 



(14.465) 



eg = 1 V5 - 3a2 cos ^±i!L (14.466) 



cos (p = . (14.467) 



12(5-3a2)3/2 



sin — 

= (14.468) 

sm — 

ei > 62 > 63 (14.469) 



8a,(^ins2(i^)+^2) 2a, ^ ' 



u^\l ^ -J ^Jsin^^(t-to) (14.471) 



= 61 - 62 = -^Z ^ - a2 sin (14.472) 



^2 = 63 + ^(5 + 6a) = - a2 cos + + 6a) (14.473) 
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and 

cos <p = 14.474 

12 (5Ae^'^i - Sa^^Br^p^ 

0<V:fe^<°-^ll^ (14-475) 

and a is given by Eq. (14.330). 

The function ns(u, K) is an elliptic Jacobi function with a modulus K given by 
Eq. (14.468) 

ns{u,K)= / (14.476) 
sn(w, a) 

sn(M, K) = sinam(w, K). (14.477) 

In order to justify our treatment of Eqs (14.287) and (14.290) we consider the full field 
equations 

- ^gn'^R = 2^«M«j/ - ^fM^ (14.478) 

(where A is given by Eq. (14.293)). 

However, in this case we consider A arbitrary. Let us consider static and spherically 
symmetric metric 

ds^ = dt^ - dr"^ - {dO'^ + sin^ 9 dip^) (14.479) 

where v = v{r) and A = A(r). 

From Eqs (14.478-479) one gets 

r^Z= e-^(rv' + 1) - 1 (14.480) 
r'^A = e-^{r\' -\) + \ (14.481) 
~X = -Av' (14.482) 

where ' means derivation with respect to r. Summing up (14.480) and (14.481) one 

gets 

e-^{X' + v') = 2Ar. (14.483) 
Moreover in our case A is very small. Thus we get approximately 

^ ~ (14.484) 
dr 

and 

A' ^ -v'. (14.485) 
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In this way we go to the solution (14.294) for a small A which is our case. In this way 
A = —V and 

B(r) = = e-^. (14.486) 

Let us check a consistency of our solution. In order to do this we consider Eqs 
(14.480-482) in full. One gets from Eq. (14.482) 

A = e-^'°e-''. (14.487) 

For A is very small we should suppose that hq is positive and very large {no —>■ oo). 
From Eqs (14.480-481) one gets 

-f (A + -y) = 26-"° ■ r ■ e^^-^) . (14.488) 
dr 

Supposing that 

A(ro) + v{ro) = (14.489) 

for an established ro > (ro is greater than a Schwarzschild radius of the mass Mq 
from the solution (14.294)). Taking sufficiently big /iq we get approximately 

^(A + w)~ (14.490) 
dr 

and of course 

A ^ -V. (14.491) 
Let us come back to the Eq. (14.399) and consider it for 

(^ = /c7r + f-£, = 0,±1,±2, ... , (14.492) 
where e is considered to be small. One gets 

— — e 

2.8284(-l)'= 7 de 



sme 



where 



/df) 
= + 2kK (i) , (14.493) 

V^-I^i^'^ 



K (i) = / , = 1.8541 (14.494) 

' ^1 - i sin^ e 



V 2 



is a full elliptic integral of the first kind for a modulus equal |. For a small s we can 
write 

sin£~£ (14.495) 



[ . =K{1)- V2s. (14.496) 
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or 



Thus one gets for k = 21 
2 8284 

5.0354 = - V2 £ + (4Z + 1)1.8541. (14.497) 

It is easy to notice that we can reahze a 60-fold inflation in our model for 

x„ = 1^ (14.497a) 

|£| 

can be arbitrary big for sufficiently big /. 

Let us take Z = 25 • 10^^. In this case we have for e an equation 

- ((4/ + 1)1.3110 + 5.0354)£ + 2 = (14.498) 

£2 _ ^io26 + 6.0354) £ + 2 = 0, (14.498a) 

- 102^£ + 2 = 0, (14.498b) 

|£| ~ 10"^^ (14.499) 

xq ~ 1.9026 • 10^^ (14.500) 

Inxo- 60.51 (14.501) 

which gives us a 60-fold inflation. 

Moreover the Eq. (14.399) has an infinite number of solutions for < < f > 

2.8284 . /■ d9 



I.e. 



and finally 



with 



, + 7.5164 • I (14.502) 

, V^l-lsin^^ 



1 9026 

XQ=- -, Z = 0,1,2,3, ... , k = %. (14.503) 

cos l\) 



One can find roots of Eq. (14.502) for 
I = 5 

Xq = 16.83 

Inxo = 2.82, 

I = 50 

xo = 0.24 ■ 10^ 
Inxo = 5.48 



(14.504a) 



(14.504b) 
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and Ina^o for Z = 5 • 10^^. In the last case one finds using 70-digit arithmetics 

In xo 58.479... (14.505) 

which gives us an almost 60-fold inflation. In general an amount of inflation 

iVo = lna;o (14.506) 

is a function of Z = 0, 1, 2, . . . and probably can be connected to the Dirac large number 
hypothesis. 

Finally let us take I = 10" where n > 10. In this case one can solve Eq. (14.498a) 
and get 

\e\ ~ 77 7 . (14.507) 

' ' [(4 -10" + 1)1.3110 + 5.0354] ^ ^ 

Thus for xq we find 

XQC^b- 10" (14.508) 

and 

Noin) ~ 1.60 + 2.30n. (14.509) 
In this way, for large I, Nq is a linear function of a logarithm of I, 

iVo(lO) ~ 24.6, iVo(20) ~ 47.6, iVo(24) ~ 56.8, 
iVo(25) ~ 59.1, iVo(26) ~ 61.4 

or 

]Vo(logioO = 1-6 + lnZ. (14.511) 

It is easy to see that Eq. (14.511) is an excellent approximation even for I = 50. 

Let us come back to the Eq. (14.186) in order to find a power spectrum for our 
simplified model of inflation. Using Eqs (14.318), (14.387), (14.392) and (14.396) one 
gets after some algebra 

P«W^ 2.8944 (f)^.„?/(^) (14.512) 

where 

f{x) = x-^ (|sn(1.4687 - 0.5256a;, -1) 

+ cn(1.4687 - 0.5256a;, -1) dn(1.4687 - 0.5256a;, -1) j . 
Using some relations among elliptic functions one gets 



(14.513) 



1 2dn^('u, i) 



x^ 



(sn(w, i) dn(w, i) + a/2 cn(w, i))' 
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where 

u = 2.0770 - 0.7433a;. (14.515) 
Let us consider a more general situation for the Eq. (14.388), i.e. 

^{0) = h (14.516) 

where h ^ 0. In this way one gets 
^/5 

h = -—CiHo(sn{Ci + C2, -1) + cn(Ci + C2, -1) dn(Ci + C2, -1)). (14.517) 

a. 



Using Eq. (14.384) one gets 

Co 



K(i) VTo 



V2 



\/V(l + ^)' + 4-(l + ^)' 

2 dcp 



(14.518) 



2 paiccc 

V2J0 /1 1 „;^2 



I — h sin (fi 



\Ci\ = ^ = . (14.519) 



and 



+ +4- (l + if;7) 

Let us come back to the Eq. (14.386) to find an amount of infiation for C2 and Ci 
given by Eqs (14.518-519). One gets 

arccos ( ^ ) 

V2C2-K{^)= f -v/2Cie^°, (14.520) 

or using a natural substitution 



V2C2-K(i) = /^4= 



V- 2 sin 



_ V2 
2 Q 2 cos (f 



(14.522) 



Taking as usual 

V7 = 2/7r+f-£, Z = 0,1,2,..., (14.523) 
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one gets for small e 



a/2(4Z + 2)K(|) - 2C2 (4Z + 2)v^K(|) 
(for large /) and eventually 

Let us calculate ^ for t = = ln( ^^^ ). One gets 



dt 



Thus we can write down a P^{K) function. 

2 ^^,2, 



where 



/(x) = ^ (sn(Cia; + C2, -1) + cn(Cia; + C2, -1) dn(Cia; + C2, -1)) 

«3y 



Using some relation among elliptic functions one finds 

2 



where 



(sd(u, \) + \/2cd(«, I) nd(w, \))' 



and 



M = v^Cix + V2C2 . 
Moreover we can reparametrize (14.530-531) in the following way 

arccos(-^) 

dip 



y/2Cix + K{\) - Cl^/2 - J ^ 

V 1 ~ 2 



— 5 sm^ if 
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where 



-1± 



1 ICt-25 



For large Ci one gets 



Ho " |Ci 
\Ci\ > V5. 



u ^ V2Ci{x - 1) 
Ugh Ci 



Using Eq. (14.525), 



u 



.No 

If we take large Ci (it means, a large h) 



{x-1). 



h = 



(14.533) 
(14.534) 

(14.535) 
(14.536) 

(14.537) 
(14.538) 



and simultaneously sufficiently large I we can achieve a 60-fold inflation with a function 
Pb.{K) given by the formula (14.530). Large Ci means here Ci ~ 100, large I means 
I ~ 10^^ 

Let us calculate the spectral index for our Pr{K) function, i.e. 



ns{K) - 1 = 



d\nPR{K) 
dlnK 



One gets 



ns{K) - 1 = -2-2Cix 



v^cd(w, i) -sd^(w, i) 
sd(w, i) + \/2 cd(u, I) nd(u, |) 



(14.539) 



(14.540) 



where 



u 



a/2 

y/2{Cix + C2) = -V (Ci^ + C2i?oiyo) 



a; 



RqHq 

K 

RqHq 



(14.541) 



A very interesting characteristic of Pr{K) is also ^ . One gets 



dlnK 



dus {K) a/2 cd(«, i ) - sd^ (w, i 



dlnK ^ sd(w, i) + v^cd(w, i) nd(w, i 

-2CiVsd^(«,|) -2C72a; 



2™2.j2,„. U o^2^2 (v^cd(li,i) -Sd^(w,i))' 



(14.542) 



(sd(«, i) + V2cd(w, |)nd(w, i))^ 
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where u and x are given by Eq. (14.541). 

Let us take for a trial Ci = —0.5256 and C2 = 1.4687. In this case one finds 



ns{K) - 1 = -2+ 1.0512X 



dlnK 



= 1.0512a; 



sd{u, I) + v^cd(tt, I) nd('U, |) 

V2cd{u, i) - sd^{u, i) 



(14.543) 



sd('U, i) + V2cd{u, i) nd(tt, i) 



- 0.5525x2sd^(wi) -0.5525x2 ^ ^ ^ 



(14.544) 



(sd(w, I) + V2cd(w, I) nd(w, |))' 



w = 2.0771 - 0.7433a; 
K 



X — 



(14.544a) 



RqHq 



The interesting point is to find ns{K) ~ 1 (a flat power spectrum). One gets 

sd{u, i) + v^cd(w, I) nd{u, |) = Cix (sd^{u, |) - V2cd{u, |)) (14.545) 



and 

sd('u, i) + V2 cd('u, I) nd(w, i) 7^ 0. 
Using (14.545-546) one gets 

if Eqs (14.545-546) are satisfled. 

In the case of special Ci and C2 one gets 

"^""■^ -0.5525a;2sd2(w i) 



(14.546) 



(14.547) 



rflni^ 

where x, u are given by Eq. (14.544a). 

Let us reparametrize the Eq. (14.545). One gets 

w- V2C2 



(14.548) 



sd(tt, \) + \/2cd{u, I) nd(tt, |) = 



sd^{u, I) - v^cd(w, I)) . (14.549) 



For sufficiently big u one gets (the equation has infinite number of roots) 

u = ui + 2lK{\), Z = 0,±l,±2,... 

where ui satisfies the equation 

sn(wi, \)^\ 



(14.550) 



1 + V 65 + V20357 - a/ V20357 - 65 - 0.65... (14.551) 



190 



Moreover for x = „^ > we have the condition 

— > 0. (14.552) 

v2Ci 

One finds 

sd^(ui,i) = 0.53... (14.553) 

Thus 

f ^oiT^(i^\ ,^,/^ ^i + 2/i^(l)-V2C2 V 
I = 0,±1,±2,... 

One gets 

arcsin 0.65 ~ 40°.54 (14.555) 

40°. 54 

/(if) 
= = F(40°.54/45°) ^ 0.73... (14.556) 
^l-lsin^^ 

Taking special value of Ci and C2 one gets 

a; ^ 1.81 - 4.68Z (14.557) 

where / = 0, ±1, ±2, .... For x > it is easy to see that / should be nonpositive. 
Practically I should be a negative integer 

I < -3 (14.558) 

and 

"^""•^ - -0.29(1.81 -4.680^ (14.559) 



d\nK 
Thus for 

Ki = RoHo(l .81 - 4.681) 

we get 

HsiKi) ^ 1. (14.560) 

The important range of InK, AlnK is about 10. 
Thus 

ns{K) ~ 1 ± 2.9(1.81 - 4.680^ (14.561) 

Taking I = —3 one gets 

-300 < ns{K) < 300 (14.562) 

and 

Pr{K) - 
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is not flat in the range considered. 

Moreover we can improve the results considering Eq. (14.554) for large Ci. For 
large Ci one gets 

^ ~ -1. (14.563) 

Thus we find 

dn 



~ -1.06(wi + 2ZK(i) + Ci) . (14.564) 



dlnK 

Taking large value of Ci in such a way that 

Ci = -21K{^) -ui+e (14.565) 

where e is a small number, 

£-10-^, 

one gets 

-1.06 • lO-^'^. (14.566) 



dlnK " 

The last condition means that we should take 

h ^ ^^^^ = (0.73 - 21K{1) - 10-") (14.567) 

v5q;s v5q!s 

where I is an integer, I ~ —100. 

Thus for some special values of h we can get arbitrarily small — — ^ which means 

am A 

we can achieve a flat power spectrum in the range considered (/AlnK ~ 10), 



n. 



,(K) = l±10-(2"-^\ (14.568) 



n arbitrarily big. 

Let us consider the value of K coresponding to our value of ns{K) = 1. One gets 

0.73 + 2^K(i) - V2C2 
X = . 14.569 

V2Ci 

Using our assumption on a large Ci and Eq. (14.565) one finds 
or (for e is small and I quite big) 

X ~ 0.293 (14.571) 

and 

K ~ O.3R0H0 (14.572) 
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with the range AlnK 



10. It means that 
K 



0.3e" 



-10 



< 



< 0.3 • e 



10 



RqHq 

which gives us a full cosmologically interesting region 

K 



10" 



< 



RqHq 



< 10" 



(14.573) 



(14.574) 



We consider some cosmological consequences of the Nonsymmetric Kaluza-Klein 
(Jordan-Thiry) Theory. Especially we use the scalar field ^ appearing in order to 
get cosmological models with a quintessence and phase transitions. We consider a 
dynamics of Higgs' fields with various approximations and models of inflation. 

Eventually we develop a toy model of this dynamics to obtain an amount of inflation 
and Pr{K) function (a spectral function for fluctuations). We calculate a spectral index 

ns{K) and — — ^ for this model (see Ref. [115]). 
am ii 

Finally let us consider in this section two problems. First we match our solutions 
of an evolution of the Universe, i.e. both de Sitter phases, radiation dominated Uni- 
verse, matter dominated Universe and K-essence Universe (kinetic energy dominated 
quintessence). In order to simplify calculations we match the first de Sitter phase to 
radiation dominated Universe using some issues from the second de Sitter phase. Sec- 
ondly we write down solution to the evolution of Universe with a cosmological constant 
(from the second de Sitter phase), with a radiation and with a matter (a dust). All of 
these material ingredients are evolving independently in this case, similarly as a matter 
(dust) and a quintessence for the model (14.224). 

Let us consider Eq. (14.50) and let us match it to Eq. (14.215). One gets 



Ri 




. 2v^^QiUpi 

Smh I tend 



B 



where 



. _ iVo 

tend — -[y 
-no 



(14.575) 
(14.576) 

(14.577) 



is the time of the end of the first de Sitter phase. (A'^o is the amount of an infiation.) 
Simultaneously we need a local conservation of an energy, i.e. 

B 
Ri 

where 

Pr{Ri) = Q{Hl-Hl) (14.579) 



Pt{Ri)- „4 



(14.578) 
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(see the formula (19.57)). After some calculations one gets 

2\/3Mpi^/p^tend 



B = 



arsinh ( w ^ 

Pr 



(14.580) 



Now we need match a solution with a radiation dominated period to the solution 
with matter dominated period (with the same cosmological constant — quintessence 
energy density). One gets 



A 



B 



and finally 



where 



-I 



i?2 = 0.7916 




B 



sinh 



B 



ti is a time to match (see (14.247)). Let us consider 

Nl = Hi {h - tend) 



(14.581) 



(14.582) 



(14.583) 



(*) 



as an amount of an inflation during the second de Sitter phase. In this way one gets 

Nl , No 



Hi Hq 



(14.584) 



and finally 



,^3/4 5/8 / No\^^'^ 

A = 2.015 • — ^ /_ sinh^/2 U / ^ — — + 1 (14.585) 

arsinh^/3,/^ \H Pr \No H^ 



B = 



2y/3Mpi^ No 



(14.586) 



arsinh (^y^) ^0 

However, we should match also a time. In this way we get from Eqs (14.444-445) 

(14.587) 



418.48 , , Nl 
to = Mpi + 

JPQ Hi 



or using the value pg = Aco = 10 we get 



to = 0.447 • lO^^yr + 



Nl 
Hi 



(14.588) 
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If i?o is an initial value of "a radius" of the Universe we get 
Ro = Rie-^° = 



4 / ■ exp - iVo + —{—^0 

^p,arsinh(^) V V 4 



arsinh V ^ItI / 



(14.589) 



The only one ingredient from the second de Sitter phase is using the formula (*). Now 
we should match the solution (14.444-445) with conditions (14.247) to the solution 
(14.281), (14.273), (14.279). We should match a field ^, a density of an energy, a 
radius and a time. One gets 



i?3 = i^oexp ( ^^{t2 - to)] = 3-07 ^ 



M, 



pi 




1 



2S 



n \ 3|M| 



Mpi(t2 -to)^Wo 



A 



(14.590) 

(14.591) 
(14.592) 



where 



= 

6 = 2 



5Ml, 






2v/3 


n + 1 


3po 


Ml, 


Ml 



exp 



25 / 
^Mp,(t.-to) 



(14.593) 

(14.594) 
(14.594a) 



One finds: 



^' 25 Mpi 



^d{n + 2Y(3'-' 

3|^|n+l^n 



(14.595) 



and t2 is large. 



P<f 



Po 



Mil I . n + 1 
Ml, 



3n^ 3n^ 
n^Aco - 3(n + 1) 



3po 







- 1 



(14.596) 
(14.597) 
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From 



^ - or.^o fr-+^ 1\ , 3(n + l) 



Rs = 3.072^/ — 
PQ 



(14.598) 



one obtains 



From Eqs (14.247), (14.444) and (14.445) we get 

t2 = ^ + ^Mpi (14.600) 
-^1 y/PQ 



Ni 5.38,, /3M 1 / /5(?i + 2)^/3^ , ..^.^ 

to = — + Mpi-t/ In J \ , , ^ (14.601) 

° i^i ^ V 25 Mpi 3|7|-+in- ' ^ ^ 

Mpi- — = 5.64 • 10^° yr. (14.602) 

^/PQ 



Finally we find Rq: 



Ro = i?3exp ( -!^-±i(t2 - to)) = 3.072(/ Aexp (-!^{t2-to) ) . (14.603) 



Mpi "7 \l PQ \ 

In this way we match an evolution of the Universe from the very beginning up 
to K-essence dominance. We find all the constants. Let us notice that the solution 
(14.247), (14.444-445) has a quite known behaviour in the theory of ordinary nonlin- 
ear differential equations. The solution cannot be extended after some value of the 
dependent variable (and also independent). One says the solution dies. Due to this 
interesting behaviour we obtain physical consequences. Matter and a quintessence 
cannot evolve independently. We get also a ratio between a density of matter and a 
quintessence which agrees with observational data and helps (in principle) to calculate 
a time of our contemporary epoch. 

If we use Eqs (14.444) and (14.445) we can calculate a time of our contemporary 
epoch, i.e. a time when the ratio of a density of a matter to a quintessence density is | 
(this is this ratio measured now). One gets 

tcontemporary = 8.97 ^ + ^ = 9.42 • 10^° yr + ^ • (I) 
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In the same way using Eqs (14.444), (14.445) and (14.446) we calculate a Hubble 
parameter for our contemporary epoch. 

100^ 

-^contemporary — ^contemporary -jyj-^^ (H) 

where 

^contemporary ~ 1.21. (-^-^'^) 

Both values are a little too big. 

Moreover one can improve the results. However, the age of the Universe is a little 
longer, 

'^age of the Universe ~ ^contemporary ^1 ~ 9.42 • 10 yr -|- 2 — h . (I^) 



In general one gets 



32.27f/-^ - 16.38 
_ yPQ V 



M, 



and 



pi 14.96 ,V - 0.03 

Pn 



5.21 

-q = r= + 1 

11. 76^/^ - 5.17 
V 



where ^ is a ratio of a quintessence energy density to a matter (dust) energy density. 



or 



h = 0.9115 



32.27f/-^ - 16.38 

V Pm 

14.96,3/^-0.03 



Finally, let us express an age of the Universe in terms of the ratio One gets 



t ( ^ U 2.6671n f 2,1.^7 M - 14.03 1 ^ + 2 f ^ U ( ^ 



PQ \Hi J \Hq 



or 



t(P^\= 2.82 . 10^« yr . In f 31.87//^ - 14.03) ^ + 2 f ^"l + f ^ V 

\PmJ \ \ Pm J PQ \HiJ \HoJ 



For ^ = 0.0034 one gets 

PQ ° 



t(294.12) = 14.91 •10i°yr + 2( —] + 



Hi J \H 
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For ^ = 2.015 

PQ 

t(0.496) = 6.76- 10^°yr + 2 ( ^ ) 4 

At = t(294.12) - t(0.496) = 8.15 • 10^° yr. 

The last number is a duration time of the epoch for pQ is equal to the contemporary 
value of a cosmological constant. 

Let us come back to the Eq. (14.209) and consider it in the flat case K = One 
gets 

^"^^ :±(it. (14.604) 



PQ p4 I A p 1 B 
pi pi pi 



We change R into x: 



and finally get 



where 



R=^l — x (14.605) 
PQ 



± 



0<a=:^{/^. (14.607) 

This is an evolution of a flat Universe with radiation, matter (dust) and a density of 
a quintessence (this is a cosmological constant Aco)- The integral on LHS of Eq. (14.606) 
is an elliptic integral and can be calculated. The properties of the result of calculations 
strongly depend on the value of a. Let us notice that the integral we have calculated 
here has a = (no radiation). 

The evolution of a quintessence, a matter and a radiation is here independent. One 
gets the following results for 

/ = / , , . (14.608) 

J V + X + a 

In general there are two cases: 

I B2> (14.609) 

II ^2 < (14.610) 

where 



^ ^mE^^MzJME^ (14.611) 

2^yl2bj - a 
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and 61 > is a solution of the cubic equation 

- ay - i = 
y = 2h\ 

Eq. (14.612) can be solved by using the Cardano formulae in two cases 

1) D > 0, 

2) D < 0, 



D 



27 - 256a3 
27 • 256 



In case 1) one gets 

61 = ^ y^4+ |A/27- 256a3+ ^4 - | a/27^ 256a3 > 



< a < 



In case 2) one gets 



where 



4^ 



= 0.472470393 . . . 



cos 



COS (p 



I60 V a 



Condition I can be transformed into 



46f < a + 1 



(14.612) 
(14.613) 



(14.614) 



(14.615) 



(14.616) 

(14.617) 
(14.618) 

(14.619) 



for both cases 1) and 2). In case 1) this condition has no solution. It means we have 
always i?2 < 0. In case 2) we have always (14.619). It means 



S2 > 



for an equation 



1 cos^ (f ) _ 3 

^ COs4/3 ^ ~ 4i^COs2/3(^ 



+ 1. 



(14.620) 



(14.621) 



has no solution in (0, ^) and in (^, 27r). 
The fact that in case 1) we have always 

46^ > a + 1 



(14.622) 
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is caused by a nonexistence of real solutions of an equation 

4(a + 1)^/^ = ^4+ |A/27"- 256a3 + ^4 - | 256a3 



(14.623) 



where 



< a < 



4^' 



(14.624) 



Thus for sufficiently small a we always have case I (in a limit a = 0, no radiation also). 
One can express bi and a in terms of (p: 



^1 = 7^ 



3 cos^( 



2( ^P' 



4v/4 cos2/3 

a = cos~^/"^ (p. 
4^ ^ 



Thus one obtains in case I 



(14.625) 
(14.626) 



1 + f + ^Jimr + c) ii^r +d){i+ c)(i + d) 

= - In ; r;; 

2 (fEf)^-l 



+ Ki{bi, a)n ^arctg 
+ Li{bi,a)F ^arctg 



P{bi,a) 
P{bua 



X — a 
x-(3 
X — a 
x-13 



a-2bl- ^Ab\ - a 



,ni,qi 

1/2 



Qi = 



\^12bi-a + 2bl + ./4bf 
VQ\bi\ 



a 



36f + ^/I2bi - aj 



1/2 



^ ^ \^/l2bi-a-2bl-^/4^^^ 



3/2 



(14.627) 



(14.628) 



(14.629) 



(14.630) 



ni = 



2^\2b\-a 



2b\ + ^4b\ - a + 0^ 



(14.631) 
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Li{bi,a) 



M{bi,a) + ^ 



Ibf - a 



'I2f)j - a 



a 



.X 1/2 



X 



2(126f - a)V2 (^^4bi - a - 6f ) 



1/2 



M{bi,a) = 



(2bl + ^Abj - a - ^Vlb\ - a) {2b\ + ^ Ab\ - a + ^12^1 - a) 
/5 



1/2 



(14.632) 



a — (3 



{<ob\ + a) sjAb\-a + 26^a + ^ 1926^ - 1126f a + 2Qb\a + 
+ ^blQbf - 2406fa + 286fa - + Gbj^ASbf - 16bja + a^ 
+ {a-Abi)^12bi-a) 



■\ 1/2 



X ^ (^{12bi - a)^4bi-a + 4h\^12b\-a - 4hla + 246f + 4h\^12b\-a 

- ^Jl^2bf - 112b\a + 20&ta + - ^blQbf - 2406fa + 286fa - 
Sbj^mf - 16bfa + a^ + 2(66^ - a)^Ab\-a - Ab\^12b\-a 



1/2 



+ 46f + 66?a + ^ 1926P - 1126f a + 206f a + 

I \ l/2\ -1 

+ y 5766P - 2406fa + 2%b\a - 



a = 



/3 



— a + a 

26? + ^46^- a + yi26f - o 

y486f - 166f a + a2 + 66f V^&f - a - 2bly/l2bf — a + a 
26f - v/46f^ - yi26f^ 



> 



> 



(14.633) 



(14.634) 



(14.635) 



3bl + ^J\2b\ - a) (^26? - v/46f 



a - - a 



{^jAb\ - a + 2btj (Vl26! - a - 36f ) 



Vl26t - g + 25^ + ^Ab\ - a 
Vl26t - a - 262 - ^46f^ 



|d|>l 



(14.636) 
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e = 



2y/12bf - a (^^/12bf - a + ^^h\ - a - 46?) 



/ = 



[y/l2h\ - a - 36?) i^-^ml - a - 26? - ^46^ - a) 
X ^26? + ^46f - a + ^126f -a^ 

X (2(146^ - a)^46f - a- 46?a + 2^ 1926^ - 1126?a + 206f a + 
+ 2{h\- a)^Jl2h\ -a- 2^5766^ - 2406fa + 286^a - as). 



Case II 



/ = — In 

2 C^)2_i 



+ K2{bi,a)n ( arccos 



+ 1/2(61, a)F ^arccos 



P2(6i,a) 
P2ibi,a) 

1/2 



X- 
X- 


a\2 


X 


— a 


— 

X 


-/? 


X - 


- a 


X - 





,n2,q2 

Q2 



I (36? + Vl26f - a) 
~~ v^|6i| 
26? + y/4bi - a + ^J\2h\ - a 



q2 = — 



n2 



K2{bi,a) 



2^\2b\ - a 

(2bl + V46t - a - Vl26f - a) y/l2bf^ (^^/4bi - a - 61) 



(14.637) 



(14.638) 



(14.639) 



1/2 



(^^/mf^ + 26? + V46l - a) (^Vl26t - a - 36?) 

/ 26? + y46f^-0^6f^ y^' 
^''''^ l^yT26f^ + 26? + vW^yl 



3/2 



(14.640) 
(14.641) 

(14.642) 
(14.643) 



L2(6i,a) = M(6i,a) 

1/2 

4(126f - a) (^^/Abf - a - 6?) (^y/l2bj - a - 26? - y/Abj - a) 



3 /2 

(^36? - ^126^ - a) (^26? + + ^\2b\ - a) 



(14.644) 



202 



The function (14.606) cannot be inverted globally. It can be inverted only locally 
in some intervals where the solution lives. The solution dies on the end of an interval 
being reborning on beginning of a next interval. All the intervals can be obtained from 
the condition 



W>0 



where 



W = 



( x-a. \2 _ 1 



and 



X 



a 



X 



P 



7^1 



(14.645) 



(14.646) 



(14.647) 



In the case I c > 0, (i > 0. 
In the case II c > 0, d < 0. 

Thus one can get very interesting behaviour from the physical point of view, because 
every end of an interval of living (existence) of the solution of an evolution equation 
means a start of nontrivial interaction between a matter, a radiation and a quintessence. 
In all of these intervals one can find an approximate inverse function, i.e. one can write 



where 



and 



R = F{t) 



F{ti) = R^<R<R2 = F{t2) 



ti <t < t2. 



(14.648) 



(14.649) 



(14.650) 



Moreover we do not develop this project here in details. F and 77 are usual elliptic 
integrals of the first and of the third kind given by the formulae (14.228) and (14.230). 
For future convenience of this project we find roots of the polynomial 



P{x) = x'^ + X + a, a > 0. 



(14.651) 



First of all according to the Ferrari method we should solve a resolvent equation which 
is a cubic equation. One gets 

- 4az - 1 



0. 



(14.652) 



The discriminant of Eq. (14.652) reads 



— _ 27 - 256a^ 
~ 108 
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and we have two cases 



D>0, < a < -4^, (14.653) 



3 

4"^ 

In the case (14.653) one gets 



D <0, a> (14.654) 



3/ V27- 256a3 + 3%/3 J V27 - 256a^ - SVS 

^^ = ^/ V ^3 ^'^-'''^ 



^2,3 = - 



1 / 3/ V27 - 256a3 - 3^3 _ 3/ \/27 - 256a3 + 3^3 

2 I V 671 V eVi 




V27 - 256a3 - 3v^ , 3/\/27 - 256a3 + 3x/3 , 

+ V m ' ^'^-'''^ 



^cos(l) (14.657) 



3 \3 

^2 = 4W^cosf| + ^) (14.658) 



^3 = 4W^cosf^ + — ) (14.659) 



3 V3 3 

a f Tp An 

- cos - H 

.3 V3 3 

where cos^= 

We can also distinguish the special case £) = (a = ^l^j): 

zi = \/l (14.660) 

-Z2,3 = -|v^ (14.661) 

In the first case we get one real and two complex conjugated roots, in the second 
three real roots, in the third case two different real roots (one of them is double). 
According to the Ferrari method one gets 

2x1 = + + (14.662a) 

2a;2 = - - (14.662b) 
2a;3 = -v^+ v^- (14.662c) 

2x4. = -y/zl +VzE+Vz^ (14.662d) 

^1^2-23 = 1. (14.663) 
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In the future analysis of an evolution of our model of the Universe there are three 
important cases for zi, Z2 and z^: 

A. All Zi,Z2, z^ are real and positive. In this case all Xi,X2, and X4 are real. 

B. One root (e.g. zi) is positive, two remaining (2:2, 2:3) are negative. In this case we 
have two pairs of conjugate roots. 

C. One root (e.g. zi) is positive, two remaining (^2, ^3) are complex conjugate. In this 
case we have two real roots and one pair of complex conjugate roots. 

This analysis is quite important because only for positive real roots the integral / 
can have singular points. It means in A and C case. This gives us some restrictions 
on the parameter a. 

Let us notice that in the case of a = (considered before) we have to do with the 
case C. Fortunately one real root is zero and the second real root is negative {x2 = — !)• 

Let us notice that our case with a = is in some sense exceptional from the point 
of view of a general theory. In that case some of the formulae are singular and because 
of this it was considered separately. 

Let us notice that for sufficiently big a the polynomial (14.651) has no real roots. 
This is true for a > In this case the integral (14.608) has no singular points. This 
is case II. 

Let us notice a simple relation between D and D, D — 64D. This connects 
Eq. (14.652) to Eq. (14.612) and gives the same restriction for a. 
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15. Geodetic Equations on the Manifold P 



Let us consider geodetic equation for a curve F G P on the manifold P i.e. a 
nonsymmetrically metrized fibre bundle over E x G/Gq with respect to the connection 
co^-Q. Such equations have a usual interpretation as test particle equations of motion. 
One gets (V„u = 0, where u is tangent to P): 



« '^A« = 0. 



Using formulae (15.1), (5.8), (5.9), (5.11) one gets: 



(15.1) 



+ 



8m, 



2 9' 



P J 3 



Too 



u 
1 

2' 



gauge 



0, (15.2) 



dr Vtoo 



- gauge 1 ~ " 



+ 



1 /^g 



Vtoo 



d ft 
i • 



-2(W-C.ic/")i''M 



or V Too 



0, (15.3) 



(15.4) 



where D means a covariant derivative along a line with respect to the connection u"' p 
on E, D means a covariant derivative along a line with respect to the connection a;"^ 
on G/Gq (r = const). 



= («",««,«") = (hor(w), ver(w)) 



(15.5) 



and 



q 

2p^u°' = — (q — mox(ver w(r))), 

TO„ 
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tt'* — is a four- velocity of a test particle, q"" its colour (isotopic) charge, u'^a charge asso- 
ciated with a Higgs' field. This charge transforms according to the properties of a com- 
plement m with respect to Go and G. One has hor(tt) = (PE(hor(tt), Pm=g/Go (hor(tt)))) 
where Pe is a projection on E and Pm=g/Gq on M in the Cartesian product V = 
ExM = Ex G/Gq. 

Eq. (15.2) describes a movement of a test particle in a gravitational, gauge and 
Higgs' field. We should consider (of course) physical world-lines on E i.e. time-like or 
null-like. 

Eq. (15.3) is an equation for a charge associated with Higgs' field. This charge 
describes a coupling between a test particle and a Higgs' field. 

Eq. (15.4) has a usual meaning (a constancy of a colour (isotopic) charge). 

In order to understand the significance of a new term in equation of motion for a 
test particle with nonzero colour and Higgs' charges let us suppose that: 

9aP = 9l3a, ^cd = ^dc = Kd, 9 ah = ah = 9ba-> 

i.e. that we have to do with a symmetric case. We suppose also that p = const. One 
easily gets: 



, + — hcdg^'H^psu^ + — ^cd^ = 0, (15.6) 

dr \moJ \mo 



_ gauge 



dr \mo J dr 



hcdh'''^'' 



In Eq. (15.6) we have an additional term: 



a" \ .gauge - 

^ 1 U ^„oid V7 _ /F,d„,b 



— ]hcd9''' Vs ^lu\ (15.8) 
mo J ^ 

which plays the role of Lorentz force term for a Higgs' field. The test particle couples 
Higgs' (its gauge derivative) via a Higgs' charge u"". Propagation properties of the 
Higgs' charge are described by the Eq. (15.7). They are much more complex than that 
of a colour charge. In general this charge is not constant during a motion. We put: 

gauge 

n gauge 
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It is interesting to consider Eqs. (15.6) and (15.7) in the case of the completely broken 
group G i.e. 

T^niO! / \ / „c \ aauEfe 



dr 



dr 

gauge 

du^ _^ 1 f q^\, D 



/ yjC \ / n'^ \ gauge 

+ — Ucd^"'iy^,«^ + — Ucd^"' Vs = 0, (15.10) 

\moJ ^ \moJ 



In this case hab is a Killing-Cartan tensor on G, is an Ad-type quantity with respect 
to G. Moreover is not a Yang-Mills' gauge independent charge. This indicates 
that a charge which couples a test particle to the Higgs' field has completely different 
properties than that known for Yang-Mills' field. 

Moreover for a vacuum state of the Higgs' potential one gets: 



Du 



a 



dr 



+ hcdg'^'H^sU^ = 0, (15.12) 

(15.13) 



dr 

and decouples from equations of motion. 

If the Higgs' field is closed to the vacuum configuration the Eq. (15.13) is not 
satisfied, but instead of it 

A(„^+(£),,,S^^2).0 (15.14) 
and we can define a "constant" Higgs' field charge: 

gb = ub+(^)h,dh''^^^^ (15.15) 

mo 

and substitute it to Eq. (15.10). Thus we get: 
dr \inoJ ^ \mo J 



c„e 



■ gauge 



hefh^'^^^hcdg"' Vs H = 0. (15.16) 



mo 

The Eq. (15.2) has the following first integral of motion: 

x{u{t),u{t)) = g^ap)u''u'^ + r^g~^iu^u^ + P^tahU^u^ = const . (15.17) 
Introducing the following notation: 

= -^a6«"«' (15-18) 
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one gets: 

WaP 

g{a(3)u'^u^ - r^u^ - = const . (15.18') 

However in general the length of the charge is not constant even in the symmetric 
case. For a constant field p = const, one gets: 

5f(a/j)M"w^ = r^w^ + const . (15.19) 

Thus the interpretation of the Eq. (15.3) demands more investigations. 

Finally let us consider Eqs. (15.2-3) in a more general case for the scalar field 
p = p{x,y). In this case we get one more term in Eq. (15.3) involving the field p 
{p eC^ {Ex M)) i.e.: 



fi^^a") ( ^ ) _ (15.20) 



and the term in Eq. (15.2): 



depends on the point y E M. 
If we suppose that: 



8m f [p^ 



g^-^^ [ - ) (15.21) 
,/3 



p{x,y) = po{x)pi{y), 



then we get 



and 



In the case of the expansion of p into generalized harmonics one gets: 

II l|2 

^§^9^''^ ( E Pk{x)x,,i{y)) (15.20b) 



and 

II I|2 °° 

^g^'^'^ (po,/3 + E P^,/3Xfe(2/)) • (15.21b) 

The last two terms describe an interaction of a test particle with a tower of scalar 
fields Pk{x), /c = 0, 1, 2, . . . The truncation procedure for the field p substitutes po in 
place of p. We can give an interpretation of normal coordinates as velocities, gauge- 
independent charges and Higgs' charges for test particles. We can consider in our 
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theory geodetic deviation equations. In this way we can derive "tidal-forces" for the 
Higgs' field additionally to gravitational and Yang-Mills' ones. 

Eventually let us remark that in the Kaluza-Klcin Theory we can treat the Higgs' 
field as a part of a multidimensional Yang-Mills' field. However the Lorentz-like force 
term for the Higgs' field seems to be more complex. 

Let us consider a geodetic deviation equation in our theory 

u V^v +R CMB^ Q u -Q mb^nU C w =0 (15.22) 
and for Eq. (15.1) is satisfied, where 



dr ' dr 

In this way we consider a generalization of the geodetic deviation equation to the 
(n + 77-1 + 4)-dimensional case in non-Riemannian geometry. 

CMB '^^ ^ curvature tensor for a connection § on P and Q^c§ is a tensor of 
a torsion for (jJ^§, V^y is a covariant derivative with respect to ciJ^§- 

One gets using formulae from sec. 5 and Eqs (14.56) and (14.57) from the fourth 
point of Ref. [18] 

^1 l^^^^P,Bhnv' 



21710 p 



+ pHdbl^'' {2H^B - L^Cb) Q^'mN - Pl^^''^P,BhcH^MN 
+ 2pZ5d7^^ {^Hf^\B\ - ^[M|B|) l\Dml^''''^P.c\C^u'' 

+ [plMl^''lBDl^''^^P,z {H'mp - Lffp) - Vm {pHabl^'^Li.B) 

-Pi' ^P,plcdLBM\u ^^-C« ) 



(15.23) 
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- {2p\dl''''H^B + {hdl'''' + Idbl'''') Lie) 

X (V..-^1 (/,..-(2^^.-LU O)) (^^^-^«^) 

- (7zM7(^^V,cP^6^7^^i^^B«^ + ^'f^^''^P,Bhm (^)) 

- ^Q^.. (p^U7-i:^..^ - (£)) (^) 

= 

(15.23cont.) 

1^ + ^^"^^ (27^) (27^) - ^"-''^^ (27^) (27^) 

+ [2p^lbdl'~^^ {'^Hfj^\B\ - ^[N\B\) ^C\M] + - ^"'blDAl^^^^ P,cQ^ MN 

^ ^ ^ P (15.24) 

-2r.V,„(iW"°V,c))(^) 

+ (*^<°''V,Bil.ci&M + Pfcd7'^"' (iHU - Lis) S\) 



2p^mQ J \ \2p^mQ 

.B / /-b^.C /-C Q 



- 27c,,7^^^V,m7^^^V,b^Mc^ 



2p4mo 



MAT 



+ ^7c[M^|B|Ar]7(^^V,c)«^C^«^ 



--7zm7^^''Vp( Vt 



P ' V V2p^mo 

zp^mo 



2p"^ ' \moJ J \2p^mo 



P V"^o, 



(-) P,N + L'h^U^ + ^ lDNl^''^^P,C 

V p"^ ymoj ' 2p'^ ' V™c 



X 



2p^mo 



(l5.24cont.) 
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mo 



(l5.24cont.) 



= 



where in both Eqs (15.23-24) Q'^mn ^ torsion on £■ x M for a connection uj^b 
defined here, R bcd is a tensor of a curvature for this connection, Vat is a covariant 
derivative for this connection. A field p is defined on x M, p = p{x, y). 

Vtj, is a covariant derivative with respect to a connection on H (a nonsymmetric 
connection on a group manifold H), Q^^^ is a torsion of this connection, R"'hcd a tensor 
of a curvature. H^^^ is a curvature of a connection ui on fibre bundle defined over base 
manifold E x M, is defined by Eq. (5.13). We have 

and of course 



v" = 



dr 
dr 



(15.25) 
(15.26) 
(15.27) 

(15.28) 
(15.29) 



defined by Eq. (5.12). In this way we have geodetic deviation equation 
on P. Moreover, we need a dimensional reduction procedure to obtain them in terms 
of Yang-Mills' and Higgs' fields. It is easy to see that 

d 



dr 







or 



q = const. 



(15.30) 



;i5.30a) 



Let us consider Eq. (15.23) according to sections 5 and 6. In this way one gets for 
A = a (i.e. for space-time E): 



+ 



hd9 



2p^mo 



1 \ ~(a0) „ ; ..b 



gauge 



(15.31) 



2p2mo 
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(1 / gauge \ gauge \ 

(1 gauge \ 



u 



1 / gauge \ gauge 



m aim I j/ft 



gauge 



+ 



+ 



9 



(15.31cont.) 



c 



+ 



~ / o « / Sauge 

2V[^ (^p^/d5^?"^ (^-2 + L^^ 

/ gauge \ 



+ 



gauge 



+ P^6d^"^ 



(2if:?^ - L^;^) Q^^, + -2 + L^g Q 



gauge 



m 



gauge 
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+ 



gauge 

( pHaw''^ -2 $i + 



gauge 



, gauge 



2p2mo ^ 



+ ( 'ip\[,l\e\f]9''' ( 9^'L%Ll^ + i^^'^^L.^.L^^ 



2p'^mQ 



+ 



^ldckf9'''9''Li, ( 2 V>{ - L^- 



2p^mQ 



2p^mo 



f gauge 



(15.31cont.) 



215 



-2;?»*'«^.a™(3)(-(2^)-«--) 

(15.31cont.) 
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_J_o(«/3)7 



— — ^ (l5-31cont.) 

mo J J \mo 



= 



gauge 

where -ff^^ are given by Eq. (4.55) and V means a derivative with respect to the 
connection cD^; on a bundle P (over a space-time E). Q'^ means a torsion on the space- 
time E with respect to a connection uj°' p and a covariant derivative with respect 

— (y. 

to this connection. R means a curvature tensor calculated for this connection. 

Vrh means a covariant derivative with respect to a connection cJ fj on M, Va means 
a covariant derivative with respect to a connection oj^ on a group manifold H. 

H'^j^ is a curvature of a connection uje given by Eq. (4.53), L^^^ is given by Eq. (5.22), 
L^-, L^- are given by Eq. (5.23) and Eq. (5.24), respectively. 

Let us consider Eq. (15.23) for ^ = a (i.e. for a manifold M). One gets 

2d^ / / gauge \ ~_ \ 



(15.32) 



+ 



->2 



1 / gauge , . \ 7- , gauge ,\ r 

- (^2 - ^ Idtg^'^L'!^ V, ^ij u'Cu^ 

2/1^ / / gauge \ - \ - 
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gauge 



+ 



+ 



2p2 /I 



gauge 

/ gauge 



gauge 



+ 



V, pW^(2i^i-L^- 



gauge 



hb fib-' 

gauge 



+ 



+ pHabg""' {2H% - Li^ ^'mn - pg^'^'^p-thcH^^^ 



2V[^ (pW^ (2iy^j,-L^j,)) 



gauge 



V,{p\,g''L%) 



- pg^'^^^pJcdL''^^ y i 



2p'^mo 



+ ^\Phd9''9M9^''^Pr^ I 2 ^1 - ) - [p 



gauge 



id T d 



+ pg^^^^P,f,lcdLl^ \u'' [ C 



2p^mo 



+ Mplbci9^^9bd9^'''^P,~z i?Hi^ - - {p%b9''~^L'L 



P9^''^PjcdLl^ 



b I /-m 



2p^mo 



b„,rh 



+ -2 ^P%[bhe\n9'' 9''L%Ll, + g'-^Lj^Ll, 



+ 9^'^^P,p9M9^''^pAh] + Y^'^p3''L%C^bf 



2p^mQ 



(l5.32cont.) 
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gauge 



d r d 

1^ ""6 Mb 



gauge 



IJbb 



1 r= 



+ 



2p^mQ 



{p'r^'^P,^ ha + Va {p\d9'' {2Hi^ - Li^) 



f 

l3rh 



9 P,z9drh9 P,n''bc 



2p^mo 



+ Zo.(p9^''^^P,lhkO 



2p^lbd 



dj- 

^{g^'H^i + p' {hdg'^' + Ug''') Lf^) 
x(?,.^ + l;,,/^(2iy^,-L^,) 

/ gauge ^ 



gauge 



d T d 
b ~^ub 



mo 



u 



2p^mo 



V u 



- { 2p%d 



X 



1 / -gauge / - - \ 

-2 Igf^' + p^ (iMg''' + hbg'"") L 

^f^-' + ^h<i9'H^H^nb-Lti} (^)) 



1 



gauge 



/ 



2p^mo 



(l5.32cont.) 
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/gauge \ _ /gauge \ 



Too 



2p2mo 



2p^mo 



mo J 
= 

(15.32cont.) 

where -R"^^^ means a curvature tensor of a connection cJ"^ on M and Q^^i its tensor 
of torsion, g^"-^^ and gr^"^) are defined similarly to We have 

C^ = iC,C) (15.33) 

= (15.34) 

w^ = (w",w"). (15.35) 
Let us pass to the Eq. (15.24) and develop it according to our scheme. One gets: 



(ir \2p2mo/ \2p'^mQ J \2p'^mQ J \2p'^mQ 

(15.36) 

2p2Z;,d^^^ (2iy[t|,| - Lf,|,|) Lj^^i^j + - 5\95a9^'^^P,,Q' 



+ 
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2^2 V fid fid) dfj,) j y 2p2TOo ) 

+ 2p\a Q 9^' {2Hts - Lis) L^rn - Q ^J^^^''V,c) 

+ [pg^^P^pJ.cL'^^^ + 1 pg^''^p~,hcLl + phd9^^'''^ P {^Hf.p - L^^) 
+ f P5^^"^V,/3^6ci^;^ + ^ pg^''^P;,kcLl^ - pkd9^^^^P,. f 2 V7^4 _ 5\ 



r 

+ (^VbL^^ - Q ^/j^fl^^'^'V,.) 5% + pHdb9'^Ll^L 
-^95,9^"'^P,p9^.9^''^^pJ''^uP {C'u^ - ( 



2p^ 777-0 



,6 



2p'^mo 

d 

dp 



(15.36cont.) 
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'5h 



+ (v,LI^ - V, Q 9M9^'^^P,n) S\ + p'lai>9''Ll^L% 
+ {^-\9M9^''^PrcC\c 

- 2 {9,S9^'''PJ''^''P,, ^^,9,,9'''''P^^~9'^'P^ h,c5\, ^ 



+ (2^[^^r^l^] + + -p 9M9^''^P,,H^^n + \ 9 a^^L^^^^^^^^ p ^ u\^u^ 

+ {^^l.L^iH+L!,Q\^ + l9M9^''^PrcHU + ^ 9s[,L';,^./''^ p^^"j u^^u^ 

(— 2 N gauge \ ~ \ 

( 2 /r ^ gauge ]^ ^ \ - 



/ 2 gauge \ in \ \ u 

(l5.36cont.) 
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bh 



2p 



39dn9' 'P,-c 



2p 



1 -(5^) / 



Too 

a 



Too 



2p'^mQ 



2p^mQ 



2p^mo 



9 



2p'^mQ 



2p^mo J p 



+ - (9ps9^''^P,y + 9M9^''^P,-y) ^"n ) v^^u^ 



2p^mQ J p 



1 



+ - [9^59^'''^ py + 9^9^''^ P,c^') S\ V 



gauge 



2( V^^^-L-^l (Vn 



gauge 



+ 



1 / 



+ 2 ( V. - LIJ^ ) ( V. ( ^ J + - [9,s9^'''^P,y + 9M9^''^Prc^') ) u^v^ 



2pp~9^^^)p^^h^[-^^ p,, + (L;,«- + L?,t.^^) 



+ 



Too 

V P V ^0 / 



1 

Too 



b c 

V q 
2p^mQ 



(15.36cont.) 
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zp^mo 



_ -gauge ^ - \ 

-ip'hdg"'' (ff + [lug"'' + Ug''*) Li 



X I v''' I ^— I — v''u 



— 1 — 111/ ' 
mo 



X ( tJ" I — 1 - ti^'tt'^ 
."7,0 



gauge 



X I f'' I — I - v'^u'' 
mo 



(15.36cont.) 



+ ^g5ug^'^^P,yV-u^ + -pgdn9^'''^P,~y^'' 
= 

where R°'bcd is a tensor of a curvature for a connection a;"(, on a group H and Q^'bc is 
a tensor of a torsion for this connection. It is worth to notice that Q'^^u, Q'^ ^fi 
equal to zero. Moreover for a convenience of a future consideration it is good to keep 
them there (i.e. in Eq. (15.32)). 

Let us notice that satisfy equations (15.2) and (15.3). In this way we get 

geodetic deviation equations in our theory. If we suppose that we are close to the 
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minimum of a Higgs' potential we should put in our equation = 0. What is the 
physical meaning of geodetic deviation equations? In order to find it let us consider a 
flow of geodesic r{a), a e U C M given by 

x^ = x^(T,a), (15.37) 

\ / O' = O'0 

(70 e U. 

cr is a parameter such that for every ui ^ cj2, a;'^(r, ai) and a;'^(r, (T2) are different 
geodesies. One can say that we have a family of geodesic curves, r{a). The geodesic 
considered here is r(ao), i.e. for a = ctq. 
Thus 

where p = p{t, a) — p{x{t, a)). 
Thus one gets 

= ^ (—) / + ^o(^) (15.40) 

2 \moJ J p\T,a) 



To 



and 

^ da 



Too J P^(^, cr). 



+ ^ (15.41) 



To 



da 



„.= f: 1 I, . ,15.42) 

dr OT \mo p^{T,a)/ 



-cro 



v°' is (of course) an Ad-type quantity. In this way we get 



c?T 5cr \mo p^ dr 



=0-0 



In this way Eq. (15.22) together with Eq. (15.1) give us an interpretation of geode- 
tic deviation equations in our theory. They are analogous to the deviation equations 
for charged particles moving in nonabelian Yang-Mills' field and Higgs' field and non- 
symmetric gravitational field as well. 

Let us give some remarks on a physical interpretation of the vector C,^ = (C", C"; C)- 
The vector C,"^ — "geodesic separation" — is a displacement (tangent vector) from point 
on a fiducial geodesic to a point on nearby geodesic characterized by the same value 
of an affine parameter r. Thus v"^ = (t;", i;", t;") means a relative "velocity" and 
u^V ^v^ — ci relative "acceleration" — equals, according to Eq. (15.22) terms with a 
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curvature and torsion. Thus we get "tidal forces" in our theory ((n+ni+4)-dimensional 
case), for charged (in a nonabelian gauge field sense and Higgs' field) test particles. In 
this equation we get gravitational "tidal forces" from NGT, Yang-Mills' "tidal forces" , 
Higgs' field "tidal forces" and additional effects which can be treated as gravito-Yang- 
Mills-Higgs tidal forces. The scalar field p is also a source of additional "tidal forces" . 

These new effects are "interference effects" between gravitational, nonabelian Yang- 
Mills' interactions and Higgs' field. We can project our equation on a space-time E 
(they are defined on a bundle manifold P) , taking any local section e of the bundle P. 
In this way we get gauge dependent charges (Yang-Mills' charged- colour charges) 
and gauge dependent v"". We can substitute into Eq. (15.36). However, we should 
substitute in the place of ^ the expression 

dlf" 

— - C\aA''Xv' - C\c^lv' (15.44) 

where 

e*u; = A'^^e^'Xa + ^fd^Xa . (15.45) 

Finally, let us remark that Eq. (15.31) represents tidal gravito- Yang-Mills- Higgs 
forces and Eq. (15.36) is a relative change of {^){o-) for different test particles via v°' 

Eq. (15.32) is a relative change of a Higgs charge u'' for different test particles via v^. 
The interpretation of this equation is much more complex for the "Higgs charge" is 
not "conserved" during a motion of a test particle. The existence of a "constant Higgs 
charge" introduced here can help us in physical understanding of these interesting 
phenomena. Our gravito- Yang-Mills- Higgs-scalar tidal forces are a strict and natural 
generalization of gravito-electromagnetic-scalar tidal forces from the Nonsymmetric 
Kaluza-Klein (Jordan-Thiry) Theory (in an electromagnetic case) and gravito- Yang- 
Mills-scalar tidal forces from the Nonsymmetric Kaluza-Klein (Jordan-Thiry) Theory 
in a general nonabelian case (see Ref. [18]). 
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16. A Tower of Scalar Fields 
in the Nonsymmetric-Nonabelian Jordan— Thiry Theory. 

The Warp Factor 



In section 5 we mention a more general case of the scalar field p = p{x,y), x & E, 
y & M. Moreover it is more convenient to consider the field ^ in place of p. 

p = e-^. (16.1) 

In this case one finds: 

oo 

W{x,y)^J2^k{x)Xk{y)- (16.2) 

k=0 

Let us find a condition for the function p{x, y) such that W{x, y) is an 

valued function oix El E. From (16.1) one finds that ln(p) is an L'^{M, dm, -\/|^)-valued 

function i.e.: 

/ iHp))^y/W\dmiy)<oo. (16.2a) 

M 

Thus the sufficient condition for p is that p and p~^ are bounded on M — A, where 
m(A) = 0. It means that p{x),p~^{x) G L°°(M, dm, a/|^) and ||/o(x)||oo = 
ess swpy^j<^ \p{x,y)\ < oo. The convergence Pn{x, •) p{x, ■) with respect to the norm 
II ■ I loo nieans a uniform limit. We have the same for p^^{x). We can also consider a 
decomposition of p{x, y) into a series of generalized harmonics on M i.e. 

oo 

p(x, y) ~ pq{x) + Pk{x)Xk{y) (16.2b) 



fe=i 



such that 



Pk{x) = — J V\9\p{x,y)Xk{y)dm{y), 



V2 

^ ^ (16.2c) 

Pq{x) = — f y/\g\p{x,y)dm{y). 

M 

00 

If ^p|(a^) < 00, X e E the series on the right-hand side of (16.2b) converges to the 

k=o 

■2/ 



function p(x,y) in L [M,dm, \/\g\) sense. The limit can be understood in a uniform 
sense if p{x, y) is continuous and V{x) = Var(p(a;)) < 00 in M for every x E E. 



227 



Moreover it is interesting to know properties of ^{x) if p{x) is an L^{M ,dm,y^\)- 
valued function. One gets: 



* 1 / 1 ^ 

l|p(^)f <V2 + $]-(mx)||nr<00, 



(16.2d) 



n=l 



where 



M 



1/r 



is an L'^{M, dm, y^lgl) norm. Let us suppose that for every n G N^, \P{x) is an 
L^[M, dm, a/I^) -valued function. For 

M 

one gets 

mx)\\n<m^)\\n'Vi'''-''''\ 

if 1 < n < n' < oo and 

L~(M, dm, ^J\g\) C L'^'(M, dm, v^) C L"(M, dm, ^) C 
C L^(M, dm, = L{M, dm, 

Thus if n' ^ oo one obtains 

\W{x)\\n < ||<^(a;)||ooV^2'^" = (ess sup,^^ y)!)^^'/^ 

From (16. 2d) and (16. 2e) we have 

||p(^)||'<"V^2e'll'^^*)ll^. 

Thus if "^{x) e L°°{M,dm, ^/\g\)p{x) is an L'^{M,dm, y^)-valued function . This 
means that ^{x, y) is bounded on M — ^ where m{A) = 0. In this way we get an 
interesting duahty. The sufficient condition for ^{x) to be an L'^(M, dm, y^)-valued 
function is p{x),p~^{x) E L°° (M , dm, ^/[g\) and the sufficient condition for p{x) to 

be an L'^{M, dm, \/\g\) is ^{x) e L^{M,dm, ^/[g\)- In the second case we can try 
an expansion of ^{x, y) into a series of generalized harmonics similarly as for p (i.e. 
Eqs. (16.2b-c). 

The (ni + 4) -dimensional lagrangian for the scalar field ^ looks like: 

Acal(!^) = (M7(^^)!Z/,c!^,M + n'^^'^'^hDMl^''''^^ ,c) (16.3) 



(16.2e) 
(16.2f) 



or 



1 



+ -{Mg^^^^^^.^^rn + n^g^'^''^gi^g^'''^^,n^,,) = £scai(!^) + Qm- (16-4) 
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Moreover we should average over M and H. 
Thus one gets using (16.2), (16.4) and (5.50): 



^ / {CsU^)+Qm^MVW\dm{y)d|lH{h) = 

oo ^ oo 

= X;^-ai(^^fe) + ^ 5^ Mkl^k^l, (16.5) 



M 



2 

fe=0 k,l=l 



where Cacaii^k) is given by the formula (7.6) i.e. is a usual lagrangian for the scalar 
field ^ in our theory and 

1^ (-1) 



'-M>^^ = / (^5^^'"^ + n'g^^'^^g^^g^'~^^)xk,m,nVW\dm{y) < oo (16.6) 

^ M 

andMfcz=Mzfc, /c,/ = l,2... 

It is easy to see that we get a tower of fields such that according to (16.6) the 

field ^0 is massless and remaining fields are massive with a scale of a mass 



The infinite dimensional quadratic form 

^ oo 

- J2 Mki^k{x)^i{x) 



2 

k,l=l 

is convergent in l"^ for every x. This is easily satisfied if the derivatives of Xk belong 
to L'^{M,dm, \/\g\) and g^i are continuous functions on M, which is always satisfied 
for our case (M is compact without boundaries and g^i defined in section 4). For 
L'^{M, dm, \/\g\) is unitary equivalent to L'^{M, dm) we can consider Xk eigenfunctions 
of Beltr ami-Laplace operator on M. 

In some cases we can diagonalize the infinite dimensional matrix M^i getting some 
new fields 

oo 

^k'i^)^J2'^k'k^k{x), (16.7) 

k=l 

such that 

oo 

hSki = ^ Akk'Aii,Mk'i', (16.8) 

k',l' = l 

where A = (^a;'/s) is a unitary operator in space i.e. 

\\Aa\\ = \\a\\ (16.9) 

and A{e^) = e. 
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The diagonalization procedure can be achieved if M^i is a symmetric unbounded 
(Hermitian) operator in This is equivalent to 

Mm = Mik (16.10) 
and M(£^) = P. Thus we get for the lagrangian: 

Cscim = Y.^scAK) - E y c^fc)'' (16-11) 

fc=0 k=l 



have an interpretation as for Wj^. If Mf-i is a negatively defined operator 



M, 

in l'^ we have for every A; 6fe > if M^/ is invertible 6fc > for every k. The latest 
condition means that every is massive with as a scale of the mass. Let us write 
down a self- interaction term for coming from cosmological terms. One gets: 



Vm}) = y J VW\dmiy)i^R{r)e^^+'^''^^'y^ + ^^W)), (16-12) 

M ^ pi / 



where 



and 



W{x,y) ^Mx) + Y,^k{x)xk{y) (16.13) 



fc=i 



K = J2'^kk'%'- (16-14) 
fc=i 

The field ^o{x) can get a mass from a cosmological background. If we suppose W = W{x) 
it means really that ^{x) = ^o{x) i.e. a truncation. In this more general case for the 
field p (or W) one can easily get similar formulae for the remaining part of the lagrangian 
involving this field i.e. averaging over the manifold M. 

All the factors in front of lagrangian terms are exponential functions of ^. The 
sufficient condition to make all the integration over M convergent is to suppose that 
^{x) e L2(M, dm, ^/\g\) fl L'^{M, dm, ^/\g\) i.e. ^{x) is L°°-valued function. 

In the case of a completely broken group G we should put G for M. 

Let us give a more rigorous justification for an intuitive procedure concerning di- 
agonalization of the infinite matrix M. 

Let us consider a bilinear form in L^{M, dm, i/j^) = L'^(M, dm) 

M{f,9)-i^ J (M5^^''^)+n2^['^('^]^j-5^(l'^>)))/,e^,^^dm(y), (16.15) 
for f,ge L'^{M, dm, ^/[g\) n (M). 
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This form is always defined for / and g, because g~f^ are smooth functions on a 
compact manifold and f,d,g,m £ L'^iM, dm, ^/\g\) (if they exist). C^(M) is linearly 
dense in L'^{M, dm, ■\/\g\)- Let us suppose that the tensor p(<="^)^ where 

P~^^ = {Mg^^ + n^g^^^^g^f^g^^'^^) 

is invertible and negatively defined. 

One notices that P'^^ is G-invariant on M. The same is of course true for P(^crh) 
being an inverse tensor of p(^'^) , Moreover every G- invariant metric is induced by 
a scalar product < .,. > on q/qq = m which is invariant under the action of Ad^^ 
on m. Thus P is induced by such a scalar product. The tensor Pcm induces on M 
an additional Einstein-Kaufmann geometry compatible with it. We can repeat some 
consideration concerning symmetric and skewsymmetric forms on M from section 4. 

If Pjj^j is not degenerate and VdP[db] = we can get an almost complex structure on 
M induced by Pcm = -P(£m) + -P[£m] (if dimM is even). 
Let us consider a linear functional on n (M) = D 

Ff{g) = M{f,g), gJeDcL^, (16.16) 

Ff e (L^)* = (Riesz theorem). Thus for every / we have a functional F. 
Thus we can define a linear operator on such that 

L{f) = Ff, or {Lf,g) = M{f,g). (16.17) 

It is easy to see that if /i = /2 then Fj^ = Ff^. Thus L is well defined. Simultaneously 
we find that KerL = constant functions on M = R^. This is a subspace of L^. Thus 
we can consider L a quotient space of Ti. and denote it L, where 

7i = LV(KerL). (16.18) 

Let F/j = Ff^ then one gets 

/\ M{h,g) = M{h,g). (16.19) 

3eL2-(KerL) 

Using (16.15) one gets that /i^g = /2,c modulo a set of a zero measure. Thus [/i] = 
[/2] e V,. One can easily check that L is symmetric because M{f,g) = M{g, /). 
The operator L is unbounded on D and it is negatively strictly defined i.e. 

(-L(/),/)>C||/f, (16.20) 

C is a positive constant. 

For this we can apply Friedrichs' theory for L. We denote the Friedrichs' space for 
L, Lq{M) and the scalar product in L'^{M) is given by 

{f,g)^ = {-Lf,g), (16.21) 
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(i:»/(KerL) is dense in Lg(M) in a sense of the norm || • \\f)- Let L = L (a closure 
of L) denotes a Hermitian extension of L in Lq{M), which exists due to Friedrichs' 
theorem and it is invertible. Moreover is compact. 

For this we can proceed a spectral decomposition of L. Such an operator has a 
pure point unbounded spectrum on a negative part of a real axis and eigenvectors 
(eigenfunctions) span Lq{M). One gets 

oo 

L=-^l^lPk, /Xfc 7^ 0, yufc ^ oo, (16.22) 
fe=i 

where = 1, PkPi — Skil are projective operators in Lq(M). The sum is understood 
in a weak topology at a point. 

The above considerations justify an intuition of a diagonalization procedure for an 
infinite matrix M^/. 

The existence of the tower of scalar fields in our theory can help in renormalization 
problems. The fields can work as regulator fields if we change some parameters in our 
theory. 

The Friedrichs' theory gives us the following properties of eigenvectors for L, 

LCk = -filCk k = l,2... (16.23) 
They are normalized and orthogonal: 

/ Cl{y)VW\dm{y) = 1, (16.24) 

M 

J Ck{y)Ci{y)VW\dm{y) = iik^l. (16.25) 

M 

If the spectrum is degenerated i.e. //^ is repeated q times {q is a natural number) 

yl = l^l+i = ■■■ = A+q-l^ (16.26) 

then C,ki Cfe+i) • • • 7 Ck+q-i form an algebraic basis of a finite dimensional linear space 
of functions / G Ll{M) n C^(M) satisfying Eq. (16.26). After the orthogonalization 
procedure of {C,kiCk+ii ■ ■ ■ iCk+q-i} (for example Schmidt procedure) we can define 
projectors: 

Pk = Pck for every A; = 1, 2 . . . 
The orthonormal set of eigenfunctions (ki k = 1,2 . . . is complete in Lq{M). Thus 

oo oo 

k=i fe=i 
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where / is an identity operator in Lq(M). Thus we can expand the field ^ into a 
complete set of functions Cfc 

oo 

^{x,y) = <Z/o(x) + J2^k{x)Ck{y), (16.28) 

k=i 

oo 

such that ^?Z^fc(a;) < oo, (16.29) 

k=l 

for X & E. 

Let us find conditions of a diagonalization of the infinite matrix M^i. It means we 
are looking for conditions of the existence of the unitary transformation from the basis 
Xk-i k — 1,2 . . . to the basis (k, k — 1,2 . . . in Ti (or in Lq{M)). Later we give those 
conditions. 

For {Cfc} is complete one always gets 



Xk = ^AkiCi for every A; (16.30) 
1=1 

and 

oo 

J2 All <oo. (16.31) 



1=1 



Moreover one has 



For the same reasons we have 



Aki^iXk^Q). (16.32) 

oo 

Ck^J2^kiXi, (16.33) 
1=1 

oo 

J^Bli <oo (16.33') 



1=1 



and 



One gets 



and 



Bki = iCk,Xi)- (16.34) 
Aki = Bik (16.35) 



oo CXD OO OO 



Xk = J2^kiJ2^ip^P = Yl {j2^kiBipjxp- (16.36) 



1=1 p=i p=i 1=1 
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This is possible only if 

oo oo 

J2 AkiBip = J2 ^kiApi = 5kp. (16.37) 

1=1 1=1 

Thus Aki is an isometry in the £^-space and B^i either. Moreover A^i and Bj^i are 
invertible and A is an inverse operation of B. This means A is an unitary transfor- 
mation. The transformation A diagonalizes the infinite dimensional matrix Mf,i- The 
only one condition for the existence of A is the following. The set {xk} or {rjk} are 
complete bases in Lq(M). 

Let us consider the operator L in more details and find its shape for / e C^(M)/ 
Ker L) . The operator L can be considered a Gateaux derivative of the quadratic form 
M in Ll{M). One finds: 

Lf = ^(^p«V,a),a = (In VW\,ir'f,a +r\if,a +r'f,a,i). (16-38) 



\9\ 
where 

,2 



(16.39) 

The operator L slightly differs from the Beltrami-Laplace operator defined on (M,p). 



because det(p-g) det(gf-^) = g. It differs also from the Beltrami-Laplace operator on 
(M, /i"). 

Moreover L is a left-invariant operator on C^(M) of the second order. Supposing 
the reductive decomposition of g = flo+TTi we have a complete description of an algebra 
of G-invariant operators on M, D{G/Gq) in terms of Lie algebra Q and Qq. The algebra 
is commutative if M is a symmetric space. Let M be a symmetric space (of compact 
type of course) and let rank (M) = K. The algebra D{G/Gq) has finite numbers 
of generators i.e Di, D2 . . . Dx- In this case every D G D{G/Gq) is a symmetric 
polynomial of -D^, i = 1, 2 . . . K, D — W{Di, D2, ■ ■ ■ Dk)- Notice that degrees of -Dj, 
i = 1,2 ... K di = 1,2 ... K are canonically established by G. 

Thus /\ = Wi{Di,... Dk) and 1 = W2{Di . . . Dk, C) and Wi ^ W2Wi{. . .) = 
W^2(...,0). 

The existence of the unitary operator A in £^-space means that L and A = A|-^ 
have the same Friedrichs' theory i.e. the same Lq(M). For M is compact without 
boundaries and hP ^^9°' , QalP"'®^^-! PgjtP"'®^^ are smooth functions on M one gets: 

m2(-A/,/) < (-L/,/) < mi(-A/,/), (16.40) 

mi, m2 are positive constants. 
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This means that Lq{M) for A and L are equivalent and the conditions we need to 
imposed for g-^^ and p-^^ are 

det(^7a5) 7^ and det(p-^) ^ 0. 

These are the only conditions for the existence of the unitary operator A in £^-space. 
Let us consider M = S"^ with the nonsymmetric tensor (6.58). One gets 

Z/= fM + -5^V/' (16.41) 



(C^ + 1) 

where A is an ordinary Beltr ami-Laplace operator on S'^ in spherical coordinates. In 
this case wc do not need any procedure described above, because eigenfunction for L 
are simply spherical functions Y(,m{0, ip) and 

mm = -(^M + + l)r,^. (16.42) 

The mass spectrum is degenerated for m = — £, — (£ — 1) . . . . . . £ — 1, £, £ = 1, 2, 3, . . . 
and 




m{£,m) = - J I 1 + W+l), ^=1,2,3. (16.43) 



M{C + 1) 

Let us notice the following fact: if the homogeneous space M = G/Gq is a two-point 
homogeneous space the operator L is proportional to the Beltrami-Laplace operator 
on M. This fact is coming from left-invariancy of L and from this fact that L is of 
the second order differential operator for / e C^'^\M). In general this is not true. 
Moreover for ^ = 

L = MA. (16.44) 

Let us notice that for S'^ (see Eq. (8.71)) we need ^ — > oo in order to kill cosmological 
constant. Thus m(£,m) ~ -a/2(£ + We have the following two-point homogeneous 
spaces S\]{p+l)/S{U{l) xU{p)), SO(n + 1)/S0(n), (^(-52), so(9)) of compact type, 
which can serve as the manifold M = G/Gq. Only the first one is Hermitian (Kahlerian) 
and in this case one gets 

M+ . ' \. A (16.45) 



(C^ + 1) 

the same formula as for S"^. Moreover for every two-point symmetric space L is pro- 
portional to A (Beltrami-Laplace operator) 

L = 0(C)A, (16.45a) 
0(0) = M. (16.45b) 
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It is interesting to find Lq{M) in terms of irreducible spaces of representations of the 
group G. In the case of S'^ = SO(3)/SO(2) one simply gets 

oo 

L^o{M) = J2®H\ (16.46) 

1=1 

where is space of an irreducible representation of the group S0(3) 

dimi?^ = 2£ + l. 

In this case a dynamical group of L is S0(3,l) (the so called spectrum generation 
group) SO(3)cSO(3,l). 

oo 

® = L'^{M) = L^o{M) ® i? is a representation space of a unitary represen- 

i=0 

tation of S0(3,l). 

In general the situation is more complex. 

Let G be a simple compact Lie group and let Go be its closed subgroup such that 
it is a semisimple or Go = U{1) <S) Go, where Go is semisimple. 

Let C = habY^'y^ be a Casimir operator of G and let Gq be a Casimir operator of 
Go (or Gq). Let us suppose a reductive decomposition of the Lie algebra 0, 5 = 0o+Tn 
(or go') and consider an operator 

-L> = G - Go = /iab^^r^ (16.47) 
This operator acts in the complement m, which is diffeomorphic to Tano(G/Go), = 

Let us define a left-invariant differential operator A on M corresponding to D, via 
a pull-back of the left action of the group G on M. Let us find eigenfunctions of this 
operator and its eigenvalues. This can be done as follows. Let H)^^ be invariant spaces 
of irreducible representations of G corresponding to the value of the Casimir operator, 
G, Afc and Hfi^ be invariant spaces of irreducible representations of Gq corresponding 
to the value of the Casimir operator Gq, Ji(^. Both groups are compact and those 
representations are finite-dimensional and unitary. All invariant spaces Hy^^ and Hy^^ 
are Hilbert spaces. One gets 

L\M) ^J^m-x^ =J1® J2 ®K>^k,Ui)H-^e, (16-48) 

where JI^ G Afc, means that H^^ is decomposed into some irreducible representation 
spaces Jti of the subgroup of G, Go. b{Xk,Jt£) means a multiplicity of Hj^^ in H^^. 
Thus one gets 

Afk,i,e' =v{kJ)fkAi', (16.49) 

where 

r]{kj) = Xk-7l£<0, (16.50) 
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fkAt' e L2(M) and fk,£,£' e Hj[p, JZ^ e Afc. 

The dimension of the space corresponding to can be easily calculated. 

dimHfj(^k,e) =b(Xk,'p£)(iiTXiHji^. (16.51) 
Thus f]{k,£) is in general degenerated. The most important results is this that 

L\M) = Y,m-x„ A^O (16.52) 

or 

L2(M) = L'^o{M) e Ho, dimi^o = 1, -f^o ^ R', (16.52a) 

or 

L2(M) = L^q{M)/R'. (16.52b) 
In the case of a t/(l) factor we get similarly 

^f{k,l,£',m) = V{k, £)f{kAi',ni), (16.53) 

where 

f{k,e,i',m) = fk,w9m, m=0, ±1, ±2, . . . , (16.54) 

Qrn is a function of a one-dimensional irreducible representation of U{1), m — 0, ±1, 
±2, .... Thus the construction of eigenfunctions of A is known from representation 
theory of G and Go {G'q) and the spectrum is known as well. The interesting problem 
which arises here is as follows. What is the group (noncompact in general) for which 
L^(M) (Lq(M )) is the invariant space of a unitary, irreducible representation. In other 
words what is an analogue of S0(3,l) for A on 5'^ in a general case. This group (if 
exists) we call dynamical group of A, G or a spectrum generating group. We suppose 
that such a group is minimal for the above requirement. In this way G must be 
maximally compact subgroup of this group, G d G. Thus L'^{M) is a space of a 
unitary representation of G (which is up to now unknown) T : G ^ L{L?{M),L'^{M)) 
such that 

Afc 

where the sum is over all the irreducible representation of G with multiplicity equals 
one. Such an representation of G, T is called maximally degenerated (or most de- 
generated). Such a situation is possible only if G is a maximal compact subgroup of 
G. 

Thus the dynamical group G for A is defined as follows: 
1. G C G and is a maximal compact subgroup G (G is noncompact, of course) 
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2. G/G is a symmetric irreducible space of noncompact type, such that for a given G 
its rank is minimal. 

3. The maximally degenerated, unitary, irreducible, infinite dimensional representa- 
tion of (j, T restricted to G is equivalent to the simple sum of all irreducible 
representation of the group G (which are finite dimensional). 

In our case G is simple and compact. Thus we have the following possibilities: 

Space Rank 



SL(n, J?)/SO(n) 
(e6(6),sp(4)) 

(e6(-26), f4) 

(e7(7),sw(8)) 
(e8(8),so(16)) 

(/4(-20),So(9)) 



n — 1 
6 
2 
7 



1 

Except the listed above there are also some additional. 

SOo(p,l)/SO(p) , 1 
S0o(3, 1) is a Lorentz group and this is our example with 5^. 

SU(p,l)/U(p) , 1 

These are the only possibilities for which we have pairs (G, G) suspected to be a dynam- 
ical for A on G/Go- Thus we need maximally degenerated representations of SOo(p, 1), 
SU(p,l), SL(n, i?), e6(6)j C6(-26) ^7(7); ^8(8); ^4(-20) ^^d their decompositions, after a 
restrictions to the maximally compact subgroup, to the irreducible representations of 
those subgroups. 

Let us consider SOo(p, 1). The most degenerate discrete series consists of 
f(L), L = -|i(p + l)-4|,-|l(p+l)-4| + l,-|l(p + l)-4|+2,... 
in L2(iyf '!,//). 

p 

^p,i — means a hyperboloid in i?^"*"^, ^^(^c*)^ — {x^^^Y — 1 and is a measure 

on H^'^^ quasiinvariant with respect to the action of the group SOo(p) on iJ^'^. In 
this case after a restriction of T{L) to the subgroup SO(p) every representation (finite 
dimensional, unitary, irreducible) enters with a multiplicity equal one (see 2^^ position 
of Ref. [62]). 

£\p/2] 
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where T^t^/^l are symmetric finite-dimensional representations of SO(p) determined by 
the highest weight 

m= [^[p/2],0,0...], 
£[p/2] = L + 2n, n = 0, 1, 2, . . . 

Thus in the case of G = S0(j9), G = SO(p, 1). 

In the case of SU (p, 1) the situation is even easier. Let us come back to the operator 
L. It is a G-invariant operator on M of the second order. 

Thus it is a hnear combination oi £ = rankM, independent operators of on M, 
left-invariant. If the rank of M is 1 it is proportional to the Beltrami-Laplace operator 
on M. Thus we have 

£-1 

L = M^0,(C)Ai, (16.57) 

such that Aq = A (Beltrami-Laplace operator on M) and 

0o(O) = 1 (16.58) 
0,(0) =0, z = 1,2,...£-1, 

Aj, i = 1,2, . . . ,£ — 1 are remaining G-invariant differential operators on M. Moreover 
if they commute we can find the spectrum of L using eigenfunctions of A finding spec- 
trum of masses for the tower of scalar fields The matrix Mf-e can be diagonalized in 
L'^{M, dm) which is equivalent to L'^(^/g, M, dm) and to Friedrichs' Hilbert space for 
A. Thus the operator has the same spectrum in Lo^(M), moreover the eigenfunctions 
differ in their form from eigenfunctions of Beltrami-Laplace operator due to different 
scalar product in Lo^(M). 

£-1 

-2j2fiiQi{C). (16.59) 

1=0 

The spectrum generating group G is the same for L as for the Beltrami-Laplace oper- 
ator on M. 

G D G D Go. 

Let us remind to the reader that the maximally degenerated representation means that 
all the Casimir operators are polynomials of the Casimir operator of the lowest order. 
In our case of the Casimir of the 2°^^ order. Our group G is a spectrum generated 
group for the tower of scalar field ^ki^), {^{x, y) on M x E). 

Let us come back to the Eqs (5.17-19) and let us release the condition that p is 
independent of y. Thus p = p{x,y), y e G/Gq. In Eq. (5.34) we get in a place of 

^p"-^ (M5?(^^)p,^p,^ + n'g'^^^^gs.f'^^) p,. ■ p,, (16.60) 



rrik 



\ 
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(^M7(^^)p,cP,M + n'l^^^''hDMl^''''^P,N ' P,c) • (16.61) 



the formula 

4 

This p has nothing to do with a density of energy considered below. 

Now let us repeat the procedure from Section 7, i.e. the redefinition of g^i, and p. 
We get the formula (7.5), but in a place of Cscaii^) we get the formula (16.3). Simul- 
taneously ^ = W{x,y), X E E, y e G/Gq and the metric on a space-time E depends 
on y e G/Go, i.e. 

gi^v = 9,jiu{x, y), xe E, ye G/Gq. (16.62) 

Thus g^i, is parametrized by a point of G/Gq. Simultaneously we can interpret a 
dependence on higher dimensions as an existence of a tower of scalar fields (see 
Eqs (16.4-8), Eqs (16.11-14) and a discussion below). 

The interesting point will be to find physical consequences of this dependence 
for Qfj,,^. This can be achieved by considering cosmo logical solutions of the theory. 
Thus let us come to Eq. (7.5) supposing the lagrangian of matter fields is written as 

-^matter? — 

n and depends on y e G/Gq. We get 



(16.63) 



According to the standard interpretation of the constant A we have 

A2 1 



4 mji 



(16.64) 



and 



1 



,2 - (16.65) 

where is a scale of a mass of broken gauge bosons in our theory and mpi is a Planck 
mass, c = 1, h = 1. 

Thus one gets form variation principle with respect to ^^i^ and ^ 



^ 1^ g-(n+2)<Z' matter 1 seal 

Rau Ti-R-Qnf ~ 9 Tni/ -\ ^ Till/ 



(16.66) 



,4 



Mg^^V,V.^+:^m+ -fin + 2)e(-+'^^R{r) ^^^^^^ 



1 ~ 

+ (m^mpO^ne^'^P - (n + 2)Te-^''+^^'^ = 
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where Rf^i, and R are a Ricci tensor and a scalar curvature of a Riemannian geometry- 
induced by a metric g^^i, (which can depend on y e G/Gq). 

L is an operator on G/Gq defined by Eq. (16.38), a covariant derivative with 
respect to a connection induced by g^^, (a Riemannian one). 

matter 

T = {p + q)u^u'' - pgi"". (16.68) 
Let us consider a simple model with a metric 

dsl = e^<y^ df - df^ (16.69) 
and let us suppose that G/Gq = S'^ = SO{3)/SO{2). Thus 

dsl = r^dx'' + sm^Xdx^), (16-70) 

(x,A) = y, a;e^O,|), Ae(0,27r). 
In this case v — v{x, A) and 

%,6] =f[56] = -Csinx, (16.71) 

L is defined by Eq. (16.41), 

^ = ^{f,t,x,X), Q=Qif,t,x,X), P = p{f,t,x,X)- (16.72) 

Finally let us come to the toy model for which we suppose X = f and we get 
effectively a 5-dimensional world E x S^, i.e. 

dsl = e^"^^^ dt^ - dr^ - dX^. (16.73) 

One easily gets 

i?44 = [v" + (v'f) (16.74) 

i?55 = {v" + (v'f) e-^ (16.75) 

where ' means a derivative with respect to A. For simplicity we suppose g = p = and 
W = !f'(A) (does not depend on r and t). In this way 



From Eq. (16.63) one obtains 



\ / m^- 



dX^ 



e("+2)'^i?(r) + m^-e^'^P . (16.77) 
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(2 + ly dA2 4 ^ ' ^ ' (16.78) 

+ {m^pifne''^P = 0. 

The last equation can be transformed into 



where 



m^i(n+2) 

A = w^R{r) (16.80) 

4m^(M + ^) 

B = - _ P P. (16.81) 

(M + ^)- 

Supposing ip' = ?Z^o = const, one gets 

yle^'^o +5 = (16.82) 



,7> / B 4m A / nlPl 



^ mpi V (n + 2)P(r) 
Thus from Eq. (16.77) one gets {z — e^) 



dX^ 

where 

,2 



= Az (16.84) 



n 



^V«s™pi/ \V"' + 2yp(r)y V^ + 2 

And eventuaUy one gets 



Taking = we get 



(16.85) 



^ = ^oe^^+4e-^\ (16.86) 



Simply rescaling a time in the metric (16.73) we finally get 

dsl ^ e^^^ dt^ - df^ - dX^ . (16.88) 

In this way we get a funny toy model. We are confined on 3-dimensional brane in a 4- 
dimensional euclidean space for a A = 0. Moreover A is changing from to 2tt resulting 
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in some interesting possibilities of communication and travel in extra dimensions. This 
is due to a fact that an effective speed of light depends on A in an exponential way: 



Ceff 



AX 



(16.89) 



If we move in A direction (even a little, remember r = ^— ) from to An < 2tv and after 
this move in space direction from tq to r\ and again from Aq to (we effectively travel 
from ro to ri), then we can be in a point r\ even very distant from fb (-^v = |ri — ro|) 
in a much shorter time than (where c is the velocity of light taken to be equal 1). 
In some sense we travel in hyperspace from Star Wars or Wing Commander. 
Thus we consider a metric (see Ref. [116]) 



,^^^df-df^-rUX' 



(16.90) 



We get the following geodetic equations for a signal travelling in r, A direction with 
initial velocity at A = 0, ^(0) = u, ^(0) = v, 



df 
di 



V e 



AX 



dX 

Itt 



AX 



2\2\/ AX 



One integrates 



r(A) = ro - • ^ 7=^ arctg 



1- 



A 



(l-„2)l/2 



AX 



(16.91) 
(16.92) 



(16.93) 



and 



A = 



In 



4(1-^2)5/2 



r{t) = ro - vq 7= arctg 

Vv4 



4(1 -u 



2^2 



i(t-to)2 + 4(1-^2)3 / ' 



(16.94) 



(16.95) 



< A < min 



27r, 



In 



1 



(16.96) 



Let us consider a signal travelling along an axis x from to Xo. The time of this 
travel is simply xq. But now we can consider a travel from zero to Aq (in A direction) 
and after this from (0, Ao) to (xq, Ao) and after to (xq, 0). The time of this travel is as 
follows: 



t=2ti + h 



(16.97) 
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where 

Ao 



t^ = r I = J-(l- e-^^o ) (16.98) 





and 



e 



\/Ia 



t2 = xoe-^^^°. (16.99) 
For r is of order of a scale of G.U.T. the first term is negligible and 

t^xoe~^^°. (16.100) 
Taking maximal value of Aq = 2n we get 

t = xoe-'^''^. (16.101) 

Thus we achieve really shorter time of a travelling signal through the fifth dimension. 

Let us consider the more general situation when we are travelling along a time-like 
curve via fifth dimension from f = tq to f = fi. Let the parametric equations of the 
curve have the following shape: 

r = r(0 

t = tiO (16.102) 

A = A(0. 

o<e<i, 

A(0)-0, A(l) = Ao, 
f(0) = fo 
r[l) = ri. 

Let a tangent vector to the curve be (i(C)j ^^lO^ -^(0)) where dot " " means a derivative 
with respect to ^. For a total time measured by a local clock of an observer one gets 




A* = y.de^^««>(|l -(^Ij -.M^) 1 . (16.104) 

^ 

Let us consider a three segment curve such that 

1) a straight line from f=0, A = Otof=0, A = Aq, 

2) a straight line from f = 0, A = Aq to f = fo, A = Ao, 

3) a straight line from f = fo, A = Ao to f = fo, A = 0. 

The additional assumptions are such that the traveller travels with a constant 
velocity vx on the first segment and on the third segment and with a velocity v on the 
second one. 

Thus we have a parametrization: 
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1) On the first segment 



f = 

t = —c, o<e<i 

A = CAo. 



2) On the second segment 



\v\ 

A = Ao. 



3) On the third segment 



r = 




t 




A 


(1 - f)Ao. 



From Eq. (16.104) one easily gets 
At = Ati + At2 

( 



Ah = [y=x; ( - ^aAo - v^l - ^^aAq) 



+ arctg 



=2-\/Iao _ 



^^aAo 



^^aAo 



arctg 



1 - ^aAq 
^^aAo 



Ah = ^^Ve^VAAo _ 



(16.105) 



(16.106) 



(16.107) 



(16.108) 



(16.109) 
(16.110) 



For r is of order of an inverse scale of G.U.T., the first term in Eq. (16.108) is 
negligible and 



(16.111a) 

I CI 

The traveller passing from r = to r = ro (having A = during his travel) reached 
f=fo at time 



At' = (1 - \v\^) 
\v\ 

The first traveller has the following condition for v: 

\v\<e^^°, 0<Ao<27r. 



(16.111b) 



(16.112a) 
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The second 

\v\ < 1. (16.112b) 

Thus we see that we can travel quicker taking a bigger v. 

For an unmoving observer the time needed for a travel in the first case is 

2rXo \fo\ \ro\ 

= 1- 7^ ~ 

\v\ \v\ (16.111a*) 
|^<gV^Ao^ 0<Ao<27r. 



In the second case 



At' = 



(16.111b*) 



\v\ < 1 

Thus in some sense we get a dilatation of time: 



1/2 

At' = ( 6^^^^° -v^] At (16.111a**) 



in the first case, 

At' = (1 - v^y/^At (16.111b**) 

in the second case. 

Let us come back to the Eqs (16.94-96). We see that a particle coming along a 
geodesic is confined in a shell surrounding a brane in the fifth dimension 

< A < 4= In (—^-—] . (16.113) 



(1-^2)1/2 

The particle oscillates in the shell. Moreover < A < 2n, thus if A excesses 2n, we 
take for a new value A — 27r (i.e. modulo 27r). Usually for u not close to 1 this is a 
really thin shell of order r (a length of a unification scale). 

Let us come back to our toy model for a cone with ^ = 0. In this case an equation 
of cone in 5-dimensional Minkowski space is 

x'^ + z'^ +r^X^ = t'^. (16.114) 

An interesting question is what is an analog for (16.114) if A^O. One easily gets that 

^^+y^ + z^+ r^X^ = ^2^2^222g2VlA_ (16.115) 

There is no simple way to get Eq. (16.114) from Eq. (16.115). Moreover if we 
change a coordinate t into rtXA one gets 

x^+y^ + z^+ r^X" = t2e2^\ (16.116) 
and for ^4 = we get Eq. (16.114). 
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Let us notice that Eq. (16.116) is necessary to be considered for A modufo 2tt. It 
means even A could be any real number in the equation we should put in a place of A, 
[A], where [A] is defined as follows 

A=[A]+27rn, [A] e (0,27r), 

n is an integer and A e (—00, +00). In this way in a place of Eq. (16.116) we get 

+ ^2 ^ ^2 ^ ^2[;^]2 ^ ^2g2VI[A]_ (16.116*) 

The last equation defines an interesting 4-dimensional hypersurface in 5-dimensional 
space (R^). 

For A = we get a light cone on a brane (4-dimensional Minkowski space). For 
branes with < A = Aq < 27r we have a "cone" 



a;^ + y^ + ^^ =tV^^^° -A^ (16.117) 

which is a 3-dimensional hyperboloid. 

In our model we get in a quite natural way a warp factor known from Ref. [117]. 
Moreover we have a different reason to get it. The reason of this warp factor is a many 
dimensional dependence of a scalar field ^ = '^{x,X). In particular higher-dimensional 
excitations of ^ forming a tower of massive scalar fields. In this model ^ can be 
developed in a Fourier series 

oo oo 

W{x, A) = ^ ^m(^) cos(mA) + ^ V'm(^) sin(mA) (16.118) 



where 



m=0 m=l 



27r 



^^(x) = 7^ / ^{x, A) cos(mA) dX (16.119) 
2tt J 





27r 



^^(x) = ^ [ ^{x, A) sin(mA) dX (16.120) 

2lT J 





m = 1, 2, 

2 27T 



jw{x,X)dX. (16.121) 



Thus an interesting point will be to find a spectrum of mass for this tower. This is 
simply 

rnl^ = m\{M + ^^^m\ m = 0,1,2,... (16.122) 
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Now we come to the calculation of a content of a warp factor (a content in terms of a 
tower of scalar fields). Thus we calculate 



2tt 



i^l^ = — I e^^^sin{mX)d\ m = 1,2,3,... (16.123) 

271 J 





2-K 



2 
m 



L e"^^^ cos{mX) dX, m = 1,2,3,... (16.124) 

iTT J 



27T 



27r 



1^0 - ^ I e'-^' dX. (16.125) 



One gets 



hi = (e^-^ - 1 ) (16.126) 

A = (16.128) 

The simple question is what is the energy to excite the warp factor in terms of a tower 
of scalar fields. The answer is as follows: 

T^Aie""^ dX (16.129) 



seal 

where 244 is a time component of an energy-momentum tensor for a scalar field cal- 
culated for = e'^^^. 
One gets 

% + l^cAn Km - ^l7|e- - f e("+^)- (16.130) 

2n 2 ^ 



^_(±^2^x\ rfA=^(e«-^-l) (16.131) 



and 



2 \dX 



^A.„(e^v^-) = -le-(«^^^) (/3e^(«^^^) - I7I) , (16.132) 



248 



where 



m^r ~ 1 ~ 
ai 



(3^^R{r)^alml,R{r). 



One easily gets 



^^A 



wf 



1) 



4VA 



I7I Li exp 



,47rV A 



,47rV A 



- Li( "V^) 



where 



Li(^)=/ 



In 2; 



, a; > 1, 



-Li(Vi) 



(16.133) 



(16.134) 



is an integral logarithm. The integral is considered in the sense of a principal value. 
Let us consider Eq. (16.133) using asymptotic formula for Li(a;) for large x: 



Li (a;) ~ x 



1 °° I 
1 m! 

m=l 



One gets 



,87rV A 



-1 - 



-47rV A 



4VA 



n|7| exp 



(n + 2)/3exp 



,47rV A 



n + 2 



(16.133a) 



However, let us think quantum-mechanically in a following direction. Let us create 
(maybe in an accelerator as some kind of resonances) scalar particles of mass m„ 
(Eq. (16.122)) with an amount of IV'mP + l^mP- ^^^^ '^^J '^^ create the full warp 
factor (for they due to interference will create it as a Fourier series). The question is 
what is an energy needed to create those particles. The answer is simply 



(16.135) 



m=l 
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One easily gets 



47r" 



m 



m 



4:A + 



(16.136) 



The series J2m=i 



oo m 



is divergent for 
m 



(16.137) 



Thus we need a regularization technique to sum it. We use C- function regularization 
technique similar as in Casimir-effect theory. Let us introduce a (^^-function on a 
complex plane 

s 



1 V4A + m^ 



(16.138) 



for Re(s) > 1 + 6,6 >0. 

This function can be extended analytically on a whole complex plane. Obviously 
has a pole for s = 1 (as a Riemann ( function). Thus we should regularize it at 

s = 1. One gets 



E = 



A I „4:-K\/A 



47r2 



-1 M + 



2a2 \ 2 



(2 + 1 



Ci(i) 



(16.139) 



where means a regularized 

Let us introduce a (^-Riemann function 



oo ^ 

Cuis) = — , Re(s) >l + 6, 6>0. 



(16.140) 



m=l 



One can write 



"Ca(1)" = "Cr(1)"+4A J] 



m{A:A + m^) 



or 



"Ci(l)" = "Cr(1)" +4ACr(3) - 16^2 5] 



1 



(16.141) 



(16.142) 



The series in Eqs (16.141-142) are convergent. Moreover Cr(s) has a pole at s = 1 and 

1 



lim 



Cr(«) - 



s- 1 



7s 



(16.143) 



where 7^ is an Euler constant. 
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Thus we can regularize C^(s) in such a way that 

1 ~ °° 1 

•S — 1 ' mi A A A- 1 



Thus 



The series 



C^(l) = 7^; + 4^ E ^77 ^ • (16.145) 



oo ^ 

y ^ (16.146) 

^1 m(4A + m2) 



is convergent for every = —AA and defines an analytic function 



oo ^ 

/(^) = E 2Y • (16-147) 

m=l ^ ' 

Using some properties of an expansion in simple fraction for 

^ (a;) = log r(a;) (16.148) 

where r[x) is an Euler /^-function, one gets 

°° / 1 1 \ 

^{x) = -^E-Y.( -T TT (16-149) 

^-^ \m + X m + 1 J 

m=0 ^ ^ 

C^(l) = -l (V'(2a/I) + V'(-2a/I)) (16.150) 



or 



C^(l) = ^ + ^ ctg2Vl7r (16.151) 



(where we use r{z)r{—z) — — ^g.^^^ ). 
And finally 



^ = ^ (m + ^) (e^'^^ " ' ( ^ + 7rctg(2 VItt) ) . (16.152) 



It is easy to see that £^ = for A = 0, 



A^/nniA \ ^ I I PI \ ^ / n — 2 ~^2 



'A = m^{ - ^-::_A I (::-^|P|) . (16.153) 

For we use a dimensionless coordinate A (not \ = r ■ \ — ^-), we can omit a factor 
in front of the right-hand side in the formula (16.153). 
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It is interesting to notice that for A= 0, e^^ = 1 and we have to do with a Fourier 
expansion of a constant mode only (m = 0). This mode is a massless mode. However, 
a massless mode can obtain a mass from some different mechanism (as in Section 14). 
Thus in some sense we have to do with an energy 

1 ~ 2 

-Vo(^ = 0) m^ = m^. (16.154) 
One gets the following formula 



777,^ = rripi, 



|P|(n + 2) / 4v^A/|P|m^ 



(16.155) 



\ (M + ^) \«,V^^^i?(r)mpi^ 

Thus it seems that in order to create a warp factor e^'^^ in a front of dt^ we should 
deposite an energy of a tower of scalar particles 

E = E + m^. (16.156) 

Even a factor equal to 1 is not free. This is of course supported by a classical field 
formula (Eq. (16.134)). For A = we get 

Ewf = -7r-e^(/3e2 - |7|) (16.157) 



or 



E^i = [e^a^ml^Rir) - mJ|P|) . (16.158) 

To be honest we should multiply E^i and i? by V3, where V3 is a volume of a space 
and a result will be divergent. Moreover, if we want to excite a warp factor only locally, 
V3 can be finite and the result also finite. 

Let us come back to the Eq. (16.63). The variational principle based on (16.63) 
lagrangian is really in [ni +4)-dimensional space E x G/Gq, where a size of a compact 
space M = G/Gq is r. In this way the gravity lives on {ni + 4) -dimensional manifold, 
where ni dimensions are curled into a compact space ([117]). The scalar field ^ lives 
also on (ni-|-4)-dimensional manifold. The matter is 4-dimensional. Thus we can repeat 
some conclusions from Randall- Sundrum ([118]) and Arkani-Hamed, Savas Dimopoulos 
and Dvali ([119]) theory. Similarly as in their case we have gravity for two regions 
{V{R) is a Newtonian gravitational potential). 

1) R^r 



2) i? » r 



%l(ni+4) ^ 
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where ?7ipi(ni+4) is a (ni + 4)-dimensional Planck's mass. So 

™pl - %l(ni+4) ^ - ~~mf ~ V / Pl("i+^) ■ UO-LOi; 

Thus 

mpi(ni+4) = (mpi) "1+2 • (m^) "1+^ . (16.162) 

Eqs (16.161-162) give us a constraint on parameters in our theory and estabhsh a 
real strength of gravitational interactions given by ?Ttpi(ni+4)- 

However, in our case we have to do with a scalar-tensor theory of gravity. Thus 
our gravitational constant is effective 

Geff = GAre-("+2)'^ = G'jvp"+^ (16.163) 

In this case we have to do with effective "Planck's masses" in ni + 4 and 4 dimensions 

^l(n.+4) ™pl(n.+4) " e("+2)'^(-+^) (16.164) 

mil mji • e("+2)'^ (16.165) 

where ^(^^1+4) is a scalar field ^ for R <^r and ^ is for r. 
In this way Eq. (16.161) reads 

\ m^ J 

For our contemporary epoch we can take e*^"+^)^ ~ 1. 
If we take as in the case of Ref. [119] 

"T.pl(ni+4) - toew, (16.167) 
where uiew is an electro-weak energy scale. We get 

( = ( !^V\ei(-+^)("^+^)'^("i+^). (16.168) 
\mEw J \ m^ J 

For R <^r the field !f'(ni+4) has the following behaviour 

*^(n,+4) = ^^0 + . (16.169) 

Thus we can approximate ^(^^ii+A) by ^Z^o where is a critical point of a selfinter- 
acting potential for ^. In this way one gets 



( ^ ( 
\mEwJ \ 



rriEwJ \ 2 J 
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where ?fb is given by Eq. (14.204). Thus one gets: 



(» + 2)(»i+2) 
"1 / ™ \ 2 



(„ + 2)(„,+2) , ^ ^ (r.+2)(n^+2) (16.171) 



1 \ ' / n PI 



p 



IS 



It is easy to see that we can achieve a solution for a hierarchy problem if ^ j^^ps^ 

sufficiently big, e.g. taking R{r) sufficiently small and/or P sufficiently big playing 
with constants ^ and In this way a real strength of gravity will be the same as 
electro-weak interactions and the hierarchy problem has been reduced to the problem 
of smallness of a cosmological constant (i.e. P(P) — 0). 

Let us consider Eq. (16.152) in order to find such a value of A for which E is 
minimal. One finds that 

E = (16.172) 

for 

I=|l (16.173) 

where x satisfies an equation 

a;=-tga;, x > 0. (16.174) 

Eq. (16.174) has an infinite number of roots. One can find some roots of Eq. (16.174) 
for X > 0. We get 

xi -4.913... 

X2 = 7.978 ... ^ ^ 

16.175 

= 11.086... ^ ^ 

X4 = 14.207 . . . 

We are interested in large roots (if we want to have Cgfi considerably big). 
In this case one finds 

x = s + ^{21 + 1) (16.176) 

where £ > is small and I = 1,2,.... Moreover, to be in line in our approximation, 
I should be large. One gets 

f(2Z + l) + £ = ctg£. (16.177) 

For s is small, one gets 



ctg£~-. (16.178) 

£ 
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Finally one gets 

e^ + (2Z + l)f -1 = (16.179) 



and 



{21 + l)7r 



(16.180) 



1 / o \ 2 

1 (TV 



It is easy to notice that our approximation (16.180a) is very good even for small I, e.g. 
for / = 4 we get X4 (Eq. (16.175)). 

In this way an effective velocity of light can be arbitrarily large, 

«» = cexp(i(|(2; + l)+p^)) (16.182) 

(i.e. for A = 2%). However, in order to get such large Ceff we should match Eq. (16.153) 
with (16.181). One gets 

7T 2/ + 1 + — — — = 27r ; ^ — P . 16.183 

2^ ^ (2Z + l)7r \asV^r+2mpJ \R{r) J \n+2^-^J ^ ' 

In this way we get some interesting relations between parameters in our theory. To 
have a large Cgfj we need to make |P| large and R{r) small. In this case only the first 
term of the left-hand side of (16.183) is important and we should play with the ratio 

^ ' m order to get the relation 



(2i + l) = 4( ^^-^ r f^lPlI (ie.l84) 



Q;sV^ + 2mpiy \R{r) ) V^ + 2 

where / is a big natural number. In this way we can travel in hyperspace (through extra 
dimension) almost for free. The energy to excite the warp factor is zero (or almost 
zero). Thus it could be created even from a fluctuation in our Universe. 

Let us notice that Eq. (16.174) is in some sense universal for a warp factor. It means 
that it is the same for any realization of the Nonsymmetric Jordan-Thiry (Kaluza- 
Klein) Theory. 

However, if we take Eq. (16.133) and if we demand 

E^i = 0, (16.185) 

we get some roots (they exist) depending on n, /? and |7|. Thus the roots, some 
values of A > depend on details of the theory, they are not universal as in the case 
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of Eqs (16.172-174). In this case the Eq. (16.153) is in some sense a selfconsistency 
condition for a theory and more restrictive. The fluctuations of a tower of scalar fields 
in the case of a/^ = |(2Z + 1) are as follows 

= -7 • ((2^ + 1)^ + A ^''-'"'^ 
_ (2^ + l)(e-(^'+^)-l) 

- 7r((2Z + l)2 + 4m2) " ^^^'^^^^ 
In the case of very large / (which is really considered) one gets 

I g7r(2Z+l) 

2^^ = -^r~ (16.186a) 

7r(2«+l) 

^" = -2^ -lira) '™ 
m = 1, 2, . . . 

According to our calculations the energy of the fluctuations (excitations) (16.186a- 
188a) is zero. 

Thus the only difficult problem to get a warp factor is to excite a tower of scalar 
fields coherently in a shape of (16.186-188a) or to wait for such a fluctuation. In the 
flrst case it is possible to use some techniques from quantum optics applied to the 
scalar flelds -^m- In our case we get 

7r(2/+l) 

V'o = (16.189) 

7r(2i+l) /l«/2 I ^2 

= ^ n2 2^ + '^-)e*"^-* (16.190) 



where 



tg5m = -^ (16.191) 



and rrim is given by the formula (16.122). 

For i/^o is constant in time and does not contribute to the total energy of a warp 
factor (only to the energy of a warp factor equal to 1), we consider only 



7r(2Z+l) 

V'(A,t) = 



87r 



— ^- ^ sm mA + 5^ e*^-* + — 

r + I 

■m=l 



(16.192) 
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For t = we get 

V'(A,0) = e'^(2'+^)^ (16.193) 

and the wave packet (16.192) will disperse. Thus we should keep the wave packet to 
not decohere in such a way that 



g7r(2/+l) 



Stt 



V16P + m2 _ ^ ^ ^ 47rl r.n .n.^ 

E 12 + ^2 sm(mA + 5^) + — . (16.194) 

'-m=l 

It means iJj{X,t) should be a pure zero mode for all the time t >0 (see Ref. [120]). 

Let us come back to the Eq. (16.184) (earlier to Eq. (16.153)) taking under consid- 
eration that in a real model = One can rewrite Eq. (16.184) in the following 
way: 



2Z + iy/"/^ n+2 Y^"^ fas^/nT2mpl\'^ \P\ 



or 



4q;s / \{n-2)\P\J \ ^^fnm^ ) R(r) 
4as \ ^ I [n - 2)\P\\ f A^m^ ^ 



(16.195) 



We want to find some conditions for ^ and C, (or ^ and Q in order to satisfy 
Eq. (16.153) for large / in a special model with H = G2, dimG2 — n = 14 for M — S'^ 
and R{r) calculated for G — SO{3). In this case one finds 

f(C) = 3V^.7.(^^i)^''(^)^Z|-/. (16,97) 

where P_ is given by the formula (8.64). 

We calculate R{r) for a group 50(3) in the fourth point of Ref. [18] (Eq. (7.21)) 
and we get 

~ ~ 2(2/.^ + 7^^ + 5^ + 20) 

Rin jj^^, • (16.198) 

The polynomial 

W{fx) = 2iJ,^ + 7 + 20 (16.199) 

possesses only one real root 

^1108 + 3V135645 7 19 q,8i,,o««i 

Ho = : = —3.581552661 .... 

6 6 6- \/ll08 + 3Vl35645 

(16.200) 

It is interesting to notice that W^(— 3.581552661) = 2.5 • 10~^ and for 70-digit approxi- 
mation of /Uq, Ji equal to 

-3.581552661076733712599740215045436907383569800816123632201827285932446, 
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we have 

W(J1) = 0.1 • 10-^^. 

The interesting point in /I is that any truncation of Jl (it means, removing some digits 
from the end of this number) results in growing W, i.e., 

< WiJin) < WiJin-l), 

where /i^ means a truncation of ]1 with only n digits, n < 70, Jl^o — Ji. This can help 
us in some approximation for R{r) > 0, close to zero. 

Substituting (16.198) into Eq. (16.196) we arrive to the following equation: 

-F(C)/ + 2^^ + ix^{7- 4F(C)) + 5/i + 4(-2F(C) + 5) = 0. (16.201) 

Considering F{Q small we can write a root of this polynomial as 

1^ = I^Q + e (16.202) 

where //q is the root of the polynomial (16.199) and £ is a small correction. In this way 
one gets the solution 

At = -3.581552661 ... + 47 (^yj liO (16.203) 

where q{() is given by the formula 

16|Cl^(C' + l) ICI \ , ici 



X 



+ 81n(|C|VC^ + lJ+ 3^1^^2)3/2 
ln(|C| + yC^)+2C' + l" 



15 
7 



(16.204) 

ICI > I Co I = 1-36 (see Fig. 6), and K and E are given by the formulae (8.65a) and 
(8.65b). 

In this way taking sufficiently large I we can choose n such that R{r) > and 
quite arbitrary ( {P< 0) to satisfy a zero energy condition for an excitation of a warp 
factor. 

Taking = toew — 80GeV, mpi = 2.4 • 10-*^® GeV, ag — ^ctem = yfjf > o^^^ S^ts 
from Eq. (16.203) 

II = -3.581552661 . . . + 4.1 • 10"^^ |^ (16.205) 

which justifies our approximation for e and simultaneously gives an account for a 
smallness of a cosmological constant R{r{p)) ~ 0. Thus it seems that in this simple 
toy model we can achieve a large Cgfj without considering large cosmological constant. 
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Let us give some numerical estimation for a time needed to travel a distance of 
200 Mps 

U 1 - - - • e-(2«+i)'^/4 

•'travel — 



„max „ 



One gets for L = 200 Mps, ttravei = 2 ■ 10^^ s ■ e'^^/^ and for / = 100, ttravei = 12 ns. 
Let us notice that for / = 100, n from Eq. (16.205) is equal to 

fj, = -3.581552661 . . . + 5.94 • 10"^^g(C). (16.206) 

q{Q cannot be too large (it is a part of cosmological term q{() = |P|"^^/^). If P_ is of 
order 0.1, q is of order 10~^^; if P is of order 1.1, q is of order 0.6. Thus fi is very close 
to Ho for some reasonable values of |P|. It is interesting to ask how to develop this 
model to more dimensional case. It means, to the manifold M which is not a circle. It 
is easy to see that in this case we should consider a warp factor which depends on more 
coordinates taking under consideration some ansatzes. For example we can consider a 
warp factor in a shape 

exp(j2\/Aifi{y)) (16.207) 

where fi{y) = Xi, i = 1,2, ... ,m = ^ni(ni + 1) are parametric equations of the 
manifold M in m-dimensional euclidean space and 

is a line element of the manifold M. In the case of the manifold S'^ it could be 

/i = cos 6 sin A 
fo = cos 9 cos A 

(16.208) 

/s = sm 9 
m = 3 

and a warp factor takes the form 



exp \ Ai cos ^ sin A + \ A2 cos 9 cos A + \/ A3 sin 6' , , 

F \ V 1 V ^ V J / ' (16.209) 

9 e (0,7r), A G (0,27r). 

Afterwards we should develop a warp factor in a series of spherical harmonics on the 
manifold M and calculate an energy of a tower of scalar particles connected with this 
development. We should of course regularize the series (divergent) using ^-functions 
techniques. In this case we should use ^-functions connected with the Beltrami-Laplace 
operator on the manifold M. Afterwards we should find a zero energy condition for 
special types of constants Ai, i = 1,2, . . . ,m. We can of course calculate the energy 
of an excitation of the warp factor using some formulae from classical field theory. In 
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the case oi M = S'^ we have to do with an ordinary Laplace operator on and with 
ordinary spherical harmonics with spectrum given by Eq. (16.14). The Fourier analysis 
of (16.209) can be proceeded on S^. 

Moreover a toy model with can be extended to the cosmological background in 
such a way that 



dsi = e^^^ dt^ - R\t){dx^ + dy^ + dz^) - r^dX\ (16.210) 

It seems that from practical (calculational) point of view it is easier to consider a 
metric of the form 

dsl = dt^ - e-^^R^{t){dx^ + V + dz^^^ _ ^2 ^^2 (16.211) 

where R{t) is a scale factor of the Universe. For further investigations we should also 
consider more general metrics, i.e. 



ds 



or even 



= dt^ — exp ^— ^^(cos ^(sin A + cos A) + sin 9) 

X R^{t){dx^ + dy^ + dz^)- {dO^ + sin^ 9 dX^) 

dx^ + dy"^ + dz^ 



(16.212) 



(16.213) 



where 



ini(ni + l). (16.214) 



Let us notice that our toy model with a travel in a hyperspace (this is really a travel 
along dimensions of a vacuum state manifold) can go to some "acausal properties". 
This is evident if we consider two signals: one sent in an ordinary way with a speed of 
light and a second via the fifth dimension to the same point. The second signal will 
appear earlier than the first one at the point. Thus it will affect this point earlier. 
Effectively it means a superluminal propagation of signals in a Minkowski space (or in 
Friedmann- Robertson- Walker Universe). In this way we can construct a time-machine 
using this solution (even if it does not introduce tachyons in a 4-dimensional space- 
time), i.e. a space-time where there are closed time-like (or null) curves. 

Let us notice that given a superluminal signal we can always find a reference frame 
in which it is travelling backwards in time. Suppose we send a signal from AtoB (at 
time /: = 0) at an effective speed ligff > 1 in frame (it means we send a signal through 
a path described here earlier and an effective speed Weff > 1) with coordinates (t, x) 
(we consider only one space dimension) . In a frame S2 moving with respect to Si with 
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velocity v > the signal travels backwards in t' time. This follows from the Lorentz 
transformation, i.e. 



, _tB{l- VUefi) 
tn — , 





- v"^ 




V 


Vi- 


y2 



(16.215) 

x'b = '^^^^Y^'^ ■ (16-216) 
We require both x'^ > 0, t'^ < 0, that is < v < Weff which is possible only if 

Ueff > 1. 

However this by itself does not mean a violation of a causality. For that we require 
that the signal can be returned from i? to a point in the past of light cone of A. 
Moreover, if we return the signal from B to C with the same effective speed (it means 
we send a signal through the fifth dimension with the same effective speed using the 
warp factor) in frame Si, then it arrives at C in the future cone of B. The situation 
is physically equivalent in the Lorentz boosted frame 5*2 — the return signal travels 
forward in time t' and arrives at C in the future cone of A. This is a frame-independent 
statement. If a backwards-in-time signal AC is possible in frame ^i, then a return 
signal sent with the same speed Meff will arrive at a point D in the past light cone 
of A creating a closed time-like curve ACDA. In a Minkowski space (a space for 
A = 0, or in general for A = Aq = const.), local Lorentz invariance results in that if a 
superluminal signal such as AB is possible, then so is one of AC for it is just given by 
an appropriate Lorentz boost. The existence of a global inertial frames in a Minkowski 
space guarantees the existence of the return signal CD. 

Thus we get unacceptable closed time loops. Moreover the theory for the five- 
dimensional world is still causal, as in five-dimensional General Relativity. Let us 
notice that in a cosmological background described by a metric (16.211) the situation 
will be very similar. We have here also global inertial frame for A = 0, and similar 
possibility to send a superluminal signal through fifth dimension. However, in this 
case we should change a shape of Lorentz transformation to include a scale factor R{t) 
which slightly complicates considerations. Moreover in order to create a warp factor 
we need a zero energy condition. If this condition is not satisfied we need an infinite 
amount of an energy to create it. The zero energy condition imposes some restriction 
on parameters which are involved in our unified theory. Maybe it is impossible to 
satisfy these conditions in our world. In this way it would be an example of Hawking's 
chronology protection conjecture: "the laws of physics do not allow the appearance of 
closed timclike curves" . However, if a zero energy condition is satisfied in a realistic 
Nonsymmetric Kaluza-Klein (Jordan-Thiry) Theory (it means in such a theory which 
is consistent with a phenomenology of a contemporary elementary particle physics) 
then we meet possibility of effective closed time-like loops (even the higher dimensions 
are involved). In this case we should look for some weaker conjectures (especially in an 
expanding Universe, not just in a Minkowski space). Such weaker condition protects 
us from some different causal paradoxes as the following paradox: a highly energetic 
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signal can destroy a laboratory before it was created. In some sense it means some 
kind of selfconsistency conditions. 

Thus what is a prescription to construct a time-machine in our theory? It is enough 
to have a 5-dimensional (or {ni + 4)-dimensional) space-time with a warp factor de- 
scribed here earlier. Afterwards we need two frames Si and S2 in relative motion with 
relative velocity v > ^^j^ where fXefi is an effective super luminal velocity ttefi > 1. This 
could be arranged e.g. as two spaceships with relative motion (A and C). Sending a 
signal with effective velocity Wgff from A to C we get the signal in a past of C. Af- 
terwards we send a signal (through the fifth dimension) from C to A. In this way we 
arrive in a past of A. 

If we want to travel into a future we should reverse a procedure with 

-1< -y < 0. 

In both cases we use an effective time-like loop, constructed due to a warp factor in a 
five-dimensional space-time. Using this loop several times we can go to the future or 
to the past as far as we want. (As in a TVP spectacle Through the Fifth Dimension.) 
An interesting point which can be raised consists in an effectiveness of such a travel. 
It means how much time we need to get e.g. 1 s to past or 1 s to future. It depends on 
a relative velocity v and ttefr- The effectiveness can be easily calculated. 

'' = 7T3^- (16.217) 
If we use our estimation for Cgfi (see Eq. (16.182)), we get 

p(2'+iW4 (16.218) 

Vl — 

for I large. It is easy to see that — > 00 if v — > 1 and if Z — > 00. 
Let us take v = jq and I = 100. In this case one gets 

77 fti 10^^. (16.219) 

What does this number mean? It simply means that in order to go 1 s into the past or 
into the future we loose 10~^^s of our life. 

However, to be honest, we should use as u^fi a velocity different from Ceff. In this 
case a time needed to travel through the fifth dimension really matters. Let a speed 
along the fifth dimension be equal to the velocity of light (or close to it) . In this case 
one gets 

where ro — 10~^^cm, L is the distance between A and B, e.g. 1000km. In this case 
Ueff is smaller, 

u^f^ = 10^^ (16.221) 
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and 

r] ~ 10^^ (16.222) 

In this case we can estimate how much time we loose to go 2000 years back or forward. 
It is 6.3- 10~^^ s. However, if we want to see dinos we should go back lOOmlnyr and we 
loose 10"^*^ s. Of course in the formula for we can use smaller L and a velocity in 
the place Cgff can be smaller too. We can travel more comfortably changing smoothly 
a velocity. Any time a time to loose to travel back or forward in time for our time 
machine is very small. In some sense it is very effective (if it is possible to construct). 

Let us notice that the warp factor (or A) is fixed by the constants of the theory 
(especially by a cosmological constant Xco)- In this way only in some special cases we 
get a zero energy condition. However, in the case of the warp factor existence we have 
to do with a tower of scalar fields (not only with a quintessence). The quintessence 
field is a zero mode of this tower. Thus in the case of an existing of a tower of scalar 
fields we will have to do with a corrected cosmological constant, which is really an 
averaged cosmological term over (in general over M) 

^corrected ^ i_ _ ^^2^^)^ ^n^X) d\ (16.223) 

where ^^(A) is given by Eq. (16.118). In this way according to our considerations 
concerning an energy of excitation 

;^corrected^^^^_ (16.224) 

However, in the formula for ^^^f we dropped an energy for a zero mode for a tower of 
scalar fields (i.e., for a quintessence). Thus 

A*,"o' = Aco(^^o) + A^^"^^*^'^. (16.225) 
If the zero energy condition for a warp factor is satisfied, we get 

A^eo' = Aco (16.226) 

and we do not need any tunning of parameters in the theory. However, now we should 
write down full 5-dimensional equations in our theory (ni + 4 in general) to look for 
more general solutions mentioned here earlier. 

In Fig. 8 we draw a time-like loop in our theory together with a realistic path in 
five-dimensional space-time with a warp factor corresponding to the loop. 

Let us consider a (tt-i + 4) formalism of the lagrangian in our theory given by 
Eq. (7.5). In this case we do not suppose that a scalar field does not depend on a point 
of a manifold M. In general ^ = ^{x,y), x E E, y E M. Simultaneously we should 
suppose that g^^^ = g^j^{x,y) for we use the transformation (7.4). From the variation 
principle 

5 j d'^x(P^yL{g,W,A,W,^)yf^^/^=Q, UcExM (16.227) 
u 
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we get equations (9.3-=-9.18a) with some differences connected witli tlie fact that now 
we do not average over a manifold M. It means that in definitions for V{<P) there are no 
integrals and the same is true for P. Now in the place of P we have simply R{r) (i.e. a 
scalar curvature for a metric fi^^g). In the place oig^'^^^ we have simply g^"'^^ and so on. 
Moreover the only one "material source" which lives in (ni +4)-dimensional space-time 
is a scalar field ^. For this reason in a lagrangian of this field we have the formula 
(16.4) (or (16.3)). In this way a full set of field equations should be supplemented with 

SttK seal 

^(Ma) = ^ Ti^am (16.228) 

SttK seal 

Riai) = ^ T^ai)i^) (16.229) 



and 



9f..,s - rl,g^u - rU^^i = (16.230) 



seal seal 

where T^ab) remaining parts of an energy-momentum tensor for a scalar 

field and F^-.F- are remaining coefficients of a connection. R,,,, are constructed 



from W 13 connection and R^na)^ ^{ah) constructed from the connection induced 



264 



by relations (9.5), (6.25), (9.4) and the condition 



A metric tensor has a general form 

dsl,+4 = g{^u){x. y) dx^ ® dx" - r'^g^^i^d^ ® d\ 
We have the formula 

seal g(n+2)'i> f 

Tab{^) = 777— <^ {9ka9zb + 9za9kb) 



(16.231) 



(16.232) 



167r 



X giCK)~iNZ) 



n 



N 



,C 



(16.233) 



9ab 



Qj^Q tensor is here in the place of in order to stress that Qj^q depends on x 
and y. We suppose however that g^^ has the following structure 



9ab = 



9f,u 








r^9ab 



(16.234) 



This tensor is of course nonsymmetric, g — det((7^^). 

These field equations are fundamental equations to find our solutions. For we are 
looking for some cosmological solutions (with warp factor), we suppose additionally 
that 



9^,u = 9{^u){x,y) 
9ab = 9~al{y) 



(16.235) 
(16.235a) 



The metric on a manifold M is still nonsymmetric. 

We will also suppose that the total energy momentum tensor (except for a scalar 
field) is given by a sum of several hydrodynamics energy-momentum tensors including 
a dust and a radiation. We get five-dimensional field equations for M = and 
6-dimensional for M — S"^ {a, 6-dimensional Weinberg-Salam model). Moreover, there 
is a different approach to derive {ni -\- 4)-dimensional equations in the Nonsymmetric 
Kaluza-Klein (Jordan-Thiry) Theory. 

Let us consider an (ni -f 4) generalization of 4-dimensional field equations in the 
Nonsymmetric Kaluza-Klein (Jordan-Thiry) Theory. According to the second point 
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of Ref. [18] we get (see Eqs (4.8.3)^(4.8.14)): 

1 /gauge seal 

Rmn{W) - - gMNR{W) = SttK I Tmn + Tmn + QmnF 
9mn,s - dzN^ MS - QuzF SN = 



'MAT 



dx^dx 



M 



n 

Y9dn [9" "9 



NA~{MD) _j_ gNM~{AD) 



where 



gauge 
T AB 



4tt 



9cb9^'9^''L'^zaL'te - 2gl^^^Hi^^H'2^ 



- -^9ab 



-aMN 



(16.236) 
(16.237) 
(16.238) 



+ (n + 2)dB^ [labL'^'''' - 2^[^^] (16.239) 



- 87r(n + 2)7re-("+2)*' {Cym - 2F) = (16.240) 



(16.241) 



is the energy momentum tensor for the (ni + 4)-dimensional gauge (Yang-MiUs) field, 
'^^(•f') is given by the Eq. (16.233) 



167r 

jaMN _ I — -BMCAja 
— V-99 9 ^BC 



9 



[MN\ 



(16.242) 

(16.243) 
(16.244) 
(16.245) 



where 



G 



(ni+4) 



-^pl(ni+4) 



gauge 



is an (ni + 4)-dimensional gravitational constant, Va^ means a gauge derivative for a 
connection defined on P (over an (ni + 4)-dimensional base). 



i'dc9MB9 ^CA + ''cd9AM9 ^ BC — '^''cd9 AM9 ^ BC 



MCrd 



MC Tjd 



(16.246) 
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C,YM = ^ led {H'^Hd - L^^'^Hi,^) (16.247) 
ffc ^ glAB]ffc^^ (16.248) 

H'^^ is a curvature of a connection a; on a fibre bundle P (over an (ni +4)-dimensional 

base) . 

Now let us suppose that a base manifold is a Cartesian product E x M, M — G/Gq 
(as in sec. 4) and let us suppose a symmetry conditions on a connection uj over E x M 
(dimM = ?ii), i.e. an invariancy of u with respect to the action of the group G on 
E X G/Gq (see sec. 4 for details). Simultaneously we suppose that g^^^ has a form 
given by Eq. (16.234), where g-j^ is defined and examined in sec. 4. In this way we can 
reduce the field equation to simpler form described above. 

The connection W^b is given by the equation 

W^B = uJ^B - , ^, Wb^B (16.249) 
(ni + 3) 

where 

a;^5 = T^BcO^ (16.250) 

W = Wce^ = ^ (W'^cs - W%c) 0^ (16.251) 

The dimension reduction procedure (described in sec. 4) reduces (ni + 4)-dimen- 
sional Yang-Mills' field to a 4-dimensional Higgs' field. Rab is a Ricci (Moffat-Ricci) 
tensor for the connection W^b- In our approximation we can consider those fields as 
4-dimensional matter fields (i.e. hydrodynamics energy-momentum tensors). Remem- 
bering that only g^^^ — gi,^{x, y) and ^ = W{x, y) are functions depending on |/ e M 
we can try to solve our equations for metrics defined earlier. Eventually let us remark 
that both approaches described here are not strictly equivalent. Moreover for the class 
of problems considered here they are equivalent. 
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17. The Approximation Procedure for the Lagrangian 

of the Higgs Field 
in the Nonsymmetric Jordan— Thiry Theory 



In this section we develop the approximation procedure for the lagrangian involving 
Higgs' field up to the second order of expansion in ^ and /i^j^ = (7^;^ — 77^;^. We 
also deal with geodetic equations on the Jordan-Thiry manifold in the first order of 
approximation with respect to ^ and h^i, for terms coupled to Higgs' field. We find also 
the field equations in linear approximation and an infiuence of and electromagnetic 
fields in this approximation. In this section we use pab to denote the Killing-Cartan 
tensor. 

Let us consider the lagrangian for the Higgs' field i.e.: 

= ^e-'^C^.r^CT^) - ^e^^-'^^Vi^) - le(-2)'^Ant(^,I) (17.1) 

where 

gauge gauge 

jC^ini V ^)=eab{9'''9''^L\ (17.2a) 
V{^) = 2£M^^''^^~^'^^H?,^Hl~^ - g^^'Hl^H'^^U (17.2b) 
£int(^, A) = pabfi%H'g}^'^Hl~^ (17.2c) 

g{[mn][ab])^ gambn g^j^^ g[ab] ^^^.^ given by the formula (6.24) and by the formula (4.55). 
Moreover for L"'^^ and L^^g we have 

gauge 

idcgpt^g^^L^a + ^cdg~arhg'^~'L\c = 24d^am^'^' (17.3a) 

(■dcgfhW'^'^^'^cd + ^cdgdrhg'^''L'^ic = '^^cdgdrhg'^''Hf. (I7.3b) 

Let us consider an expansion for g^^ and 

g~ab = h'~ab + Ck'-^l 

g'^^gnd = {h'"^^ + h'^^ + h^^^ + ...)• {h\a + Ck\d) = Sf (17.4) 
From (17.4) we get: 
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and 

Let us write the Eq. (17.3b) in a more convenient form: 

= m - Kk' g^f')H\-/,a. (17.8) 
Let us expand L'^i^ into a power series with respect to C,: 

(0) (1) (2) 

Using (17.5) and (17.6) one gets up to the second order: 

■ {h^^^^ - Ch^^'h'^^'k^-i + C^/i°^''/i°'^/i°'*A;^-gfc°-,-) + 
+ 2C{h°^^ - C/i°^''/i°'^V,-g + C''h^^^h'^^^h^'*k%rk%i)- 

' (k^M^cdL'^ca + k^ ca^cd.L'^lg) (17.10) 

One easily finds: 

(0) 

^ = P'^'hcH^ = + ^p''%cH% (17.11) 
(1) 

^ = C/^°'Vy'^4e(/c°,-a4diy^5a + k\/dcH'^ca) ' '^Ck' ^-y^i^dH^-^ (17.12) 



or 



where 



(1) 

^ = aS^e - ep''%cP'"'kde) ' h^''\k\^H'^ - k' ,^H\^) (17.13) 

(2) 

^ " 6a = C'Ch''V%kl,k'_,)p^^krdX 

X ik\^H%-,k',~, - k%ik\~,H^, + 2k\ik'^,H^,) (17.14) 



kl,^S^±^p-^krb (17.15) 



Let us consider the potential for the Higgs' field V{<P) and expand it into a power series 
with respect to (. 

(0) (1) (2) 

V{$)^ V + V {$) + ... (17.16) 
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Using (17.12-14) and (17.2b) one gets after some calculations: 



(0) 

(1) 



(2) 



J ^dm{y){pcb + ekcrP'^'ksb)H%H'rhah''''^h'''^ (17.17) 



M 



M 



V2 



X 



M 



X 



- h°^'^h°~'^h''^^h°^* - h°'^^h°~'^h°^~^h°^*){k%kLs)l^'^kqs+ 

- h°~^^h°^^h°''^h°^~^ + h°~^^h°^^h''^'^h°^~^){k%k%)jf"ikqs+ 
2 



omt uods uobduoce\ 



Up to the first order of approximation in C one gets: 

V{^)= J [{pab + ekcrP'^'ksb)H%H'^ah"''^h"'^+ 



M 



+ 2CCp''''krsiPab + ikabWv + ip^^k^p)^ 



X h°^'h°'^*h°'^k°isHPrhcH''rnc. 



dm{y). 



(17.18) 



(17.19) 



(17.20) 



It is easy to see that V{$) has only the first type of the critical point corresponding 
to the trivial gauge configuration for the Higgs' field up to the first order of expansion 
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(2) 

with respect to (. V (^) gives a contribution to the Higgs' potential resulting in the 
second type of critical point for the potential corresponding to the nontrivial gauge 
configuration of the Higgs' field. 

Let us consider Eq. (17.3a) and rewrite it in a more convenient form. 

= 24d(5i - 2Ck°^-y') V7^^. (17.21) 
Let us expand L^^^c into a power series with respect to C and with respect to h^i, = 

(0) (1) (0) 

L IXC — L IXC ^ L nc + L pc + • • • ) (17.22) 

g'^'^g.^a = {h^"^ + 1"'' + 1"'' + ...). 

Using (17.21), (17.5), (17.6) one gets up to the second order in ( and hjj,^. 

hcL^a + ^cdL^p-a - 2Ck"^-{h"^' - Ch"'^^h"'h"~,^ + eh"'h^"'^'h"P'k"sek"ip)£cdL''pc + 

-2h[f,s]{v^' -r}^''ri'>'hi,a+V^''v'''v"''KMidcL''^a = 



gauge 



+^2/,oc6^ode^opS^o„^o.^) V/3 (17.23) 



From (17.23) one obtains: 



(0) gauge gauge gauge 

i^%c =rtc Vp ^2 = Vp ^'i + Cp'^^'kbc Vix (17.24) 

(1) - gauge 

L \~a = Ck''aah°^¥%icdP''\p - 24p) ^1+ 

gauge 

+ rf'h[ps]P^''p''^hpicd (17.25) 



+ k°cp{p'^''en,p''''ibp <??+/'^V Vp^ + 2 <5f)] + 

+ idcP''%aP''%p + P'^'iddgp) VT + 

gauge 

+ /i[/35]^'^r7^>^"^4c4p(/lpa/' + /l[pa]P V%a) (17.26) 

gauge 

Let us expand >Ckin( V ^) into a power series with respect to ( and hni,. 

gauge (0) gauge (1) gauge (2) gauge 

>Ckin( V ^)=>Cki„( V ^)+>Cki„( V ^)+>Cki„( V ^) + ... (17.27) 
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Using (17.2a) and (17.24-26) one gets: 

1 

V2 



(0) gauge 1 f. . . gauge gauge 

" M 



r u- n t gauge gauge ^ 

= / [v''^h°'''iPcb + ep''^kabkfc) V« ^|v^ci™(y), (17.28) 

M 

(1) gauge In n X J~ I ~ 

M 

gauge gauge gauge gauge 

X ( V« c?|+p-4dP*4p V« C ^1+ 

gauge gauge 

-(Pc6 + ^V-^A;„6fc/e)r7"V^/i 

gauge gauge 

X [hso^ Vf, ^ ^fi + h[Sa]P''%Pep + ^'^P'^^kdpkfe)x 

gauge gauge ^ 

X $i ^?]}^dm(2/), (17.29) 



obh ^ 



(2) gauge „ J 

>Cki„( V ^?) = J ^hr^dm{y)x 



M 

„ , r- gauge gauge 

X [e{r''Up'"'Uch°'"h°'''h°^Pk°rck°~sa ^1 V« 

gauge gauge 

+ r^h'^^'h'^'''h"''~'k";j;,k\dabP''^^cdP''H,, V« $1 + 

r~ ~~ T- gauge gauge 

+ 2r/"^/i°'""/i°"^^/i°'^'^A;%-,/c°j-^46P""4d ^|)+ 

gauge gauge 
gauge gauge 

+ ^ap^P/3/,^^/,ote;^onf;.o„^^^^ac^^^ V« + 

a J- gauge gauge 

- v'''v''''hpph°'"'h°'''k°gilabP'''icdd<i V« 

gauge gauge 

-rW'ha6]h"''h"'^'k"~srUp''V^cip^cd ^? < + 

+ V'^W'hy^s] h''''''h°^~'k°^^£abP''''Up^V'"^rnp^nci X 
gauge gauge 

X ^1 

gauge gauge 

X 

gauge gauge 
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gauge gauge 

X V,, 



gauge gauge 

X 



„ , , gauge gauge 

- //"^r/^'^^T^/i^jp/il^^l^bpV^p^d Va ^f)]. (17.30) 



gauge 



It is easy to see that the skewon field enters the lagrangian i2kin( V )'^) in the 
first order of approximation similarly as for the Yang-Mills' field. Moreover it couples 
here the gauge derivative of the Higgs' field. 
Let us consider Cint{$,A). One gets: 

(0) ^ (1) 

£i„t(^,A) = /:int(^,A) =0 (17.31) 



and 



^ M 

x(Pa6//^<"r?"''/i/3a/i°'^"/i°"'fc°^a^^.^'™). (17.32) 

The nonminimal interaction term enters from the second order of approximation. 
(17.32) gives us an interpretation of a constant C- It plays the role of a coupling 
constant between the skewon field h^^,^-^ and the Higgs' field. The coupling constant ( 
is simultaneously connected to a part of the cosmological constant in our theory. Thus 
we get an interesting relation between cosmological constant and coupling constants ( 
and ^ between skewon field and Higgs' and Yang-Mills' fields. 

gauge ~ 

Thus we get V{(^), £kin( V ^Cinti^jA) up to the second order in an approxi- 
mation with respect to ( and /i^i^ = guv—Vrhv The higher order terms can be obtained 
in a similar way. 

Let us give a remark concerning a convergence of series appearing here. They are 
double power series with respect to C, and h^,^ and they converge for sufficiently small 
C and h^jy. However all the functions of C, and h^v considered here (i.e. L°'i^i L^'aa, 

-r gauge ~ 

gab^ gi^u^ y V{^), £int(^,^)) are well defined for any C and h^^. They are 

rational functions of these variables. Moreover the exact form of all of these functions 
is hard to get. 

Let us consider the terms involving Higgs' field in the geodetic equation in the first 
order of approximation with respect to C and hfj,^ i.e. the fourth term in Eq. (15.2) and 
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Eq. (15.3). One gets: 

\ I gauge r J,, gauge 



gauge 



gauge 



gauge gauge 

xhf3pp''%f Vs - ^v'''v'''h^6p]kcdP''^p'%eibp ^?]. (17.33) 

This is the fourth term in Eq. (15.2) i.e. the term involving the Higgs' field in the fist 
order of approximation. Let us write the equation for the Higgs' charge in the first 
order of approximation. One easily finds: 

n^i" 1 / \ -gauge - gauge 

1 ~~ J- J- - - gauge 

+ 2C[(^cd/i°""/i°''"^-^dc/i°''"/i°""^)A;°^n/''4p ^^-+ 

J~ gauge 

gauge 

-afced/i°"''fc°^~j/l°^y(4pP^"4,-245) + 

X , gauge 

-^V^'h[f3S]kcdP''''p'%firs 

+ ^ {£^y{^cdh"'''^J Hl-^ - ^k,dh^^V'ifeHI^+ (17-34) 

+ ^C[(4d/i°""/i'''~'^ -4c/i°'""/i'''''^)/^°mnP'^^/eiyfj+ 

- C(kcdh°^\h'^fYPp'Hbeik%-/p,Hl + k\fe,pH;.)+ 



Eventually one easily writes down the explicit form of the mass matrix for massive vec- 
tor bosons (i.e. M^^ (<5^rt) from (8.21-22) in zeroth order of expansion with respect C- 



•((Ct)f^P,«I + (Ct)|/^.) • ((Ct)f^L< + (et)^/n^)- (17.35) 
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The next terms i.e. the first and the second can be obtained similarly from Eq. (17.28- 
30). Thus we get an expansion with respect to ( 

(0) (1) (2) 

M\j{^'^,,) = M\^{^1^) + M\j{^l^) + M\^{^1^) + . . . , (17.36) 



where 



dm{y), (17.37) 



V2 

,uobri.^ohsuodci,o_i,o /) ^ ^ce n udq p . 

■ ii^LYcC'rfaj + (^c^t)|4) • ii^LYnC's,^^ + i^LYrnfi) + 
_2hobrhorhS^odcj^o_^j^o^^^^^pac^^^, 

■ ((Ct)I^^'p«^ + (Ct)l/a7) ■ ((Ct)a^^e/«{ + {^crtYpflY 

■^^dm{y). (17.38) 

After a diagonalization procedure for M"^ we get a mass spectrum for vector 
bosons. For k — Q m. the "true" vacuum case and ioi k — 1 for the "false" vacuum 
case. 

Let us consider the mass matrix for Higgs' particles (see sec. 8) 

If 5''V 



k \a r 



(17.39) 



and expand it in a power series with respect to (. One gets 

m'i^'^j'/r = m^(Ct)'aV + m^(Ct)'a'r + m^(Ct)'aV + • • • (17.40) 
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One finds 



at)\ nL crtJm I crtJ n m/ J nfh a 



a 



2a. 



'Tic 



^2x1 crtJpL crtJq L crtJzJpq "^-'P? 



M 



^av\^n\. crtlm L crtJn^m/ Jnrh^a 



= CruiS;\^i^\^ - Wcr^S^ - f^d 
■ h"'''h"P'h"'''ip,dP'''^{krs + ^krppP^k,s)k"is + 

V he 



■ [etch'''''^h"''h"^'{krs + Ckrpf'k,s) + 
+ £ahh"'^'h"''h°'''^{krc + ikrpP^'^kq,)]- 



dm{y), 



M ^ 



etc 



^ODV^nL crtJm L crt J n"m/ Jnrh^a 



k If ra 



+ h°^''h°^h°^^h°P~^)k''+dk'-d+ 
2 



(17.41) 



(17.42) 
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l^2l^obc^orhi^o~sd^onc ^ ^obS ^ofhi ^oc~e ^ond-^j^a 

- h^^^h^'^h^^^h"^^ - h°^^h°'^h°^'^h''^^)k''+rk''_b+ 

- h°~^^h°~'^h°^^h''~^^ - h°~^^h°~'^h°^~^h''^^){k''+sk''_p)pP'ikqd+ 
+ h°~^~^h°^^h°'''^h°^^ + h°^^h°^h''^'^h''^^){k''+rk'-d)p^'^kqb+ 

- £ab{i2h°~^^h°^^h"'^h°'^'^ + h"^'h°~^^h°'^~^h°^'^)k''+c-^ 

+ h°'^'h°~^h°^^h°^^ - h°^'h°^*h°^^h°^^)k''+rk''-c+ 

- h°~^^h°'V^h°^^ - h°~^^h°'^h°^^h°^^)k''^rk''-c+ 

277 



dm{y). (17.43) 



V2 

After a diagonalization of the matrix rTn? {^'^^^Y J' h we get a mass spectrum for Higgs' 

particles. A; = corresponds to the "true" vacuum case and A; = 1 to the "false" 

vacuum case. In both cases i.e. for vector bosons and Higgs' particles this is the 

mass spectrum up to the second order of expansion with respect to ^. Next orders 

of expansion can be obtained in a similar way. The lagrangian involving Higgs' field 

depends on the scalar field ^. 

Let us consider the full lagrangian of the theory in the second order of approximation 

with respect to /ij^j^j and W Thus let us take this part of Yang-Mill's and Higgs' 

lagrangian which depends on W only. We remind to the reader that we suppose in 

_ 2 ~ 4 

section 12 an identification = — VF^ and Hl^^ = — 

3 3 

Let us take the Yang-Mill's lagrangian in the zeroth order 
(0) 2 ~~ ~ 



97T 

1271 



+ + ekFrnb]W[f,,^^H^^^^^r,f''^v'''' (17.44) 



and in the first order: 



^^Vm = -^iPFF + ekFrP''ksF)v''''v''^V^''hr.)W[p,^]W[^,^] + 
+ ^(PFb + ^^kFrr'ksb)V^''v''^V''"hra)W[^,^]Hl^,^ + 

{PaF + ^aFW%s{S^F + &''k,F)v^''V^^V^"h[r,]W[^,^]W^^,^] + 



3tt 

1 



fiPaF + ikaFWkrs{5\ + iF'k.^W" 1^^^ ^^^hy^^^W y^^^^W + 
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- ^{Pab + iKbWKs{5^F + iF''ksFWv^^V'^''\ra]W^^,^y^^^^^, (17-45) 

where £ab = Pab + i^al '^^ nonsymmetric right- invariant tensor on the gauge group 
G (being a subgroup of H). The field W ^ appears also in Ci^^_{^,A). One gets 

(2) ~ 4£ r / 

C{^,A) = -^ J ^\dm{yy 

M 

■{Pabl^''FV^"v"^hf3ah''^^h"''h"-,-W^^^,}H'rhn^ (17.46) 

~p 2 

Moreover, the field = —-W^ couples the Higgs field via the gauge derivative. 

o 

gauge 

Thus we should consider £kin( V ^) up to the second order of W^. Moreover, we 

gauge 

do not consider in this case the full lagrangian £kin( V ^) because according to our 
assumption the A^ ^ field becomes massive after a symmetry breaking from G to Go 
and it is enough to consider a mass term for this field in the lagrangian 

^v'^'rnlA^^A^PFF = ImlpFFV^^'W^W,, (17.47) 

where niF is the mass of boson corresponding to the broken field (the \J{1)f 

subgroup G, \J{1)f 't- Gq). The remaining part of the full lagrangian of the theory 
containing is the term 

2 
3^ 

Taking this term up to the second order with respect to /i(^i^), and one gets: 

(17.49) 

We should add of course a quadratic approximation of R4,{r) in N.G.T. to have full 
lagrangian containing W^. This is known in N.G.T. The Nonsymmetric-Nonabelian 
Jordan-Theory (Kaluza-Klein) Theory with Higgs' mechanism gives us several ad- 
ditional couplings between and W^, which are absent in pure N.G.T. It 
seems that they can help in solving some serious problems in N.G.T. raised recently 
by Damour (see Ref. [121]). 

In order to have a more clear situation we take only this terms which does not 
depend on the gauge field (broken or unbroken) and which are at least quadratic in 
W^, One gets: 

>Cquadratic(t^) = ^(PFF + ^^kFrF'ksF)v''W''W[f3,^^W[^,^^ + 

—PFFrnW^W^W. - ^r7^^'''^"/i[^,«]TF[^,.i. (17.50) 



-/^''^Wy.^^y (17.48) 
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Thus we get the lagrangian which is a Proca-field lagrangian interacting with h^pa]- 

Let us consider linearization of Eqs. (12.44 49) with respect to hi^^,^-), /ij^j^j and 
Wfi and let us neglect all Yang-Mill's field and Higgs' field except field {A^ /j,). 
One easily gets 

- (a + h[p^],\f^ + lhp^^] ,\a +^(1 + 4a)TF[^p] = ah^p. (17.51) 

Notice that we omit the energy — momentum tensor for VF^, because it is of the second 
order with respect to W^, ahf^p is a cosmological term with a being a constant, is 
the usual Ricci tensor for in the linear approximation 

i^A^P = 3/i[[A^],p]. (17.52) 

In the formula (17.51) we take for a full Ricci tensor the following sum. 

RA^) = R\.x + (17.53) 

In the work we are using a = -. 

2 _ 

The most interesting case is the interaction of the skewon field with W^,. 
The lagrangian for the W^, field looks as follows 

HW) = -^W^^^^^W^^'"^ + B^W^W^ + ^(1 + Aa)h^'^^W[^,,^, (17.54) 

where A and B are constants and 

/^[mH =^/^«^^/3/i^^^j^ (17.55) 

r]p,i, is a Minkowski's tensor. 

The constants A and B depends on the details of the theory presented before (i.e. 
groups, constants ^, fi, (). 

Now we redefine the field introducing a new field 



One gets: 



= ^AWp. (17.56) 



L{V) = -^V^.V^^ + "^V^V^ - (17.57) 



where 

V = d^V, - d^V^ (17.58) 
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and my is a mass of the Proca field F^, and gv is a coupfing constant, gv > 0. The 
equation for the field is as follows: 

+ Qi^Q>^ _ r^i'^rnDVx = ^gvd^h^''''^ . (17.59) 

The equation can be rewritten in the following form: 

d^.V'f + m\V^ = -^gvdr.h^""^. (17.60) 

Now wc come back to Eq. (17.51) and write them for the symmetric and antisymmetric 
part eliminating VF^ field. One gets: 

+ 2(« + ^) ihi-^xu,^ + ^[PA],P,^)+ 

~l (" ^ (^[pA],^,M + ^[M]/,p) = o/i(^p): (17.61) 
^[ip,|A|,7] +2(^"+ 0(^[[m|a|],p,^,7] + ^[WA|],m,^,7])+ 

-2(« + (/^[[p|A|] l^l,M,7] - ^[[M|A|],'^',P,7]) + ^^[[PM],'^',|A|,7] = ^«^^P7- (17-62) 

The Eq. (17.61) describes linear G.R.T. with skewon sources and Eq. (17.62) is the 
equation for skewon field which couples to the field in Eq. (17.60). For i?^p we have 
a simple formula 

R^, = -nh^p, (17.63) 

where h^p = - ^rf^^h(^^p)r]^p, and F"",^ = 0. 
Thus the Eq. (17.61) takes the form 

-nh^p + 1 (^a + (H^xu,^ + /^[pA],M,^)+ 

~l ^ (^[pA],^,M + ^[mA]/,p) = ah^P - ^v''\ap)Vnp, (17.64) 



where h^'' ^p = 0, h^p = hp^. 

Moreover, it seems that we should consider also some nonlinear terms connected to 
V]u as a source of gravitational field in (17.64). It seems also that we should include an 
electromagnetic field, which remains massless after symmetry breaking and the scalar 
field In this way we consider lagrangians and energy — momentum tensors for Vp,, 
Ap and 



281 



In the lowest order the lagrangians for electromagnetic and scalar fields take forms 



1 / 'TV! 2 



(17.65) 
(17.66) 



where M = {l^'^'^k^dc] - 3n(?i - 1)). 

According to our considerations the scalar field ^ obtains a non-zero mass. More- 
over, we should redefine the field ^ in such a way that 



1 mi, 2 

where m,^ is a mass of the field (p. 
It is easy to see that 

According to the Eq. (12.44-50) we really need the quantity 
One easily finds for and electromagnetic fields 



(17.67) 



(17.68) 



(17.69) 



T — 
" 47r 



em 

T 



(17.70) 
(17.71) 



For scalar field (p we have 



seal 1 / 1 

T ap= ~ -^Vap{<fi,^l'fi''') + -^Vapf'^ ]■ (17.72) 

We should add of course to the set of equations of fields, equations for electromagnetic 
and scalar fields. Thus one gets: 



1 



ah 



2 V 6 



1 



^/i(a/3)^/.p + ^ (^r7"''(F^^F,p + Vp^Vrp) + V'.^^'.p - \r|^^p{y^|3V''^+ 
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+F^pF^f' + (/.,«(^,° - mj^2) ^ rnl^v^Vp^ , (17.73) 



d^F'^'' = 0, F[pXM = 0, (17.74) 
iD + ml)if = 0, (17.75) 

a.F^'^ + mlV^^ = -^gydM''^\ = 0, (17.76) 



where 



and 



and X = 



-P)iP7 = 3^[M,7]' (17.78) 
h^p = h^^p) - -v'''^h(^ai3)Vf^p, (17.79) 
h = ?7''''/^w (17.80) 



h""",, = (17.81) 



87rG' 



N 



C4 



The Eqs. (17.73 -j- 17.81) are fuU set of equations for coupled fields in our approxi- 
mation. 

Let us notice that in Eq. (17.77) we have on the right-hand ride a term |aF^p^. 
This term induces a mass term for the field h^^^y In this way the skewon field h^ij,,^] 
is massive (due to cosmological term) and some problems raised in Ref. [121] are not 
applicable. 

Let us recall that the fields V^, (f are also massive, h^^^.^ V^, ip are additional 
fields which are connected to gravitational interaction (except /i(p,^)-field). They are 
massive and in linear approximation they are of short range (having a Yukawa-type 
behaviour). Due to this we have no problems with gravitational radiation from closed 
binary systems. Only the famous quadrupole radiation formula enters the equation for 
a secular changing of an orbital period. This is exactly the same as in G.R.T. ([122]). 

Recently J. W. Moffat has proposed a reformulation of N.G.T. ([123]). It seems 
that many of additional phenomenological terms in his gravitational lagrangian can be 
obtained from our theory. In particular in the approximation presented here they are 
coming from an effective interactions with massive multiplet of Higgs fields. In our the- 
ory Higgs' field is a part of multidimensional gauge field in nonsymmetric Kaluza-Klein 
(Jordan-Thiry) theory. In some sense this is a little similar to Connes Noncommu- 
tative Geometry ([124]). Moreover in order to be closer to this approach we should 
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extend our formalism to include supersymmetry and supergravity in a nonsymmetric 
version of our theory. 

The interesting point in our approach is to find a quantum version of this classical 
field theory. It simply means how to quantize the theory? It seems that the best way to 
achieve it is to use Ashtekar approach of canonical quantization ([125]). In his approach 
applied to gravity there is a possibility to extend the formalism to include gauge fields 
and Higgs' fields. In such a way we can work with a group SU (2) (8) G{SL{2, C) (8) G) 
in the place of SU{2){SL{2, C)). 

Let us notice that there is a different possibility to quantize our theory (even in 
a perturbative regime). This possibility is to consider the theory as an effective one 
to some energy scale. In this way our Lagrangian is an "effective Lagrangian". It 
describes low energy interactions and we are using only those degrees of freedom and 
interactions appropriate for those energies. Whether or not is this theory fundamental, 
at low energy it can be described by an effective theory. The lowest energy Lagrangian 
can be used to determine the propagators and low energy vertices, and the rest can be 
treated as perturbations. When we quantize the theory (introducing propagators for 
graviton, skewon, photon, gluons, higsons, scalarons, intermediate bosons and vertices 
for them) and calculate loops, the usual ultraviolet divergences can be absorbed into 
definitions of renormalized couplings in the most general Lagrangian. 

Those effects can be left-over in the amplitudes for long distance propagation (low 
energy). Roughly speaking we can consider a full Lagrangian of the theory as a sum 
of local Lagrangians (the most general local effective Lagrangian) absorbing infinities 
into all couplings' constants. Afterwards we use an energy expansion and order the 
most general Lagrangian in powers of the low energy scale divided by the high energy 
scale. If we want to quantize a full theory with a tower of scalar fields, we can use those 
massive fields as regulator fields in some kind of Pauli-Villars' renormalization scheme. 
In this way we can get some interesting results similar to J. Donoghue's approach 
in quantization of General Relativity (see Ref. [126]). In some sense J. Donoghue's 
approach is an attempt to renormalize nonrenormalizable theory. In both approaches to 
quantization of this unified theory we can use generalized functions of J. F. Colombeau 
(see Ref. [127]). 

The interesting problem to consider in our theory is to find a reason to existence 
of a cosmological constant (Aco = ^, see Eq. (14.296)). A natural assumption is to put 
both cosmological terms to zero. This is possible by taking special values of /j, and ( 
such that 

^(r(/io)) = P(Co) = 0. (17.82) 

In this way we control a value of a cosmological constant. In order to get a specific value 
of Aco we should take some values of and ( different from hq and (q. For fj, and ( 

enter some observables connected to elementary interactions and other cosmological 
predictions (see sections 18 and 19), we should be very careful. In this way we have 
to do with some kind of fine tunning of and It seems moreover that the non-zero 
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cosmological terms are connected to a breaking of some kind of invariance in the theory. 
Probably to a conformal invariance. 

In order to examine this conjecture let us linearize full field equations of our theory 
(Eqs (9.3)-j-(9.26)). It is easy to see that those (linearized) equations are conformally 
invariant if both cosmological terms are zero and r — > oo. We linearize ^r^i^ around 77^1/ 
and ^ around ^q. Equations for Yang-Mills field are not linearized. In a general case 
in order to get a scale invariance we should have a condition 

Ta^^7"^ = (17.83) 

tot 

where T^^ is a total energy momentum tensor (including cosmological terms). For 
this we should develop a theory to include fermions in order to get more conclusive 
results. Thus we should extend this approach to supermanifolds with anticommuting 
coordinates and to superfibrebundles with super Lie groups (algebras). 
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18. On some Cosmological Consequences 
of the Nonsymmetric 
Kaluza— Klein (Jordan— Thiry) Theory 



We consider some consequences of the Nonsymmetric Kaluza-Klein ( Jordan-Thiry) 
Theory. We calculate primordial fluctuation spectrum functions, spectral indices, and 
first derivatives of spectral indices. 

Let us consider Eq. (14.341). 

(5 + 3a)v/5 + 4^ (1 + ^5 + 4^) 
^ > d.as{Ains''{u)+A2) 2a, ^ ' > 

where 



u=\l ^ Z2 ^ • A/sin^^— — (t-to) (18.2) 



^i = -y/^-a2sin^ (18.3) 



and 



^_^2eos^±^ + l(5 + 6a) (18.4) 



cos = ^ 18.5 



ns is the Jacobi elliptic function for the modulus 



,2 _ (f) 

sm(^) 



- ' (18-7) 



B is an integration constant, r is a radius of manifold of vacuum states (a scale of 
energy), a coupling constant. A is given by the equation (14.321) and is fixed by 
the details of the theory, is a critical value of a scalar field ^. n is a dimension of 
the group H. Eq. (18.1) gives a solution to the equation of an evolution of the Higgs 
field under some special assumptions (in the cosmological background). Due to this 
solution we are able to calculate Pji{K) — a spectrum of primordial fluctuations in the 
Universe. 
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According to the Eq. (14.186) 



(18.8) 



rh,d \dt^ ml / \i=t* 

Using Eq. (18.1) and the assumption 

<(t) = 

one gets ioT t — t* — ^ In 

{Ax + A2 sn2(^;))^sc^(v) 



(18.9) 



(18.10) 



where Hq is a Hubble constant 

12iy4a^ni^3/2e(3/2)-'^i • sin-^ (^) • tt 



-2 



^^0 = 



(18.11) 



v=i\nK-toHo-HHoRo)) 



1 jAe"^"^^ (5Ae"'^i - Sa^Br^) I . (f + n 



Hn 



sin ^1^,(18.12) 



rii means a dimension of the manifold M = G/Gq (a vacuum states manifold), = 
K"^ means as usual the square of the length of a fluctuations wave vector. We calculate 
a spectral index of a power spectrum 



ns{K) 



dlnK 



ns{K) -1 = 2C 



dn(t;) 



_cn(f ) sn(f ) 
and an important parameter 

dusiK) 



2Sn(t;)cn(f) 2A2 sn(z;) cn(t;) dn(t;) 

777' ~ ~ ^ ~|~ 



dn(f ) 



A1+A2 sn2(w) 



(18.13) 
(18.14) 



dliiK 



2C' 



(sn^(v) dn(v) — cn^(v) dn(v) — sn(v) cn(v)) 
1 



X 



+ 



+ 2A; 



cn(t;) sn(t;) dn(t;) 

cn^(f ) dn^(f ) — sn^(t') dn^(f ) — sn^(f ) cn^(t') 
' Ai + A2sn'^{v) 



(18.15) 



' {Ax+A2sn^{v)f 
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where v is given by the formula (18.12) and all the Jacobi elliptic functions in the 
formulae (18.10), (18.14-15) have the same modulus 



o sin ^ 



sin^' 



c=-J '—^^ ' V ■ ^''-''^ 

In this theory we have some arbitrary parameters which can be translated to param- 
eters Ai, A2, C and m. Thus we can consider Eqs (18.10), (18.14-15) as parametrized 
by Pq, Ai, A2, C and m. Simultaneously v can be rewritten as 

v = C{lnK -Kq) (18.17) 

where Kq is an arbitrary parameter. Let us remind that in our theory we have ar- 
bitrary parameters: r, C, ^, as (they could be fixed by some data from elementary 
particle physics, however, they are free as some parameters of the theory) and inte- 
gration constants B and to {Rq also in some sense). The interesting idea for future 
research consists in applying CMBFAST or CMBEASY software [128] to calculate all 
the cosmological CMB characteristics with mentioned parameters considered as free. 
Afterwards we should fit them to existing cosmological data [104] as good as possible 
in order to find some constraints for parameters from our theory. 

Let us consider the function Pr{K) from Eq. (18.10). It is easy to see that the 
function 

is a periodic function 

f{v) = f{v + 2K{m^)l), I = 0, ±1, ±2, . . . , (18.19) 



f{v) = '-^^ ^ (18.18) 



7r/2 

\/l — sin^ 9 



K{m') = [ o • (18-20) 

vl — 



Thus we get 



PR{K) = PR{Ke'^), (18.21) 



2K(m )^o//^^„^ /5^^L,_3^2g^2N 
V = ^ . (18.22) 



or 



V = — (18.23) 
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Thus it is enough to consider Pr{K) in the interval 

e-W2 <K < e+''/^ (18.24) 

(a httle similar to the first Brillouin zone). In order to have an interesting cosmological 
region we should have 

r7~ 20 (18.25) 

which gives us a constraint 



C " V ^^""^ ^^^^"""^ - ~ 

Moreover we should consider a region with ns{K) = 1. This can be satisfied if 

dn'^{v){Ai+A2sn'^{v)) -m'^sn^{v)cii^{v){Ai + A2Sii^{v)) 
+ 2A2 sn^ {v) cn^ {v)dn^{v) = 

with the condition 

sn(f ) cn(f ) dn(^;) {Ai + A2 sn^{v)) ^ 0. (18.28) 

Using some simple relations among Jacobi elliptic functions and introducing a new 
variable 

x = sn^{v) (18.29) 

one gets a cubic equation 

^3 ^ A,m^ - iA,ra^ - 2A, ^ 3A, - 2A,,n- , + ^ p ,18.30) 

or 

o pm'^-4mP-2 n 3 - 2pm^ p ^ /.„o.n 

3m^ 3m^ 3m^ 

where 



p=-^= I ^ . 18.32 

yir;^cos^ + ^ 

This equation can be reduced to 

y^+py + q = {) (18.33) 
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where 

^ -m\p^ + lOp + 16) + m^(4p + 11) - 4 
^ 27m4 ^ ■ ^ 

_ 2mP{p^ + 15p2 + 92p - 64) + 6m4(49 + 25p - 2p2) + 6m2(43p - 64) - 16 
? - 27W ^^^-^^^ 

The discriminant of Eq. (18.33) can be written as 

D = ^ + 1^ (18.37) 

and one gets after some tedious algebra 

D{p, m) = / [ - (387p^ + 7376p^ + 29456^^ + 114944p + 258048) 

+ (243p^ + 6660p^ + 19062p2 + ISOOOp + 116352) 

+ (246p^ + 2292p2 - 4716p^ + 3299p + 2473) 

+ (I44p^ + 1512p^ + 10476p + 19251) 

+ (-1548p3 + 3584p2 + 35190p - 26460) 

+ 48(75-39p) . 
We use the Cardano formulae to find a root xq. Afterwards we get 

arcsin ^Jxo 



(18.38) 



v± = ± f =. (18.39) 

J V 1 — iTT-^ sin^ 6 
^ 



Thus we need < xq < l- 
It is easy to see that every 



vi = v± + 2K{m'^)l, Z = 0,±1,±2, ... , (18.40) 



satisfies Eq. (18.27). 

If D{m, p) > 0, we have only one real root 



where q is given by Eq. (18.35) and D by Eq. (18.38). Moreover we need < a;o < 1- 
In order to find a criterion let us transform Eq. (18.31) via 

x=l±^. (18.42) 
1 — w 
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This transformation maps a unit circle on a complex plane |a;| < 1 into Hew < 0. One 
gets 

o 13m^ + pm^ - 1 + 3p o 
H 5 ^- — 5 ^ w 

5m + 3pm — 5 — 3p p + 1 — m — pm ^ 
Tm^ — 3pm2 + 5 — p Tm^ — 3pm2 + 5 — p 

It is easy to see that the map (18.42) transforms roots of Eq. (18.31) into roots of 
Eq. (18.43) and real roots into real roots. Especially roots inside the unit circle into 
roots with negative real part. Thus if Eq. (18.31) possesses only one real root inside 
the unit circle then Eq. (18.43) possesses only one real root with the negative real part. 
Let Wo be such a root of Eq. (18.43) and z and z be the remaining roots. One gets 



(18.44) 



(w — wo){w — z){w — z) 

= w^ -{2 Re{z) + Wo) w'^ + {\zf + 2 Re{z)wo) w - wo\z\'^ = 0. 

Thus we only need 

-wo\zf > 0, (18.45) 



which means 



= i±^, (18.46) 

I - Wo 



p + 1 — m^ — pmP' „ . . „x 

^ > 0. (18.47) 



Tm^ — 3pm2 + 5 — p 

The last condition means also that Eq. (18.31) has a real root inside the unit circle, 
i.e. xo- Now we only need to satisfy xo > 0, which simply means 

£<0 (18.48) 

or (if m^ > 0) 

p < 0. (18.49) 

In this way we get conditions 

(p + 1 - - pm^) (Tm^ - 3pm'^ + 5 - p) > 0, (18.50) 

p<0. (18.51) 
From (18.50-51) we get two solutions: 

I > p > -1, 1 > m^ > (18.52) 

7 — 3p 

II P<-1, < < ~ ^ . (18.53) 

7 — 3p 
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Simultaneously we have 



D{p,m) > 0. 



(18.54) 



Under these conditions our solution given by Eq. (18.41) is non-negative with modulus 
smaller than one. 



In this way we have 



for 



lnK = 



ns{K) = 1 
v± + 2K{m?)l 



C 



K = Kq exp 



v± + 2K{m?)l 
C 



(18.55) 

(18.56) 
(18.57) 



where K'q = IuKq. 

Moreover we are interested in a deviation from a flat power spectrum. Thus we 
consider 



dm A 



(18.58) 



where AlnX ~ 10 and '^^{^^ is calculated for InK given by the formula (18.55). 
According to the formula (18.15) '^^iriK proportional to C^. 
Thus using (18.26) we get 



dlnK " V 10 ' ^'^ 

which gives us rough estimate of a deviation from a flat power spectrum. 
For K given by Eq. (18.57) one gets 

dns{K) 



(18.59) 



dhiK 



= 2C' 



X 



£ [eQXQ\/l - W?Xq - (l + xq{w? - 1)) Vl - 

Vl — m?XQ + esQW? -^f xq{\ — xq) 
-sJxq{1 - xq){1 - m?xo) 



(18.60) 



1 + Sm^XQ - xo{2m^ "'"^ + ^^^^^ ~ ^o)i^ ~ m^xo) 



P + Xo 



where 



2 2 1 
en = £ = 1. 



It is interesting to estimate a range of K. One can consider 
Kq exp — < K < Kq exp ' 



C 



C 



(18.61) 



(18.62) 
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Let us consider Eq. (18.58). If we find conditions for '^^f^^'* to be zero, we get 
a local flat spectrum (around K given by Eq. (18.57)). One gets using (18.29) and 
(18.60) 



[eQXQ\/l - rin?xo - (l + xo{'m? - 1)) Vl - a^o^ 

\/l — m?XQ + esQ-w? J xo(l — xq) 

X = 

a/xo(1 -a;o)(l - w?xq) 

xo{2m? + 1) — 1 — 3m^Xo 4:Xo{xo — 1)(1 — w?xq) 
P + xq [p + xoY 



(18.63) 



For xq — XQ{m,p) (see Eq. (18.41)) is a known function of m and p, the condition 
(18.63) can be considered as a constraint for m and p. Together with (18.52), (18.53) 
and (18.54) it can give an interesting range for parameters m and p. In this range the 
spectrum function (18.10) looks flat (around K given by Eq. (18.57)). 

Let us consider a formula for an evolution of Higgs' field given by Eq. (14.369): 



where b = 'f'^l^ > 0, 



^(^)=2^i^^V l-e-"^K.-.o) l (18-64) 



lim $(t) = — 



It is easy to see that for 



2 

imax -tQ= -, (18.66) 
^f|+,„U±(l±^|. (18.67) 



b J a 



Thus we can consider from practical point of view that an inflation has been completed 

2 

6- 



for t = to + I • The inflation starts for 



^initial = to + r'r In ^ . (18.68) 

Let us calculate Pr(K), a spectral function for this kind of evolution of Higgs' field. 
One gets from Eqs (18.8) and (18.9) 

Pj,{K)^Po^^^ (18.69) 
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^° 1257r262 
For a spectral index we get 



dlnK 

5b 
-no 

For the first derivative of n 



{0- 



An interesting question is to find the range of K. Taking 

1 / -ft^initial \ ,1,5 



one gets 







Ko( 




1 


^ -^max 




\RoHq 



^max — rr iDtT ^max 



2 



and finally 



Let us find K such that 

= 1. 

One gets 



K = Ko 

1/m 



5X i/M 
2 
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For such a K one gets 

^"^^^^=571^ (18.83) 



dlnK 

ns{K) ^ 1 ± 577^ A In (18.84) 
If we take as usual AlnK ~ 10, we get 

n.iK) - 1 ± 6^ = 1 ± ^ e=»*M^ (18.85) 

We can try to make it sufficiently close to 1 taking a big Hq. 

In this case we have parametrized a spectral function and a spectral index by only 
three parameters Jt, Pq and Kq, from which only Jt matters. Taking K from the range 

I.2VM < < lO'i ^/A (18.86) 

we can calculate in principle all CMB characteristics (see Ref. [128]) and to fit to 
observational data (as good as possible) parameters Ji (and Kq). This will be a subject 
of future investigations. 

Finally (in order to give a complete set of spectral functions) let us come back to 
some formulae (see Eqs (14.529-531)): 

Pr{K) = Pog (-^] (18.87) 



RqHq 



1 

72 



(sd(«,|) + v^cd(«,|)nd(«,|)) 

arccos(\/5/Ci) 

u = V2C1X + K {^) - CiV2 - j I ^'^ , -- (18-88) 

Vl-|sinV 

sd(M, ^) + V 2 cd(tt, 2 ) nd(tt, 2 ) 

^ = -2C,. V^cd(^,j)-Sd^(^,|) _ 2^,2,2,^2^ 1) 

dlnK sd(«,|) + A^cd(«,|)nd(«,i) ' ^ 2^ 

, 2 



(sd(w, i) + 72 cd(u, i) nd(w, i)) 

In this case independent parameters are Ci and Kq = RqHq. The amount of 
inflation in three cases can be calculated. In the flrst case (function (18.18)) it is given 
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by the corrected formulae (14.357-358), i.e. 



No = Hoxl Fi^^ f = (18.92) 

' ^l-(i^)sin^^ 



5Aae'»*'i „ 

<P2 



or 



]V„ = ^{/^ / (18.93) 

It is interesting to notice that we can calculate A'"o from Eq. (18.92) for simplified 
Weinberg-Salam model (see the first point of Ref. [75] in the nonsymmetric version). 
One gets 



V 15 \mpiasj 
{7g{C, /.) + vW(C]^y+384^C^) 



X 



(2/^3 + 7^2 + 5^ + 20)^/^ |C|^/^(/^^ + 4)1/2 

1/2 

(1 + e)'/^ {49g'{C, //) + ^(C, /i) (^2 + 4)^49g^C,,,) + 384h{C,i,)) 



(in (ICI + Ve + l) + 2C^ + l) ((5C2 + 4) ln2 - 2/.2(i + 

(18.92a) 

where 



(^)) 



,Sln(|C|V<^). ^";f;-W (18.95) 

^7(C,^) = -/(C)(^' + 4) (18.96) 
/i(C, /i) - |CI(2^' + 7^2 ^ 5^ ^ 20)(1 + C')-' 

X ((5C' + 4) In 2 - 2^i\l + (in (|C| + VCTl) + 2C' + l) (18-97) 

J= f , (18.98) 



^l-(^)sin^^ 



¥>2 
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a= (!!hA\35/2m^l/2j_ 



X 



7/2 

{2^1^ + 7;u2 + 5;U + 20) 



+ 4) (7^(C, li) + V4V(C,/^)+384/i(C,//)) 



(1 + ey/^ (in (id + x/C^) + 2C' + l) 

X : TTT^ (18.99) 

|C|i/M(5C2 + 4) ln2- 2^*2(1 + C2))^/' 

and a satisfies the condition (18.6), which is a condition for an integration constant S, 
-B > 0. AU of these formulae are subject to conditions 

IJL> IJiQ = -3.581552661 . . . {R{T) > 0) (18.100a) 

Id > Co = 1.36... (P(C)<0) (18.100b) 

o (5C^ + 4)ln2 , , , 

^ < 2(1 + C^) > (18.100c) 

In the second case considered here the amount of an inflation is inflnite (in princi- 
ple). Moreover, it can be given by a flnite formula 



N — Hq (tend " ^initial) — Hq (tmax — ^initi. 



ialJ 



= ^„f2 lj^5X^ ^/ _1^5X^^^ (18.101) 

5h a) h \ 547 h 

In the third case the amount of an inflation is given by the formula (14.520) 

arccos I ^rr- I 

V2C2-K[^^ f . -x/2(gie^°, (18.102) 

which is a transcendental equation for Nq. 

All of those Pji{K) functions will be treated by numerical methods from Ref. [128] 
and afterwards we compare the results with observational data. This will be the flrst 
stage of an application of our theory in cosmology. Afterwards we try to estimate 
intrinsic parameters of our theory and to start a multicomponent inflation. 

Now we calculate a total amount of an inflation during two de Sitter phases in our 
cosmological models and corresponding masses of quintessence particles. 

We consider a total amount of an inflation in cosmological models. In our approach 
we get two de Sitter phases governed by two different Hubble constants Hq and Hi. 
We underline that we have to do with phase transitions: of the second order in the 
conflguration of Higgs' fleld and of the flrst order in the evolution of the Universe. 
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The Hubble constant in the first phase is given by the formula {h = c= 1) 

(n-2)/4 



X 



where 



2(n+2)/4(^ + 2)(^+2)/4^/3"/4 (18.103) 

(n272 - 7v'nV + 4(n2 -4)ai/? + 4ai/?(n + 2)) ^''^ , 
m^j ~ 1 ~ 

7 = -^P = (18.104) 

Q,2 

/? = |/i?(r) = a^m^ii?(r) (18.105) 

CKg is a coupling constant, mpi and /pi are Planck's mass and Planck's length, respec- 
tively, and r are a scale of an energy (a scale of a mass of broken gauge bosons). 
R{r^ is a scalar of a curvature of a connection on a group manifold H. 

P=TFfp(^)VW\d'^'x, (18.107) 



V2. 
M 



where V2 is a measure of a manifold M (a vacuum states manifold), R{r) is a scalar 
of a curvature for a connection defined on M, g = det(^gg). 

^ = 1^ / (^''^"^^^''^C'^C^^ - C^^^«V^L«^)) rf^^x, (18.108) 

M 

C^^ are structure constants for a Lie algebra I) (a Lie algebra of a group H). 
''using Eqs (18.104-106) one gets 

-\ ('^-2)/4 



. . ^ . n/2 (-nP + V n^E + 4(n2 - 4)i?(r)^^ 

/ Ws^pJ 2(-+2)/4(n + 2)(-+2)/4 V3(^(f ))- 



y Vai^^pi/ 2('^+2)/4(n + 2)("+2)/4^(i?(r))V4 (18.103a) 

X ^n^P^ - P'^n'^P^ + 4(n2 - A)AR(r) + 4(n + 2)^P(f)^ , 

In the case of more general models (two different types of critical points for Higgs' field 
configuration) we take for A 

A = AalVi^l,) (18.110) 
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where y(<?^j,t) ^ value of Higgs' potential for <?Jj.^ (a metastable state Higgs' field 
configuration). 

In the case of a Hubble constant Hi we get 

I |(n+2)/4 n/4 

Hi = r- TT (18.111) 



or 



m J 



V2 ^ |p|(n+2)/4^n/4 



ij, = ( i:^ ^ ^ (18.111a) 

V^pi/ V3(n + 2)(-+2)/4(i?(r))-/4 

In this case we suppose that 7 < and q;i,/3 > 0. This is possible because 7 is a 
function of a constant C and can have any sign. In the case of /? it is the same. /? is a 
function of a constant ^ [p, here). This is because of properties of R{T) and P. 

We consider here several consequences of Higgs' field dynamics on primordial fiuc- 
tuations (perturbations) spectrum. We find three different functions and examine their 
properties. We write down also an equation for an amount of an inflation in the flrst de 
Sitter phase for these functions. They are calculable for functions (18.10) and (18.87). 
In the case of a function (18.69) we get under some practical assumption 



h ' e'^'^^A a-; \mpi 



A 



No = 1.96 ^ = 1.96 3^ = ( -A ) F{/3, 7, «i) (18.112) 



2 



where F(/5, 7, ai) is given by the formula 



2 2 
n^7^ 



7i/n272 + 4(?i2 - 4)q!i/3 + 4Q!i/3(n + 2)) 

F{p, 7, «i) = ^ . ^ (18.113) 

{n + 2)ai I -77,7 + ■s/n'^^'^ + 4(n2 - 4)aipj 



or 



No = 1.96 F{R{r),P,A). (18.113a) 

Now let us come to the second de Sitter phase. During this phase the inflation is 
driven by the fleld W which changes (slowly ^ ^ 0) from ^0 to | In (^]^ j • We develop 
in Sec. 14 two approximation schemes for an evolution oi^. In the case of a harmonic 
oscillation we calculate an amount of an inflation. We flnd also a different scheme — the 
so called slow-roll approximation which offers an inflnite in time evolution of ^. 

Moreover from practical point of view we can suppose that an evolution starts if ^ 
is very close to | In ^ ( J+2)/3 ) • term of a variable 

(18.114) 
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y is close to y^^^. Let y be 



,= ,/-^+. (18.115) 



where £ > is very small. Let us take 

1 



(18.116) 



n(n + l)(n + 2) 
We remind that n > 14. Thus 

£<3-10"^. (18.117) 
Let us consider the formula (14.416) and let us calculate the limit 

lim /. (18.118) 

One gets after some simplifications (taking under consideration the fact that n > 14) 

lim /=-- ^ln2. (18.119) 

From the other side we have 

lim / = -- + In fn + 1 + y/n{n + 2)] . (18.120) 

j/^i 2 y/2n ^ ^ 

We have 

I = B(t-to) (18.121) 

where 

B = 4V2^(„ + 2)m(— ] (mj (18.122) 

or 

wt\ , I n \ ' rriA ~, / P \ 1 



("-n^j ^s-'™ 

Writing 

/(l) = S(4i,d-*o) (18.123) 

^ + ^) = ^(^initiai - ^o) (18.124) 

where ^initial ^i^id t^^^ mean an initial and end time of the second de Sitter phase, one 
gets 

At" = - ^"itiai ^ ^ + 1 + V^(^ + 2))) (18.125) 
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where At^^ means a period of time of the second de Sitter phase. Thus the amount of 
inflation for this phase is 



^ ^ B 
Using formulae (18.122) and (18.111) one gets 

""vbl/ \ ri J V6n|7|(n + 2)3 



mpi 



or 



(n+2)/2 



i/4 



n + 2 



n 



n/4 



X 



In (^^2 + 1 + ^n(n + 2)^) 



2V6ar'|P|V2(^+2)3 
For large n one finds 



n/4 



Inn 



|^|l/2^7/2 



or 



iVi 



6 



V4 



mpi \ 



(n+2)/2 



mpi_ 



Inn 



The total amount of an inflation considered in the paper is 



(18.126) 



^ (18.127) 



'M 



(18.127a) 



(18.128) 



(18.128a) 



(18.129) 



and should be fixed to ~ 60. 

In order to give an example of these calculations let us consider a six-dimensional 
Weinberg- Salam model (see Ref. [75], the first point). It is of course a bosonic part of 
this model. In this case H = G2, dimi? = 14, M = 5'^ (two-dimensional sphere). This 
will be of course the model in Nonsymmetric Kaluza-Klein (Jordan-Thiry) Theory. In 
order to simplify the calculations we take 



R{r) = 



2(2/^3 + 7/^2 + 5/X + 20) 



(/x2 + 4)2 

(see formula (7.21) from the fourth point of Ref. [18]). 



(18.130) 
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The scalar curvature has been calculated here for H = SO (3) ~ SU{2). Moreover 
it gives a taste of the full theory 

I = m 

_ (_wme + ii_ ( ( ici \ _ . / ici 

, s m (Id vc^) + '-^^^^} I (in (Kl + v^) + 2C^ + 1) 

(18.131) 

(see formula (8.64)). 
For V-i one gets 

^2 = (in (ici + VeTT) + + l) (18.132) 
(see formula (8.65)), where 

7r/2 

K{k)= [ , (18.133) 

i Vl-A;2sin2^ 
^ 

7r/2 

£;(A;)= y Vl-P sin^edO. (18.134) 



P has been calculated for an Einstein-Kaufmann connection defined on S"^. We 
need P < 0, thus in our case 

Id > Co = 1.36... (18.135) 

(see Fig. 6). 

In order to write the formula in this case we need to calculate A from Eq. (18.108). 
We should calculate L~. from Eq. (18.109). In our case this is quite easy for S"^ is 

2-dimensional and a,b = 1,2 {a,b = 5, 6 if we embed S"^ as a vacuum state manifold 
in the full theory). 

In this case one easily finds 

= h''%dC'r (18.136) 



where C^- are structure constants of the group H in such a way that a, b correspond 



ab ah 

ah 

to the complement m, g = 0o + tri, 

C \) (18.137) 

where q = Ai^lab = hab+IJ'kab, h'^^ hfd = S^. Using the exact form of the nonsymmetric 
tensor on SO{3) and the nonsymmetric tensor on 5'^ (see formulae (2.24a), (6.31)) one 
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gets 



+ 



(1 + C2)2sin^6' (1 + C2)sin^^ 



(18.138) 



and finally 



27r IT 

A=y^jA^ded^ = y^jjd^deA^, (18.139) 

52 

|C|[(5C^ + 4)ln2-2^2(l + C^)] 



(i+c^) (in(ici + yc^)+2C2 + i) 

where the integral has been calculated in the sense of a principal value: 



TT— e 



/ 

J sm.9 e^o+ ./ sin^ 




= lim / ^— = -ln2. (18.141) 



Using Eqs (18.130-131), (18.140) one writes the formula (18.103a) in the form (n = 14) 



1 / \ 7 

1 / \ 



X . , (18.142) 

(in (id + V'C^) + 2C' + 1) (2/x3 + 7/x2 + 5/x + 20)^^' 

1/2 

X (98g\C, fi) + ifi^ + 4)g{C, t^W^g^iC, fi) + SSAh{C, f^) + S2H{C, //)) 
where 

^(C,/^) = -/(C)(^' + 4) (18.143) 
h{C, ^l) = |C|(2;u' + 7/i2 + + 20) ((5C' + 4) In 2 - 2^i\l + C')) 



(ln(|Cl + y?Tl)+2C^ + l) 

X ^^^^ L (18.144a) 

(C, IJ) = h{C, ^) (in (id + ^C^) + 2C' + 1) (18.144b) 

/(c) = 'f':^:ri.. ( eE { - (2c- + i)K ^ 



3(2(2 + i)(i + c2)V2 VTc^y vVc^, 

4(1 + 9C2-80|CP 



+ 81n ( Id VC^ + Ij + ^ 3(iV^2)3/2 • (18-145) 
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From Eq. (18.111a) one gets 



;g _ / "^A ^^^A \ f 1/(01 



X 



l/(C)l(/^' + 4)« 



(ln(|C| + yC^)+2C2 + l) 
And finally Eq. (18.127a) gives 

,4^^pAV 1/(01 



iVi ~ 5.47 • 10 



X 



ln(|C| + v'C^)+2C' + l) 



a. 



A/ \^/^ -rip -rup-r^u/ a/IMI 
3/2 



|/(C)|V2(;,2+4)3 



(18.146) 



X ,,, -(ln(|CI + V^)+2C^ + l) 

(2^^3^.7^2 + 5^ + 20)^/' V v'^' ; ^ ; 

Prom Eq. (18.113a) one finds 
\mpij 

(rgiC, 11) + ^/W^{^;i^+mh{^) (^2 + 4)2^1 + ^2) ^^g_^4^^ 

Id ((Se +4) ln2- 2^.2(1 + e)) 
X (98/(C, ^i) + (//" + 4)^(C, //)V4V(^^^) + 384/i(^,^) + 32iy (C, ^)) . 

Equation (18.122a) is transformed into 



(18.148) 



(18.149) 



Let us notice that according to our assumption /(C) < (P < 0), 2//^ + 7^2 + 5^ + 
20 > {R{T) > 0), and 



(5C' + 4) In 2 



> (18.150) 



2(1 + C') 
(from ^ > 0). 

The function on the left hand side of the inequality (18.150) is rising for C > ^ind 
falling for C < 0, having a minimum at = equal to 2 In 2. For ( — » ±00 it is going 
to f ln2. For a specific value C = Co = ±1-36 (see Eq. (18.135)), it is equal to 1.61. 
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Thus we get 

\n\ < V21n2 1.17741. (18.151) 
Moreover the polynomial VF(/x) = 2//^ + 7//^ + 5// + 20 possesses one real root 



^11Q8 + 3V135645 7 19 or:oi,,o««i 

//o = -t: , = —3.581552661 .... 

6 6 6- \/ll08 + 3Vl35645 

Thus we can have R{r) > for > //q and in the region given by (18.151). Let us 
notice that taking sufficiently big \(\ we can make A^o in (18.147) arbiratrily big, i.e. 
about 60. From the other side if we take \C\ sufficiently big, A'^i can also be arbitrarily 
large (i.e. ~ 60). Thus it seems that in this simple example it is enough to consider 
arbitrarily big in order to get large amount of an inflation. 

It is interesting to find in this simplified model a constant a (see Eq. (18.6)). One 
gets after some algebra 

X I 2/.3 + 7^^ + 5^ + 20 

(//2 + 4) frgiC, 11) + ^4Qg^{C,ii) + ?,Mh{Ci4' 




X 



(l + O (ln(|C| + yC^)+2C' + l)' 



Id ((5C2 + 4) ln2- 2/12(1 + ^2)) 



(we put n = 14). 
The condition 



< < 0.09703 (18.154) 



gives a constraint on an integration constant B. In this case A > 0. However we 
consider in Sec. 14 a special type of a dynamics of Higgs' field with A < 0. In this 
case we have the following constraint imposed on the constant a. One gets after some 
algebra 

_ 192 (rgiC^i) + ^A9g^{C,li) + 3S4hiC.ij)) (in (|C| + \/C^) + 2^ + l) 
98^2(^^ ^) + (^2 + 4)^(C,/x) V^^2(^^^) + 384/i(C;7I) + 32iy(C,/i) 
|C|(/x^ + 4)((5C^+4)ln2-2/.^(l + C^)) 
1 + C^ 

(18.155) 
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Moreover in this case we should put 



a = --, (18.156) 



i.e. ^ < and we get 

720 (7^7(C, ^) + V4V(C,^)+384/i(C,^)) (in (|C| + VC + l) + 2C' + l) 
X \C\{^^^ + 4) {2^^\l + C) - {5^ + 4) In 2) 

= (98g\C, fi) + ifi^ + 4)^(C, fiWmg^{C,fi) + 3SAh{C,f^) + S2H{C, (1 + C')- 

(18.157) 

Eq. (18.157) gives a constraint among parameters of the theory. If Eq. (18.157) is 
satisfied, we have the dynamics of Higgs' field described by Eq. (14.381). 

In this way we can consider the spectral function (14.107) and all the consequences 
coming from it. We need of course some supplementary conditions 

-■ A_±_.in2<^2 (18.158) 

and as usual 

/(C) < (18.159) 

2/^3 + 7//^ + 5// + 20 > 0. (18.160) 

In the case when condition (18.154) is satisfied we can consider a different dynamics of 
Higgs' field described by Eq. (18.1) leading to the spectral function (18.10) with all the 
consequences of this function. In this case we have condition (18.150) and conditions 
(18.159) and (18.160). They are easily satisfied. 

The programme of research given here will give an additional constraint and could 
(in principle) lead to the realistic theory with more complicated groups and patterns 
of symmetry breaking. 

Let us notice that in our theory we get cosmological terms. These terms are de- 
scribed by constants /3, 7 and ai which are proportional to R{r), P and A. The 
importance of a cosmological constant is now obvious. Thus it is necessary to control 
these terms. They depend on constants C and fi. The first step in order to control 
them is to find conditions when they are equal to zero. In the simplified model we have 
found these conditions: 

Pd^Q = -3.581552661 . . . ) = (18.161) 
7(C = ±1.36...) = (18.162) 

and 

CKi = (18.163) 
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for 

/ln2(5C2 + 4) 

"^^V 2(Ai) ■ <^'-"^> 

In this way we control the sign of A, P and R{r) playing with constants C and 

R{r) > for /X > /io = -3.581552661 . . . (18.165) 
P < for Id > 1.36. (18.166) 

The sign of A is also controllable. All of these results give us interesting cosmological 
consequences. 

It is interesting to find some conditions on stability of the first de Sitter evolution 
of the Universe. In Sec. 14 we find a criterion 

M > Mo (18.167) 

where 

4 

Mo = - 
" 3 



X 



(n + 2)7^^272 + 4(n2 - 4)ai/3 - 4(n + 2)2(n - l)ai/3 -n''{n + 2)72 (18-168) 



7172 + 4(n + 2)aiP - ^^Jn^i^ + 4(n2 - 4)q;i/3 
or 

4 

(n + 2)P_\jn^P} + 4(n2 - 4)A^(f) - 4(n + 2)2 (n - l)A^(f) -n^{n + 2)p2 

X ^-3 zr^ ~ / ' 

nP2 + 4(n + 2)AR{r) - P^ri^P^ + 4(^2 - A)AR{r) 

(18.168a) 

If 

P > 0, R{T) > 0, ^ > 0, (18.169) 

then 

Mo > 0. (18.170) 

Moreover if 

P < 0, R{r) > 0, A > 0, (18.171) 
the stability condition is (Mo < 0) 

M < 0. (18.172) 
Moreover for A <Q the condition Mo < is not trivial and wo should have 

4(n + 2)2(n-l)|A|^(f) > (n + 2)|P| ^n2|P| + ^n2p2 - 4(n2 - A)\A\R{T)^ . (18.173) 
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In the case of SO{3) group and S'^ vacuum states manifold (with n = 14) we have 

(see the equation on p. 260 of the second point of Ref. [18]). 

Thus if Mq < the first de Sitter cvohition of the Universe is stable. It means it 
happens if condition (18.173) is satisfied. One finds: 



{2^,\l + C') - (5C^ + 4) In 2) • (2/.3 + 7/.^ + 5/. + 20) 
^(C, //) (49(?(C, ^) + ^49g^C,ii)-384\h{C,i,)\) (18-175) 



ln((|CI + VC^)+2C2 + l) 

We have also supplementary conditions 

|C|>|Co| = 1.36... (18.176) 

^ > ^0 = -3.581552661 .. . (18.177) 

2 ln2 5C" + 4 n8i78^ 
>^-^2^- (18-178) 

During the second de Sitter phase the evolution of the Universe is unstable against 
small perturbation of initial data. Moreover it can be made stable if M < 0. However, 
the second de Sitter phase in our model should be unstable because it ends with a 
radiation epoch. The instability of this phase in this particular case is caused by some 
physical processes beyond cosmological models. 

The interesting point in the theory is a mass of the scalar field (a scalar particle) 
during both de Sitter phases. However, in that case we should consider a quintessence 
field Q 



Q = ^\^^ ■ (18-179) 

In both de Sitter phases we can consider small oscillations qk of the quintessence field 
around an equilibrium 

Q^Qk + Qk, k = 0,l. (18.180) 
For these small oscillations one finds 

= -I (18-181) 
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or 



777,1 



/ ^ \ (n-2)/2 

- f -777 + ^Jv?'^'^ + 4(n2 - 4)Q;i/3j 

= 2(n+4)/2(^^ 2)^2/3^/2 

X (^n7 Vri^7^ + 4(n2 - 4)ai/3 - 27^71^ - 4(77 + 2)(7i - 3)ai/3) 



n / \ 2 
771 J \ / m J 



OismpiJ \Ois J 

— — ^ (n-2)/2 ^ 



X ( -P + V^^Z^ + - 4)yli?(r) j 



n/2 



(18.182) 



X ( 27i^P^ + 4(71 + 2)(7i - 3)Ai?(r) - nP\/n'^P^ + 4{n'^ - 4)AR{r)j 



n/2 / I I \ n/2 
71 \ / I7P 



71 + 2 



n 



n 



n + 2 



n/2 



a. 



n/2 



(18.183) 



■ \p\ ■ 



An, 



Using our simplified model for R{r), P and A one gets 



nil 



m 



A 



14 



•2- 



-36 



(18.184) 



ag J \Q!g7npi^ 

(7^(C,//) + vW(C7^)T384^C;7^)' (^2 + 4)8 

X g 

(in (id + yen) + + 1) (2/73 + 7/72 + 5/7 + 20)' 

X (7^(C, M4'^g\^,ii)^'iMh{i^,ii)- 98^2 (C, //) - 352/i(C, /x)) . 

Taking ~ 7rtEW = 80 GeV (an electro-weak energy scale) and m^x ~ 2.4 ■ 10^^ GeV 



where 



^, one gets 



mx ~ 3.34 • 10-^°^7nEwG'(C, /x) 



(18.185) 



7^7(C, + V4 V(C, /«) + 384/i(C, //)) (//2 + 4) 



(in (id + a/C^) + + 1) (2//3 + 7//2 + 5/. + 20) 



X 



(18.186) 

1/2 
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In the second de Sitter phase one gets 



m 



_ 8 (18.187) 

5'(C,/^) 



X 



In (|C| + yC^)+ 2(2 + 1^ 
Taking as before for an electro- weak energy scale and for a1 = one gets 

mo ^ 10-^^^mEwF{C, A*) (18.188) 

where 

(2//3 + 7//2 + 5/x + 20)^/' (in (|C| + ^/C^j + 2^ + l) 

According to modern ideas a mass of scalar-quintessence particle should be smaller 
than 10"*^ eV. For the cosmological constant from the second de Sitter phase is the 
same for our contemporary epoch, mo is also a mass of a scalar quintessence particle 
for our epoch. 

It is interesting to ask what is a number of scalar-quintessence particle per unit 
volume during both de Sitter phases of the evolution of the Universe (if a quintessence 
has been deposed as particles which is not so obvious). (It can be deposed in a form 
of a classical scalar field.) One gets 

^ _Pq _ 

77-1 — 



mi mi 

n/2 



n'^P^ - P^n^P^ + 4(n2 - 4)AR{r) + 4(n + 2)AR{r) (18.190) 

X 1/2 

|^2n2p2 + + 2)(n - 3)AR{r) - nP^n'^P^ + 4(n2 - 4)AR{r))^ 

f ^ I — ('^-2)/4 

X ( -nP_ + y n2p2 + 4(^2 _ /^)AR{P) \ 

In the second de Sitter phase one gets 



no 



mo mo 

\ n/2 / X / X (n+4)/4 , , „ 



n/4 (18.191) 
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Using our simplified model with n = 14 one gets from (18.190) 



ni = 2 



-19 / 1 f^A 



X 



X 



(7g{C, fx) y/49g\C,fx) + 384h{C,fx) - 98g\C, fx) - 352/t(C, //)) 
(ln(|C| + yC^)+2C' + l)"' 



and from the formula (18.191) 



''^A \ f "^A ^ ^ "^^^"^ 



X 



i/(c)|V2 f imiif^'+^r V ^^^-^^^^ 



(ln(|CH-v/C^)+2C2 + l)' 



15/2 \^2//3 + 7//2 + 5^ + 20 



For the cosmological constant from the second de Sitter phase is the same for our 
contemporary epoch, uq is also a number of scalar quintessence particles for our epoch. 
Taking as usual = thew and a'^ = one gets 

ni ~ 9- 10"^^^mEwi^(C,/w) (18.194) 
no ~ 6.2 • 10-^Ww • L{C, /^), (18.195) 

where 

^^(C,/^) = 



7g{C, //) + V49(72(C, ij) + 384/i(C, ;u) (a*' + 4) 



(98^2 ^ (^2 ^ 4) V49^2(^^ ^) + 384;,(^^ ^) + ^2H{C, fx)) 

X 7^ ;TJ2^ (18-196) 

7^7(C, A*) V49(?2(C,/i) + 384/i(C,//) - 98gHC. /") - 352/i(C, fi) 



— « — ^ / iMKM^y, 



(in (Id + VeTl) + 2C= + 1) ^2/-' + V + 5m + 20 

/(C); 9{QilA-i ^{Q-ilAi H{C,IJ,) are given by the formulae (18.143-145). In this way the 
masses of scalar particles and their numbers per unit volume in both de Sitter phases 
and for our contemporary epoch depend on geometric parameters in our theory. 
We can connect JI and N from the formula (18.101): 

9 8 

77=—. (18.198) 
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If A?" ~ 60, one gets 

/I =0.16 (18.199) 

and 

57/2 = 0.13. (18.200) 

Using Eq. (18.83) one finds: 

ns{K) = 1 ±0.13 AlnK. (18.201) 
We can also find Ji using the formulae (18.113) and (18.113a). One gets 

71= (^Yatmi^c^i) = {"^X F{R{T),EA). (18.202) 
Using Eq. (18.83) one also gets 

n,(K) = l±5f^^ F\R{r),P,A)AlnK. (18.203) 
Using our simplified model on gets 

jJi — ol.D I 



m^J (/i2 + 4)2(l + C2) 

^ |C|((5C^ + 4)ln2-2^2(l + C2)) (18.204) 

(98^2 (^^ ^) + (^2 + 4)V49^2(^^^) + 384;,(^^^) + 32iy(^, 

and respectively 

(7^(C,/^) + v/49^72(C,^) + 384/i(C,//))' 



n5(K) = 1 ±408.35 



X 



(^2+4)4(1+^2)2 

ICP ((5(2 + 4) ln2 - 2fi\l + C^))^ AlnK 
(98^2 (^^^) + (^2 + 4) V49^2(^^ ^) + ^g^hiC, fJ.) + S2H{C, //))' 



(18.205) 



It is easy to see that we can get ns{K) close to 1 (a flat power spectral function) 
using parameters fx and ( in such a way that 

(5C2 + 4)ln2-2//2(i + (2) 
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is close to zero. One can express cos<^ (see Eq. (18.5)) in terms of parameters of the 
theory and get 



'''■A \ ^1 



COS ip = - \ ^ 1 — ^ 

V^s^pi/ 3-2(«+8)/4(n + 2)V4 (^R{r)y 

on/2 , no„.4on/2.„ , fSr?^^V^' (18-206) 



5A (^P-) m\P^/^ - 3«f52V2(n + 2)^2 (i?(r))"^' 
where 

Pi = -nP + ^Jrl^P} + 4(n2 - 4)yl^(f). (18.207) 
For the constant a (see Eq. (18.6)) one gets 

^ ( -nP + ^n2p2 + 4(^2 _ /^)AR{r) J 

(see Refs [129], [130]). 
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19. Properties of a Quintessence 



In this section we consider several consequences of the Nonsymmetric Kaluza- 
Klein (Jordan-Thiry) Theory. We consider a value of a mass of quintessence particle, 
several interesting relations among energy scales, radiation density in the second de 
Sitter phase. We find a spatial dependence of a quintessence field (and an effective 
gravitational constant Geff) in a case of spherical-statical symmetry, cylindrical-statical 
symmetry, flat-static symmetry. We find a time dependences of a quintessence field 
(with no spatial dependence). We get a solution for a quintessence field (a travelling 
wave) and two-dimensional wave solution applying those solutions for Ggff- We propose 
some kind of statistical approach to our results. We calculate a speed of sound in a 
quintessence. 

Let us consider a value of mass of a quintessence particle (a scalar particle) (18.183) 
obtained from Nonsymmetric Kaluza-Klein (Jordan-Thiry) Theory: 

n I n a"/^ , ,1/2 ""^^ 



The value of this mass has been obtained by this particle during the second de 
Sitter phase. Moreover during our contemporary epoch it is the same. The parameters 
n, 7 and [3 are defined in Sec. 14 (Eq. (14.33)). During the second de Sitter phase a 
cosmological constant has been calculated and one finds 

2 2|7|("+2)/2nV2 

^cO = ei^i = ^n/2(^+2)(-+2)/2 • (19-2) 

The value of a cosmological constant remains the same during our contemporary epoch. 
Hi is a Hubble constant during the second de Sitter phase (see Eq. (14.79)). 
Thus for our contemporary epoch one gets 



\^Jn{n + 2)^/)^o. (19.3) 



mo 2 

In this way we can connect the value of a cosmological constant of our contemporary 
epoch to the value of a mass of a quintessence particle. From recent observational data 
we get 

Aeo = ^-10-''^. (19.4) 
m^ 

Moreover in order to get a correct dimension for a mass we should add a factor with h 
and c (now we abandon the system of units with h — c = 1). 
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One gets 

^0 = 7: - V '^iP + 2) V%o • (19.3a) 
Using the value of Aco one finally gets 

mo ~ + 2) • 0.17 • IQ-^^ g (19.5) 

or 

mo ^ \/n(?i + 2) ■ 0.95 • 10-^ eV. (19.5a) 

For example, if we take n — 14(= dimG2), one finally gets 

mo ~ 14.2- 10-^eV. (19.6) 

This value is bigger than that considered by different authors. Moreover, still 
sufficiently small. The particle interacts only gravitationally and because of this it is 
undetectable by using known experimental methods. Taking a density of dark energy 
as 0.7 of a critical density, 



1.88/i2 . 10-29-^, (19.7) 



cm^ 

one gets a number of quintessence particles per unit volume 

n= , =-1.31 -10^"^ (19.8) 

^n{n + 2) cm3 

where /i is a dimensionless Hubble constant 0.7 < h < 1. Taking n — 14 and h — 0.7 
one finally gets 

n = 4 • 10^ (19.8a) 
cm'^ 

which is many orders of magnitude smaller than Loschmidt number. Thus a gas of 
quintessence particles is not so dense from the point of view of our earth conditions. 
However, if this number of particles per unit volume is considered in a container of size 
200 Mpc, the gas can be considered as extremely dense. 

In order to settle — is this gas dense or not — we should calculate a mean scattering 
length. The scattering cross-section for a quintessence particle 

a = ^^10''^m\ (*) 

A mean scattering length 

I = — (**) 
an 

where n is a number of quintessence particles per unit volume (Eq. (19.8a)). 
One gets 

Z = 10"^°m. (***) 
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It means that a gas of quintessence particles is extremely dense (if we apply the Knud- 
sen criterion — a gas is dense if I <^ L, where L is the size of the container) even in the 
Solar System. 

Let us consider the Eq. (16.170) which connects several scales of energy and gives 
an account of the smallness of gravitational interactions in our theory. We rewrite this 
equation in the form 

\mEwJ\mEwJ \{n + 2)/3j 
where mEw is an electro-weak interactions energy scale. Taking 

= rriEw 
m = 2 (M = S^) 
n = 14 (if = G2) 



one gets 



where 



mpi _ / 7 



mEw 



K (19.10) 



(19.11) 



p 



and eventually one gets 



1/24 



(19.12) 



Taking rriEw — 80 GeV and mpi ~ 2.4 ■ 10^^ GeV one gets 

fc~6.19 (19.13) 

which is very reasonable for it establishes a relation between two cosmological terms 
7 and /3 as of the same order. Simultaneously this is a consistency condition for our 
model with energy scales (the 6-dimensional Planck's mass is equal to mEw)- In this 
way we can calculate a mass of a quintessence particle for our contemporary epoch 
from Eq. (19.1) 

mo = 2- lO^^eV- (19.14) 
This gives us an estimation for |P| and R{r): 

Rin = - ( ^^^y \P\ (19.15) 

where ttem = is a fine coupling constant. Using Eq. (19.13) and values of mpi and 
mEw one gets 

^(f) = 24.75 -10-2^ |P|. (19.16) 
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From Eq. (19.14) and Eq. (19.6) one gets 

|P| = 5-10"^^ (19.17) 

and 

^(f) ^ 1.2 • 10-^^. (19.18) 

Moreover in our simplified theory we have 

and should be very close to the root of the polynomial 

W(ii) = 2/1^ + 7/1^ + 5/1 + 20. (19.20) 

Prom (19.18) and (19.19) one gets 

2//3 + 7/x2+5/x + 20 = 1.3-10~^^. (19.21) 

Thus is very close to the 70-digit approximation of the root of the polynomial (19.20) 
{W{'jl) = 0.1 • 10~^^). Due to this we can control the cosmological terms. 
In the case of |P| we have the formula (8.64) and one gets 

~ ~ dP 

P{Co+e)=P{Co) + ^{Co)s (19.22) 

P(Co = ±1.38...) = (19.23) 

dP 

^(|Co| = 1.38...) = 25. (19.24) 

Thus one gets from (19.17) and (19.23-24) 

£ ~ 2 • 10-^°. (19.25) 

Thus we need an approximation of Co up 40-digit arithmetics. We see that cosmological 
terms coming from the Nonsymmetric Kaluza-Klein (Jordan-Thiry) Theory are very 
small, but not zero, and that they are easily controllable by fi and ( parameters. 

Let us consider a self-interaction potential for a quintessence field for our contem- 
porary epoch (which is the same as for the second de Sitter phase). One gets from 
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cosmological terms Xco{^) 



Xcom = -I ipe^'^ - e^'^ (19.26) 





1 






n + 2) ' 





2 



2x 27t\M\ 



X I nexp I ^ "^P^ Qo I - (n + 2) I (19.27) 

27r|M| 



or 

^(9o) = -2Aeoexp( T^ g") fnexp(^^i^go|-(n + 2)| (19.27a) 
^ \2^J2n\M\ J \ \y'27r|M| 

where Aco is a cosmological constant for our contemporary epoch and 

^ = % + — go = tf^o + Pqo = % + V- (19.28) 
2^27r|M| 

For Aco is very small (10~^^^), this interaction is very small. For n — 14(= dimi7 = 
dim G2) one gets 

U{qo) = -^Aeoexp [ 4^9o ] f 7exp ( ^^iUgo | - 8 | . (19.29) 



2tt\M\ J \ \^2n\M\ 

Even in the potential U{qo) we have exponential terms, the strength of the inter- 
actions is negligible for small value of qo- The interesting point in our theory is the 
effective gravitational constant (depending on a scalar field Let us describe it by 
a quintessence field qq. One gets 

Ges = Goe-("+2)^. (19.30) 

After some calculations one finds 

f {n + 2)(3 Y+^ ( n + 2 mpi 
Geflt = Gq — exp , 90 (19.31) 

or 

Go 4(n + 2)^/3^ / n + 2 mpi 

Geff = 2 n / _ go I • (19.31a) 

Ago n \ I 



27r|M| 
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It is easy to see that the role of a Newton's constant Gn is played by 

This is the reason that we put a constant Gq in the formula (19.30). 
One gets 

Go = GivA^o f — . (19.33) 



2(n + 2)/3 



For 



one gets 



P = alml,R{r) = (19.34) 



Goai ( 2{n + 2)R{r)^ ^ 



or 



Gn = 1 (19-35) 

2{n + 2)R{r)J \ 



Go = Gn\ . (19.36) 



Let us connect to Go a new Planck's mass mpj. In terms of this mass and ordinary 
rupi mass one gets 

, _ 2{n+2)R{r) al 

- mpi ^ (19.37) 

or 



mpi = ml, ^ ^ . (19.38) 



n ^Wpi 

2{n + 2)R{r) Oil 

If we take our simplified model with R{r) given by Eq. (19.19) 



2 1 
OLg = Q!em — 137' ^ ~ 



we get 



32(2//3 + 7;»^ + 5;» + 20) a,^ 



or 

2 



7(//2 + 4)2 ^V^^"^Pi 



Go = Gat , ' ' r ^ • (19.40) 

V32(2//3 + 7^2 + 5^^20)y \^ Cleir ' ^ ^ 

Moreover we can connect unknown constant Go (?T^pi) with an energy scale of electro- 
weak interactions mEw in a way suggested and developed here (Sec. 16). 
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It is enough to use the formula (19.10) and we get 

mp. = ™EW^yj j^- (19.41) 

If we take for Aco the known value of the cosmological constant (Eq. (19.4)) for Ipi = 
4 ■ 10""^^ cm and k — 6.19 we get 

n 2u2 + + 5// + 20 
mji = 8.12 • 10^3' • 11^:^2 ™EW . (19.42) 

Moreover we see that n must be very close to the root of the polynomial 2//^ + 7//^ + 
5// + 20 (see (16.199)) and we get 

m°i = 2 • 10^^°(2//3 + 7//2 + 5/1 + 20)mEw • (19.43) 

If we take 70-digit approximation of the root of the polynomial (19.20) and considered 
value of W{iJ,) (Eq. (19.18)) obtained here, we get 

m°i = 4.6 • lO^^mEw (19.44) 

or 

m° = 4.6 • 10^^ mpi = 1.5 • 10^ Vi = 3-2 • lO^^g = ^ q . iqIOj^^ ^^g ^g^ 

mpi 

where Mq = 1.99 ■ 10^"^ g is a Solar mass. (This is a mass of our Galaxy.) 
Moreover the present critical density of matter in the Universe is 

p,„ = 2.775/.- X 10- (19.46) 

So we can find a volume containing mpj. One gets 

Vb = ^ = 5 • 10-^h^{Mpcf. (19.47) 

Pc,0 

Thus the size of this volume is of order 

Lo ~ V 



/i2 0.17Mpc. (19.48) 



Taking under consideration the fact that our calculations are quite rough (for ex- 
ample K could be bigger a little, or W{jl) a little bigger), we come to the conclusion 
that rrtpj is of order of the mass of our visible Universe (a volume of size of 10*^ Mpc, 
see the second point of Ref. [129]). In this way it seems natural to suppose that 

m°i = Mu (19.49) 

where Mu is the total mass of the visible Universe. However, this intriguing conjecture 
demands many investigations. 
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Moreover it is in a real spirit of Dirac's large number hypothesis and can give a link 
between cosmology and fundamental interactions theory. Thus if we suppose (19.49) 
we get 

Co = Gt, = ^ . (19.50) 
Let us come back to the equation for an effective gravitational constant (Eq. (19.32)): 

Geff = G^, exp I qo I . (19.51) 

27t\M\ 

qo — a quintessence scalar field — possesses a mass and because of this it has a finite 
range with Youkave type behaviour 

a ( R\ 
9o=7^exp (19.52) 



R ^\ ro 
where 

2 

ro = — and a is a positive constant (19.53) 

^n{n + 2)VA^ 

or taking for n = 14 and for Aco Eq. (19.4), 

ro = 3 • 10^^ m = 10 Mpc. (19.54) 

The formula (19.52) is valid for i? ~ ro. Thus we cannot observe scalar gravitational 
radiation from closed binary sources and the quadrupole radiation formula is satisfied 
for a gravitational field. 

Moreover for R < ro we should take under consideration a full self-interaction 
potential of a field qo (Eq. (19.29)). Moreover, because of the constant Aco in front of 
the formula (19.29) this is negligible. Because of this we can repeat some considerations 
from Sections 10 and 14 coming back to the field ^ and consider different sources of 
mass for this field due to interaction with the matter. In this way in both cases 

Gefi = GN. (19.55) 

However, we can expect some small effects on short distances. 

Let us notice that in the previous approximation we consider a weak field, it means 
\qo\ -C 1. This is different from small field. A small field considered below is such that 
qo is small in a usual sense. It is negative. Moreover it can be big in the sense of the 
absolute value. 

Let us calculate a radiation density in the moment when the second de Sitter phase 
starts. It means the radiation released after the phase transition. One gets 

Pr = Kii^i) - Ko{%) = Ko{%) - i) ■ (19-56) 
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(19.57) 



Using Eqs (18.103a) and (18.111a) one gets 
Pr = Aco('^o) 

'^2|p|2 ^ |P|^n2|P|2 + 4(?i2 - 4)AR{r) + 4AR{r){n + 2) 

2(n+2)/2|p|(n+2)/2^n/2 

/ ~ / :^^\ ("-2)/2 

X fn|P| + yn2|P|2 + 4(n2 -4)^i?(r) J -1 

/mA'' rn2- |p|(n+2)/2 n/2 

Aeo('Z^o) = 6iyN2r^ ^ ^ /^-TW^- (19-58) 

V"^piy as' (n + 2)(-+2)/2 (^i?(r)j 

The density pr is of course an effective radiation density, because we adsorbe into pr a 
factor with an effective gravitational constant. 
In our simplified model we get 



pr = A 



98g^ (C, /x) + (/x2 + 4) ^49gHC,fi) + 3Sih{C,fi) + 32H{C, fi) 



^8 (C,^) (^2 + 4)2. 211. 

6 



X (7^7(C, A*) + V'^Q9HC,I^) + ^8MC,I^)) (19-59) 
(ln(lC| + A/CM^)+2CVl)'-lj, 



X 



\ 14 ™2 „i4 



^ ' rupij af 224 

^ ^^(C^)(A^^+4)^ (19-60) 

X g . 

(2yu3 + 7^2 + 5^ + 20)7 (in (\C\ + ^C^Tl) + 2(2 + l) 

In the formulas (19.59-60) we should put = mEw and (x^ = cuem = Let us 
notice that A is our contemporary cosmological constant given by (19.4). It gives a 
scale for pr- 

The functions g{C,p), h{C,p), H{(,p) are given by Eqs (18.143), (18.144a), 
(18.144b), (18.145). The numerical factor in front of A can be calculated and we 
get 

^= 1.04-10-^^^m|wa(C,//) (19.61) 

where 

a(C, ,) = 9HC,)i,^ + ^r ^ . ^19.62) 

(2/x3 + 7/x2 + 5/x + 20)7 (in (\C\ + ^/CTtj + 2^ + l) 
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The calculated radiation density evolves in time according to the theory developed in 
Sec. 14. 

In order to find some influence of qo (quintessence) field on the value of the effective 
gravitational constant we consider a field equation for the scalar go field in empty space. 
One gets 



where 



- V ^go^ + £aexp(n/3go) (exp(2/3go) - l) = (19.63) 



167r • M ^ ^ 

P=^^ (19.65) 



2^27t\M\ 

£ = sgnM, £^ = 1. (19.66) 

Let us consider a static, spherically symmetric case. In the spherical coordinates 
one gets 

= ('''^) ~ ^'^^MnPqo) (exp(2;5go) - l) (19.67) 

where go = qo{r) is a function of r only. In order to treat this equation it is easier to 
come back to the old variable (p = /?go (see Eq. (19.28)). One gets 

('■'^) ~ ^^^coexp(n^) (exp(2^) - 1) = 0. (19.68) 
We change the independent variable r into r 

^l^V^)' £ exp(n(^) (exp(2(^) - 1) = (19.69) 



where 



and 



^ r (19.70) 



'A 



cO 



SttM 

We consider Eq. (19.69) in two regions: 

1) for small fields (p, 

2) for large fields (/?. 
In the first region we get 



- n(n + 2)Aco 2 nn7i\ 
AcO = ^77= TOpi- (19.71) 



dr \ dr 
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In the second region we get 



1 d 
dr 



dr 



(19.73) 



Let us notice that both equations have similar nature and can be reduced to the 
equation 



1 d 



dx V dx 



dy 



^— x^^ +eeey = 



where in the first region s = 1, 



and in the second region s = —1, 



y = n(f, 
X — ^/nr, 



X = y/n + 2T, 



We can transform (19.74) into 



d'^y ^ dy _ 
X — 4 + 2 + sexey = 
ax^ dx 



(19.74) 



(19.75) 
(19.76) 

(19.77) 
(19.78) 



(19.79) 



which is the celebrated Emden-Fowler equation known in the theory of gaseous spheres 
(see [131]). Let us notice that the first region (small fields) means large distances and 
the second region (large fields) means small distances. 

In this way we should consider Eq. (19.79) in the region of small and large x. In 
the case of se = 1 the equation (19.74) has an exact solution 



(19.80) 



2/ = In • 



x^ 



Let us apply this to both regions (remembering that e in both cases has a different 
sign). 

One gets in the first region 



2W27r|M| 

qo = In 

mpin 



2V2 



(19.81) 



and 



\ V nXcO I 
(n+2)/n 



Geff = G 



N 



2V2 
\ \J nAco 
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(19.82) 



In the second region 



and 



2^2n\M\ 
mp\{n + 2) 



In 



2^/2 



(19.83) 



Gefl = G 



N 



\ V(n+2)Aco / 
\ 



2V2 



(19.84) 

\ V("-+2)AcO / 

In this way we get an interesting prediction for the behaviour of the strength of gravi- 
tational interactions. In this very special solution Ggff is going to zero if r — > and to 
infinity if r — > 00. 

Let us come to Eq. (19.79) supposing ee = 1. Thus we get 



X 



+ 2-^ +xey = 0. 



(19.85) 



dx"^ dx 
Using an exact solution (19.80) we write 

y = yi + y (19.86) 

and consider Eq. (19.85) for large x. 

In this way we get an approximate solution (given by Chandrasekhar [131]) 

y = ln(^-^^ +^cos ^^Inr/j -21n^, |^| < 1, (19.87) 

where 77 = -=-, A and 5 are integration constants, 5 > 0. In this way we get in the first 
region 

Geff = Geff • exp 
where A is a constant {\A\ <C 1) and 



A /x/7 
cos I — — in r] 



Vv 



(19.88a) 



V 



Geff is given by the formula (19.82). 
In the second region 



V nXco S 
2V2 



(19.88b) 



Geff = Geff • exp ( --^ cos f ^ ln?7 



(19.88c) 
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where ^ is a constant (|^| <^ 1), Ggfi is given by the formula (19.84) and 

V= ^ r. (19.88d) 

In this way we have very interesting non-Newtonian behaviour of Geff for large dis- 
tances. Let us notice that the length scale is completely arbitrary, because it is given 
by an integration constant 6. 

Let us consider Eq. (19.63) in Cartesian coordinates supposing flat symmetry for a 
quintessence field qq = qQ{Zjt) (nonstatic). One gets 

- -g^j - eaeMnPqo) (eM^Qo) - l) = 0. (19.89) 



Let us change dependent and independent variables to ^, rj, (p: 

2 . 



(19.90) 



t=^^ri (19.91) 



if = Pqo. (19.92) 

One gets 

Eq. (19.93) is an equation for flat scalar (quintessence) waves in our theory. Let us 
consider it for large and small fleld (p (as before). 
In this way one gets the equation 

where in the region of small fleld (p we have e — 1 and 

y = n<f (19.95) 
X = ^/n^ (19.96) 
T = y/^r] (19.97) 

and in the region of large fleld (f,e = —l and 

y = {n + 2)ip (19.98) 
X = VnT2C (19.99) 
T = Vn + 2r]. (19.100) 
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Eq. (19.94) is the famous Liouville equation which can be transformed via a Back- 
lund transformation into a two-dimensional wave equation and afterwards solved ex- 
actly. The general solution depends on two arbitrary functions / and g of one variable, 
sufficiently regular. It is possible to consider several problems for this equation: Cauchy 
initial problem, Darboux problem and Goursat problem. 

The general solution of (19.94) looks like {ee = —1) 



y{T,x) = In 



2g'{x-T)f'{x + T) 
{g(x-T) + fix + T)y 



where g' and /' are derivatives of g and /. 

Thus one gets in the first region (small field) 



, , 2V27rM , 

qo{t,z) = In 

iripin 



(19.101) 



(19.102) 



and 



Gefi — G 



N 



In the second region (large field) 



2v^ 



cO 



2x (n+2)/n 



2V2;^ 



V(V)f(^) 



(19.103) 



(19.104) 



(19.105) 



h = 



and 



2^/2 



Geff = G 



N 



(n + 2)Aco 



(^(V)+/m)^ 



(19.106) 



(19.107) 



In this way we get a spatio-temporal pattern of changing the effective gravitational 
constant for small and large field regions. In both cases we have ee = —1. However, in 
the small field region we have e = 1 and because of this e = —1. In the case of large 
field region £ = — 1 and e = 1. In order to be in line with our assumptions we should 
consider in the first case such functions / and g that the expression in (19.105) is small 
and for the second case vice versa. 
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Let us consider Eq. (19.63) in cylindrical coordinates supposing cylindrical symme- 
try for the field ^O) 9o = 9o(p)- One gets 

- I P ^1 - eaexp{nPqo) (exp{2Pqo) - l) = 0. (19.108) 
p\ dp J 

This equation can be transformed into 

1 _d / _ ~g^p^^^ / 2^ - 1) = 0, (19.109) 

r dr \ dr J ^ ' 

2 

T. (19.110) 



As usual we consider Eq. (19.109) in two regions for small and large fields. 
In the first region 

1 ^ ^.^')+^e-^ = 0. (19.111) 



T dr \ dr 

In the second region we get 



- fr ^ V = 0. (19.112) 

T dr \ dr J 



Both equations can be reduced to the equation 



i A('a;^)+£ee2^ = 0, (19.113) 



X dx \ dx 
where in the first region e — 1 and 

y = rnp (19.114) 
x = ^/nT (19.115) 

and in the second region e = —1 and 

y = {n + 2)^ (19.116) 
x = VnT2T. (19.117) 

We can transform (19.113) into 

x-4 + ^ +££a;e^ = 19.118) 
dx'^ dx 

which is the equation considered in [132] for ee=l. 

Following H. Lemke we write down a solution to Eq. (19.118) in a compact form in 
three cases (concerning an integration constant introduced by H. Lemke). We adopt 
his solutions to our problem. 
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1) C = > 0, K — arbitrary positive number: 

,W = -21„(|((f)\(|)"))+ln(4.%^) (19.119) 

where a > is an arbitrary constant. 

2) C = — a;^ < 0, a; is an arbitrary positive number: 

y{x) = -21n(2a;sin(a;lna; + 5)) +ln(4c^2) (19.120) 

where 5 is an arbitrary constant. 

3) C = 0: 

y(a;) = -21n(^|-ln(^|-)) -21na (19.121) 
where a > is an arbitrary constant. 

Using these solutions we write down a spatial dependence of GefF in the case of 
small and large fields. In the case of small fields one gets 

h _|. 2/^^2(^^+2)/n 

1) Ge» = G„ (4.%^) <-^"» \tJ.Ji„^.yn ( W.122) 

where 



r=^\f^oP- (19.123) 

2) Ge. = ^g^^^^^^^^ (19.124) 

where 



r=^^JnXeoP (19.125) 
ujlnS = -S (19.126) 

3) Geff = G'^a2(-+2)/V("+2)/'^(lnr)2('^+2)/" (19.127) 

and r is given by Eq. (19.123). 

In the case of large field one gets: 

1) Geff = GAr(4«2a2)ii;±^^ (19.128) 

where 



r=^y/{n+2)X,op. (19.129) 
2) Geff = Gat r2(sin(wlnr))^ (19.130) 



329 



where 



^^(n + 2)AeoP, ln5=-^. (19.131) 



3) GefF = G'jvaV (In r)^ (19.132) 

and r is given by Eq. (19.129). 

Let us notice that in that spatial dependence for large and small field we have 
K. and a (5, a;) as integration constants. In this way integration constants induce a 
power law of this dependence and also a scale. For sufficiently big n {n> 14) there is 
no significant difference between both cases. It means the quintessence field behaves 
everywhere as for large field case (in these solutions of course). It is evident that the 
spatial dependence (in cylindrical symmetry case) of Geff goes to some kind of the fifth 
force. However, we have to do not with a universal law of Nature but rather with some 
kind of initial conditions. Thus the real dependence of Geff on spatial coordinates can 
be obtained after averaging Geff with respect to initial conditions. Let us describe it 
using Eq. (19.128). 

Let us write Geff in a form where k and a are explicitly visible: 

Geff = Gn (4«2a2) • ^ ^ ^ , (19.133) 



(f)' 



1 



x = - ^J{n + 2)\cQp. (19.134) 

The constants a and k are chosen randomly for they are dependent on initial conditions. 
Let be a measure defined on (0, +oo)^, positive and normalized to 1, i.e. 

j j dn{a,K) = 1. (19.135) 



This measure gives an account how frequently we have to do with some initial conditions 
(i.e. with integration constants a, k). In this way an experimental dependence of Geff 
on X should be obtained from 

77«2^2 (i+(f)'1' 

£;(Geff)=4Giv / / \.2(K-i) (19.136) 







(f) 



It means it is an expectation value of G^s with respect to the measure fi. fi need not 
be absolutely continuous with respect to the Lebesgue measure on M?. The formula 
(19.136) could give an account on some serious problems with comparisons of several 
measurements of G (a Newton constant). Maybe we have to do with different initial 
conditions for quintessence field. These initial conditions appear with different proba- 
bilities according to the measure (i//(a, ac) going to an expectation value £'(Geff). The 
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second central moment of dfi{a, k) (if it exists) can express a deviation from the law 
described by E{Gefi). 

In the simplest case we can suppose a continuous Gaussian distribution for k only: 

1 



In this case we have 



27rcr 



+00 



27r(j 



^^e-(K-«o)V(2a^)«2 



1 + 



(f) 



2{k-1) 



(19.136a) 



One gets after some algebra 



X 



4(7 exp 



{2ln{f)a^ + 4) 
+ (2(7^ + K^) exp 



In 



X \ 
a ) 



2^2 



(19.136b) 



_ 4(7^ exp i^±^ + 2(^2 + ^g) exp 



{(7 + Avo)^ 



In the case of the solution (19.107) parametrized by two functions of one variable 
we can consider them as random variables parametrized by z and t. Moreover in this 
case we should consider a measure ^ on an infinite-dimensional space of functions / 
and (7, supposing that solution (19.107) is generalized to this space. Afterwards we 
can use as /x the Wiener or Gaussian measure in space. If we use for Gaussian 
distribution the normalized distribution A^(0, 1), the formula (19.136b) simplifies to 



X 



+ 



4 In 



X 



a 



+ 2 



G'eff(x) = e^VeCAT 

/ a; \ 2(l+ln(x/a)) ^ /X\ 

\a ) \a / \ a 

(19.136c) 

Let us consider three our cases (19.119), (19.120) and (19.121) for small and large 
fields cases. 

The small field case is such that 



The large field case is if 



e*^ < 1, i.e. (p<0. 
> 1, i.e. ^ > 0. 



(19.137) 
(19.138) 
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For (19.119) we have for the small case 

f{r) > 1, 

where 



/(r) = r^-'^ + r'^+\ r = (^|-) . (19.139) 
Let us consider two cases 

< K, < 1 and K, > 1. 

In the first case /(r) in [0, +cxd) and we have simply r > tq where ro satisfies the 
equation 

r-Q^^^ + r-o - 1 = 0. (19.140) 

In the second case > 1, 

lim /(r) = +00 and lim /(r) = +00. 

1 — >0 r— >oo 



The function /(r) has a minimum at 



1 \ i/« 
K — 1 ^ ' 



( — ) . (19.141) 



Let us calculate f{ri). 



It is easy to see that if k > 1, then n — l/n > 0. This means that 

fin) > 1 (19.143) 

and therefore /(r) > 1 for all r > 0. Thus simultaneously we get a solution for large 
field only if k < 1, i.e. 

r < ro. (19.144) 

If K = 1, we always have /(r) > 1 (i.e. only a small field). 

Let us consider (19.120). In this case the small field condition reads 

X 

/i(r) = rsin(a;lnr) > 1, where r =— . (19.145) 

S 

First of all we need h{r) > 0. Let us observe that \h{r) \ < r for every r > 0. Next we 
see that the roots of h{r) are the numbers 

r-o.fe = e'^"/"', /c = 0, ±1, ±2, . . . (19.146a) 

and 

/i(r)>0 if ro,2fe < r < ro,2fe+i, A; = 0, ±1, ±2, . . . (19.146b) 
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The maximum of the function h{r) in the interval (^0,2^;) ^^0,2^+1) is greater than 

Hro,2k+i/2) = e^"-/^ ■ e-/(2-), (19.147) 

but smaller than ro,2/fc+i- Thus the maxima are smaller than 1 for negative k and greater 
than 1 if A; = 0, 1, 2, ... . It means that in each interval (ro,2fc5 ^^0,2/0+1): = 0, 1, 2, . . . , 
there exist two numbers r3^2fe cind r2,2fc such that r3^2fc < 'i^2,2kj 

Hr3,2k) = h{r2,2k) = 1 (19.148) 

and 

h{r) > 1 if rs,2k <r < r2,2k ■ (19.149) 
The condition for large fields, < h{r) < 1, is satisfied if 

''o,2fc < < ''o,2fc+i, A; = -l,-2, ... (19.150) 

or 

ro,2k < r < r3^2k, or r2,2k < r < rQ^2k+i, A; = 0,1,2,... (19.151) 
In the third case, i.e. Eq. (19.121), one has for the small field case 

rlnr>l (19.152) 

where r — ^. Let r4lnr4 = 1, > 1. We have r > — 1.7632 .... In the large field 

case 

< r < r4 = 1.7632... . (19.153) 
Thus we have in general large fields on large distances. 

In this way we have solutions for large and small distances. One can try to connect 
them to get a solution for all distances. However in this case it is necessary to be very 
careful, for our solutions depend on some integration constants which can be different 
for both asymptotic regions. 

Let us consider Eq. (19.63) in two special cases: 

I Qo — q{z) — static and depending only on z; 

II qo = qo{t) — non-static and spatially constant. 

Let us consider also these cases for small and large fields (p. In all of these cases we 
come to the following equation 

-4+£i££e^ = (19.154) 

where ei = 1 for case I and Si = —1 for case II. 

Eq. (19.154) can easily be reduced to the integral 

x-xo = ^ [ , (19.155) 

where rj = Siee, rf = 1, C = 2e2U)'^, a; > 0, £| = 1 is an integration constant, e\ = 1 
and xq also is an integration constant. 
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After some calculation we get the following solutions: 

\p2 {x — xq)u) 



A. y{x) = 2 

B. y{x) = 2 
where 

or 



In a; — In 



sinh 



In a; — In 



sinh 



\/2 (x — Xo)u! 



, 7/ = -1, £2 = 1 
, r; = 1, £2 = 1 



V2{x- xq) 



\f2 {x — xq)u} 



> ln(l + V2) 



<ln(V2-l). 



(19.156) 
(19.157) 

(19.158) 
(19.159) 



C. y{x) = 2 



In a; — In 



cos 



\/2 (x — xo)lo 



, 77= -1, £2 = -1. (19.160) 



Let us apply these solutions to our problems. First of all let us consider a static 
configuration with z dependence only. In this case £i = 1 and r] = ee. For the small 
field case one gets, e = 1, rj = e, 

Gn 



Gef£ = 



where 



P = 



^2(n+2)/n 
U!{z - Zo) 



I sinh p I 



(n+2)/r 



nXco . 



For the large field case we get, s = —1, rj = —e, 

Geff = \C0Sp\ 



where 



U}(z — Zq) ,. 

P= . ' V(n + 2)Aeo 



(19.161) 



(19.162) 



(19.163) 



(19.164) 



In this case £ = 1 for ry = —1. 

In a nonstatic configuration £i = —1 and r] = —ee. For the small field case (£ = 1), 
V = 



where 



<^efF- ^2(n+2)/n l^^^^^l 
£30; (t - to) 



Q. = 



4 
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nX 



cO 



(19.165) 
(19.166) 



and analogically for the large field case (e = —1), rj = s, 



Geff= ^|cosg|, (19.167) 

g= ''^^~^°^ ^{n + 2)\o. (19.168) 

In this case e= —1 for 77 = —1. 

Let us notice that in a static configuration for small field we have two possibilities 
for 1] = —1 (no condition on p) and r] = 1 (conditions (19.158-159)). Thus without 
conditions we have e — —1 and with conditions e = 1. In a non-static configuration 
for small field we have vice versa e — 1 without conditions and £ = — 1 with conditions 
(19.158-159). 

Let us come back to the Eq. (19.89) and consider it in a travelling wave scheme. In 
this way we have 

qo{z,t) = q{z-vt) (19.169) 

where v is a velocity of the travelling wave (a soliton), \v\ < 1. Let us consider this 

equation in both regimes (for small and large fields). In this way we come to the 
expression 

(l-v^)^-eee^ = (19.170) 

where x is a shape function of a soliton. Changing an independent variable from ^ to A 
one gets 

—4 - sisse^ = (19.171) 
where £1 = —1, i.e. we get Eq. (19.154) with rj — —ee, 

A =-=!==, e= Vl-^'A. (19.172) 

vi — f 

In this way we adopt our solutions A, B, C in both regimes: small and large field 
(changing x into A). For small field we get {e — 1, rj = —e) 

2 

qo{z, t) = ^ [Inuj - In |sinhp|] (19.173) 

where 



For large field we get {e = —1, rj = e) 

J{n + 2) 



2 

0-0(2;, t) = = [Ina; - In |cosp|] (19.175) 
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where 



uj^ (n + 2)Aco 



p=^-^__(.-.t). (19.176) 

For (19.173) we have r] = — £ and because of this e=l without any conditions and if 
£ = — 1 we have conditions (19.158-159). In the case of the formula (19.174) ry = — 1 
and e = —1. 

We can write down formulas for Geff in the soliton case 

and p is given by the formula (19.174) (with or without conditions (19.158-159)). This 
is of course a small field case. 



In the large field case 



^63= % |cosj9|, (19.178) 



a;2 



and p is given by the formula (19.176). In this case e = —1. (Let us notice that this is 
a case of SO (3) group in our theory.) 

Let us notice that conditions (19.158-159) can be considered as conditions for small 
field in 2; or t domains. Let us notice that in our solutions concerning a behaviour of an 
effective gravitational constant we get completely arbitrary length or time scale (given 
by integration constants). In this way a spatial or time dependence of Geff can be 
(except the solution (19.80) and simultaneously the approximate solution in the case 
of spherical symmetry) such that GeS can be really constant on distances (or times) 
accessible in experiments. Only a statistical approach mentioned here can give a light 
on this dependence to compare it with an experiment. 

In order to connect our results to the ordinary gravitational physics we consider 
again Eq. (19.67) in small field regime for initial conditions (p{0) = and ^(0) = 0. 
The first condition means that we want to have G'eff (0) = Gn and the second that the 
quintessence field docs not grow quickly. The problem cannot be solved analytically. 
Moreover R. Emden in the first point of Ref. [131] did it for us. We quote here his 
results adopted to our notation {e — +1 and e = —1). 
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where 



X 


-y 


ey 


Ges/ Gn 


0.00 


0.00000 


1.00000 


1.00000 


0.25 


0.01037 


0.98969 


0.98823 


0.50 


0.04113 


0.95971 


0.95409 


0.75 


0.09113 


0.91290 


0.90109 


1.00 


0.15903 


0.85296 


0.83380 


1.25 


0.24225 


0.78486 


0.75816 


1.50 


0.33847 


0.71285 


0.67920 


1.75 


0.44488 


0.64090 


0.60143 


2.00 


0.55967 


0.57140 


0.52749 


2.50 


0.80584 


0.44671 


0.39813 


3.00 


1.06226 


0.34537 


0.29670 


3.50 


1.31937 


0.26730 


0.22138 


4.00 


1.57071 


0.20790 


0.16611 


4.50 


1.81246 


0.16325 


0.12601 


5.00 


2.04264 


0.12968 


0.09686 


6.00 


2.46598 


0.08493 


0.05971 


7.00 


2.84160 


0.05833 


0.03887 


8.00 


3.17489 


0.04180 


0.02656 


9.00 


3.47128 


0.03108 


0.01893 


10.00 


3.73646 


0.02384 


0.01398 


100 


8.59506 


0.000175 


5.0854 • 10-^ 


1000 


13.09847 


0.000002 


3.0683 • 10-^ 



r 



X = - \l nXno r = , , , 

2 V \io Mpc J ' 

Gn 



We take n = 14. 

It is easy to see that for large n 



Gef£ 

G~ 



N 



(19.179) 
(19.180) 



(19.181) 



It is easy to see that on a distance of 1 Mpc Geff does not differ from Gn- Even 
on a distance of 10 Mpc it is about 10% smaller. Thus in the Solar System Newtonian 
gravitational physics does not change. Even on the level of a galaxy this change is 
minimal and cannot be observed. Moreover, there is an important conclusion: on 
distances about 200 Mpc the strength of gravitational interactions is about 10~^ times 
this on short distances measured in the Solar System (and for 10^ Mpc of 10~^). It is 
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hard to tell how it influences a mass of a cluster of galaxies if we realize that from any- 
observational data only a product GM has been obtained (not M). 

From the other side on distances of 100 Mpc the strength of gravitational interac- 
tions is very weak (not only because of the distance). Thus if we consider clusters of 
galaxies as substrat particles in cosmology then they do not interact. 

Let us consider Eq. (19.63) in Cartesian coordinates for two-dimensional static case 
d_ 

dz 



(i-e- A =0' S =0)- One gets 



"q^ + ) ~ ^^^xp(^/5^o) (exp(2/3go) - l) = 

(where a, (3 are given by formulas (19.64) and (19.65)). 
As usual, we come to the formula 



where 



z = 1,2. 



We consider Eq. (19.183) for small and large fields and we get 

- eee^ = 



dzf 



where as usual for a small field e = 1 and 



and for a large field s = —1 and 



Zi = 

X = {n + 2)if, 



Zi = Vn + 2xi . 
Thus we come to the equation known as Liouville equation 

Ax = 



(19.182) 



(19.183) 
(19.183a) 

(19.184) 

(19.185) 
(19.186) 

(19.187) 
(19.188) 

(19.184a) 



if ee= 1. 

This equation can be explicitly solved. First of all we change independent variables 
into 



Z = -^{zi+iz2) 
x(^) = -ln(i(l-|^P)) + iln 



dZ 



(19.189) 
(19.190) 
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where g is an arbitrary analytic function on a complex plane Z. 
In this way we get for the small field case 



Geff = G 



N 



i+2)/r 



dg_ 
dZ 



-(n+2)/(2n) 



(19.191) 



where 



(19.192) 



In the large field case 



GeS = G 



N 



i-\9{Z)\' 



where 



Z = 



X 



cO 



2(n + 2) 



{x + iy). 



-1/2 



(19.193) 



(19.194) 



Eqs (19.191) and (19.193) can have very interesting behaviour for ^ could have some 
singularities. The physical interpretation of these singularities can be very interesting. 

Similarly as for Eqs (19.104) and (19.107) we can consider an expectation value of 
Geff with respect to some kind of normalized measure for a space of analytic functions 
on the complex plane (respectively chosen). 

It seems that an assumption all the energy of a quintessence is stored as quint- 
essence particles is unrealistic. Let us suppose that only a fraction of this energy is 
stored as particles. Let this fraction be rj, 



< r/ < 1. 



(19.195) 



r] can be a function of time and even of a space-point (locally). 

Let us suppose that a gas of quintessence particles is a perfect gas governed by the 
Clapeyron equation. Thus we have 

KbT _ T 



Pi 
Pi 



To 



mo 



~ 0.11 °K 



mo J Kb 

(if we take mo — 10~^ eV). T is the temperature of a gas. 
One gets 

Pi = VPQ = VP 

T T 

P = PQ+Pl^PQ+V7^P^ -P(l -V)+P7^V- 



(19.196) 



(19.197) 
(19.198) 



339 



Eventually one gets 



p = 




p = 


wp 


w — 


V ( 



- 1. 

Now we can calculate an isothermic speed of sound in a quintessence. 

T 



p 
P 



w 



77 1 + 



- 1. 



For 



we get 



< < 1 



< T] < mm 



2Tn 



To + T 



,1 



(19.199) 
(19.200) 
(19.201) 

(19.202) 

(19.203) 
(19.204) 



T + To 

Let us remind to the reader that an isothermic sound is appropriate for low frequency 
of acoustic waves (we have to do with this sound in astrophysics). In general we have to 
do with so called adiabatic sound. In order to calculate a speed of an adiabatic sound 
in a quintessence we should find an analogue for a Poisson adiabate for our equation 
of state. One gets supposing that an internal energy of a quintessence is an energy of 
one-atomic gas of quintessence particles 



or 



dU^pdV = Q 



and finally 



(19.205) 
(19.206) 

(19.207) 
(19.208) 

(19.209) 



It is interesting to ask what kind of a polythrope k. represents. Let us remind to the 
reader that in general 



P_ 

pK 

K = 



const. 



2?7 + 3 



and a speed of an adiabatic sound simply reads 

C2 = 




K 



Cp C 



(19.210) 
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where c is a specific heat of a polythrope in mind. 
One gets in our case 

c=^A^R (19.211) 

where R'ls a, universal gas constant. 

Thus we found both speeds of sound in a quintessence for low frequency and for 
high frequency of sound. The measurement of both speeds can help us to find r] and 
T. One gets 

and 

T = 3^^J° {Cl{2Cl + 5) - ^Cl) . (19.213) 

Let us notice that a gas of quintessence particles is quite cold. Moreover these particles 
are highly relativistic. For the temperature T ~ Tq = 0.11 °K one sees that a speed of 
a quintessence particle is about 0.91 of the speed of light. Moreover we can consider 
lower temperatures. It is interesting to notice that the speed of sound is of the same 
order. 

Thus if we want to have both speeds smaller than a speed of light, 

0<C^<1, z=l,2, (19.214) 

we get 



n>'-^^^-nt) (19.215) 



where 



The condition 



T 
To 



(19.216) 



T 

t= — >13 (19.217) 

guarantees that f{t) < 1. Moreover for t = lA one gets 

r] > 0.96357. (19.218) 

This seems quite interesting, however maybe too much. Let us calculate a mean scat- 
tering length of quintessence particles for such a big rj — 0.96357 

^scattering = ^ = 1-0378 • I. (19.219) 

r]an 

We have still to do with a very dense gas of quintessence particles. 
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It seems that it would be reasonable to repeat these calculations using a different 
equation of state for quintessence particles gas. In particular we can consider a gas 
of quintessence particles as a massless boson gas (with spin zero). In this case the 
equation of state looks: 



, . Arjap A 
P = PQ+Pi = -{^- V)P + T 



and an adiabate equation 



where 



dU = CydT + pdV = 
Cy = 16aT^, 



a is the Stefan-Boltzmann constant. 
One easily integrates 



P_ 

pK 



const. 



where 



_ 3 + ?7 
K = — - — 



We have as before two kinds of sound: an isothermic sound 
and an adiabatic sound 



From < Cj < 1, z = 1, 2, one gets 



1 



l + (T/To) 



— — J < T] < mm 



l + {T/To) 



and 



with the condition 



-3t^ - 1 + V9t^ + 18^4 + 13 , 



T 1 
t = ^ > ^ ~ 0.707. 

To ^/2 



This condition guarantees that 



(19.220) 

(19.221) 
(19.222) 

(19.223) 
(19.224) 

(19.225) 
(19.226) 



m < 1 



(19.227) 

(19.228) 

(19.229) 
(19.230) 
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where Tq = ^ or 

Kb is the Boltzmann constant. 

From the measurements of Ci and C2 we can obtain as before 77 and T. One gets: 

- 1 I (19.232) 

and 





(19.233) 

Recently many papers have appeared concerning the speed of sound in a quintessence 
(see Ref. [133]). In some of them the authors propose to measure this speed. 

There are interesting propositions to include primordial gravitational waves to fluc- 
tuations of a quintessence and vice versa. 

We consider a mass of a quintessence particle, a speed of sound in a quintessence 
and several solutions to quintessence equations coming to the interesting behaviour 
of an effective gravitational constant (see [135]). Some of issues of our theory are 
considered in self-interacting Brans-Dike theory [134]. 

The fraction -q can be connected with the part of an energy density of quintessence 
field Q in such a way that it is a fraction of fluctuation energy density around an 
equilibrium Qq. In this way the field which can evolve due to an evolution of Q 
and due to fluctuations of primordial gravitational waves will be a source of a gas of 
thermalized particles. It seems that an approach with a boson equation of state is 
more appropriate to consider. 

It is interesting to consider a fraction of a dark energy stored as boson particles as 
a dark matter in the Universe. 

Now we can also calculate a mass of a skewon particle in a linear approximation 
from Sec. 17. Let us consider Eq. (17.77) for a held -F^p-y given by Eq. (17.78). The 
constant in the formula (17.77) is a square of mass of a skewon particle (in a linear 
approximation of course). This is of course our Aco- Thus we have 

TOskewon = ^ 10"^ cV. (19.234) 

Using Eqs (19.3) and (19.234) we get a relation between a skewon mass and a 
quintessence mass particle 

Too = ^ \/n(n -|- 2) mgkewon • (19.234a) 
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Let us consider a primordial spectrum of gravitational waves in our approach. This 
spectrum is flat for our Hubble constant is really constant 

(see Ref. [110]). Thus 

= 1. (19.236) 

Now we start to examine quintessence fluctuations caused by fluctuations of a 
metric. In order to do it wc follow Ref. [110] to perturb a spatial part of a metric 



E?{t) -dr^ + (^5ij + 2EJj^ dx' dx^ , (19.237) 



T is a conformal time. 

If we expand Einstein equations for (19.237) up to linear terms, we get 

d'^E^., dE^., 



ijk 



^„ +2RHK^^ + k'E'.^ = 0, K = 0,1, (19.238) 
dr^ dr ijk ' ^ ^ 

where Efj is a spatial perturbation of the metric, R{t) is a scale factor depending on 
a conformal time, E'-'^.-. is a /c Fourier component Ef 



^5 = TtA^ f E^.re-'^^^ d'k 
^ (27r)^/2 J '^Jk 



(19.239) 

k = {ki,k2,k3), \k\'^ = k'^, f={x,y,z). 

The important quantity is an amplitude of gravitational wave corresponding to Efj, 
i.e. 

Kjk = REf.j;. (19.240) 

Hk is a Hubble constant. We take K = 1. The relation between a conformal time r 
and ordinary time t is given by 

R{t) = -oo < T < 0, (19.241) 

HlT 

R{t) = Rie^'*. (19.242) 

For h..^ one gets 

d^h- r 2 dh.-r 

liJl ^ llt + k^h .-0 ri9 243^ 

This equation can be easily solved. For further investigations we need only 

% = hl^ (19.244) 
/i- = {T\k\ cos(t|A;|) - sin(T|A;|)) + Bj; (t|A;| sin(T|A;|) + cos(t|A;|)) (19.245) 
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and especially 



^ = A^Tsin(T|A;|) + S^tcos(t|A;|) (19.246) 



where and Bj: are constants. 



We need also a quintessence field time dependence (e.g. in a slow roll approxima- 
tion). We use our solution from Sec. 14 (see Eq. (14.416)), making some simplifications 
and changing t into r: 



Moreover what we really need is a derivative of ^. 



^' = = ' 19.248 

dr 1-C2(-t)2« ^ ' 

where 

K = 1. (19.248a) 
Hi 

C = e^^*o {RiHif^/^' = e^^*° {RiHtf . (19.248b) 
Now we proceed to a quintessence fluctuation equation (see Refs [111,133]): 

SQj; + ZHiSQ^ + {clk^ + R^U"{Q)) 5Q^ = ^h'^ ■ . (19.249) 

One gets 

5Q^ + ZHi5Q^ + {elk'' + R^U"{Q)) 5Q^ 

^ (-r)--^sin(r|fc|) ^ {-rf'^ cos(r|A;|) 



^ V ^ l-C2(-r)2« i_c2(_^)2ft J (19.250) 

sin(r|fc| + (5g) 
^ 1-C2(-t)2« ^ ^ • 

is a normalization constant in a definition oi Q = =, =- — ^Zli^ (gee Eqs (14.139) 
and (19.28)). 

Let us consider 5Q-j^ as a Fourier component of a qQ field subject to the following 
initial conditions: 



= = g„r(0). (19.251) 



In this case one gets 



iM^3J^.%£+ (cj.^ ^ ^) ^ ^i=llI^C,,n , (19.252) 
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Cg is a speed of sound in a quintessence, and 5^ are constants. Let us notice that 
T = corresponds to t — > oo. Thus in some sense we have asymptotic conditions for 
gravitational waves. 

For further convenience it is good to change r into — r. In this way we get 

^ - + (c?*^ ^ ^) = -=g;^C,.in (.1*1-.,) , (19.253) 

Te(0,+oo), T=-^e-^i*. (19.254) 

The fluctuations (the field qq) of a quintessence Q are driven by gravitational waves 
and a quintessence field Q. It is easy to see that we are interested in solutions for small r 
(large t). In this case one gets 

^ - 3ifi^ + = Cj.in(r|fc| - (19.255) 

Let us calculate a constant k. One gets 

Hi \n + 2j \(3J mpi ^ ^' " 
= 8V37m(n + 2)VM ( ' ' ^ 



If we use our simplified model with n = 14, = a^m, itT'a — "^ew; we get 

K^IO^^. (19.257) 

Thus this is really a large number. 
Moreover for small r we have 



%ki^) - 0' ^ - °- (19.258) 
In this way we arrive to an equation 



d q^f: _ Ck 



and finally 



= [B^^kT^ ^ A^^T^-') (19.259) 



q^Ar) = - _ ^^^'^'^^ - (19.260) 

^'^^ ^ /3(« + 2)(k + 1) f3{K + l)K ^ ' 



346 



or (taking under consideration that k is very large) 

%k(^) = {B^kkr' + A^,r'-') (19.261) 

13k V 

+ A;Sg(i?iifi)-«^^/'^i)-i)e-^^* • e^i*^ (19.262) 

9o(t,r) = j q^^ity^Uk. (19.263) 

One gets 



Pk\ \Ri 



TT \ {bV2^/Hi)-1 _ 
-"1 \ -2BV2^t ^Hit 



(19.264) 



where 



f{f) = y A^e^'^'^d^A; (19.265) 

g{f^ = y \k\B^(^^^ d^k. (19.266) 

(7(r) and /(r) characterize a spatial dependence of gravitational waves background. 
For large t we have to do with g{f), i.e. 

go(t,r) = -£:,g[r){RiH^)-^(^^/'''^-^^ ■ e-^^'e""''. (19.267) 

In this way one gets from an energy-momentum tensor for qq 

T^. = d^qo ■ d^qo - |r/^. {d'^qo ■ d^qo + mlq^) (19.268) 



Pgo = ^44 = ^0 - ^ (^0 - I Vq-ol^ - mlql^ 

Pg,2nWRl (^{Hi -BV2^^ + \ V In g{r)\^ + 



(19.269) 



^2Hit^BV2nto 



where 

Pgr = (19.270) 
is an energy density of primordial gravitational waves. 
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For K = is a large number, 

bV2^ > Hi (19.271) 

and is going to zero if t — oo. This density will be frozen (no dependence on time) 
at an end of the second de Sitter phase t = t^J^d, to = ^initial- ^^^^ S^^^ 

_ 2nWRl ((i^i - BV2^f + I V ln^(r)p + ml) 



Pgr p2^^^(^2B,g^^j 



e^^i (19.272) 



where Ni is an amount of inflation during the second de Sitter phase. If ^(r) = const., 
Pqg is isotropic and homogeneous. 

The function g[r) can be written in a form 

9{f^ =90 + Sg{f^ (19.273) 
where 5g{r) is a small deviation and go = const. One gets 

V {lng{r)) ~ —VSg{r). (19.274) 

^0 

In this way one writes 

P,o=pI+^P<io (19-275) 



where 



^ 2nB^Rlpg, {Hi - BV2^) V TOq) 



(19.276) 



Hi 

According to our ideas the energy pq,^ should be stored as a gas of quintessence 
particles. The measurement of a low frequency speed of sound and a high frequency 
speed of sound can give us rj and its spatial variation. In this way we get also a square 
length of a gradient of 5g{r). If we suppose that pgr is stored as a gas of gravitons 
(massless particles with two polarization states) then one can write 

Pgr = Pgr (19.277) 

(see Eq. (19.231)). 

Probably we should also consider a gas of skewons. However, this is a different 
story. Taking into account (19.235) and (19.236) we should expect Spq^ as extremely 
small and we can neglect it in our theory. Moreover, pgj- is very important. Let us 
consider Eq. (19.253) for these values of r for which the variable t is close to t],^^ (the 
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end of the first de Sitter phase or beginning of the second de Sitter phase). In this way- 
one writes 

T = -i— e-^^*end +^ = ro + ^, < e « 1. (19.278) 

-ni-Ki 

Taking into account that ^ is very small we arrive to the following equation 
where 

5r = To|/e| (19.280) 



We have also initial conditions 

'^^°'-(0) = gofe(0) = 0. (19.281) 



Eq. (19.279) can be solved by a Laplace transform method in the case of 5^ = 0. 
Let 

+ ^-b\ (19.282) 

One gets 



and 



^^oa;(«) - ^H^sq,^^{s) + h%^^{s) = arctg (^^ J (19.283) 

^ CfcT-o arctg(^) 

CrTo 7 arctg(^)e*^ 

9ni: C = ^ / — ,o 19.285 

213 J s^-3His + b^ ^ ' 



However, we cannot get any compact form of this solution. Moreover for we are looking 
for a solution around zero, for 5^ = we get 

^^^^%in(e|/c|)c^-^^. (19.286) 



2^ " 2 

In this case the Laplace transform method is successful 



.0.(0 - + + ) (19.287a) 
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where si and S2 are roots of the polynomial 

5^-31^15 + 6^ = 0. (19.288) 
Moreover ^ is small. Thus we write 

e^'^^l + Si^, i = l,2, (19.289) 

and get 
if 

2 

A = - Ah^ = 9H^ - 4(clk'^ + ■^^) > 0. (19.291) 
If A < 0, one gets 

QokiO = (l + ^MlHiO sin(a;0 - cos(a;o)) (19.292) 

where 

2 

4a;^ = -A = 4(0^/^^ + -^^) - 9/^1^ > 0. (19.293) 

For small ^ one gets 

, , SCrTnlklHi 



the dependence on t is as follows: 



L(e-^i*-e-'^i*end). (19.295) 



Moreover t is close to t],^^ and we get 

(^-4d) (19-296) 

itl 

for t very close to t^^^^. 

In this way we get fluctuations of a quintessence in the moment of the first order 
phase transition of the first de Sitter phase to the second de Sitter phase. 

Finally one gets 

Crlfc|e--^i*-d 



X 1 + 



^ (19.297) 

3i?i 
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for 



with a condition 



and 



\k\ < ^j9Hf - 4Rle^^<n^ml = ko 

ZCg 



3Hi > 2i?ie-^i*»dTOo 



(19.298) 
(19.299) 
(19.300) 



for k > ko- 
One finds 

Qo{r,t) = 



-HitL 



1 + 



1 



(Tke 



ikf 



cm 



|A;|<A;o 



3ifi 



3(t - tLd) „-H.tLd j 



(19.301) 



2i?i 



(fke 



CM 



|fc|>fco 



Equation (19.301) gives us space-time fluctuations of a quintessence fleld after a 
phase transition from the first to the second de Sitter phase. Let us notice that (19.297) 
is singular for A; — > Ajq. 

In an approach devefoped here we consider Eq. (19.250) with zero initial conditions 
in various approximations. Moreover there is a different approach. In this approach 
we write a solution to Eq. (19.250) 



(19.302) 



where %%{t) is a solution of a homogeneous equation (a general integral) and %%{t) is a 
special solution to inhomogeneous equation. This different approach consists in taking 
qQ%{t) = and considering only qQ^{t). In this case we get nonzero initial conditions for 
quintessence fluctuations. However, this approach is not unambigous. Our approach 
is unambigous. The zero initial conditions are in some sense distinguished. 

Let us calculate an energy density of this scalar fleld. In order to do this let us 
write go(^: i) in a form 

go(r, t) = A{t) + i?(r)(4d - t) (19.303) 
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where 



A{f) = 



-HitL 



Cii\k\ 



|A:|<A;o 



X 



1 + 



mi 



B{t) 



|A;|>A;o 



(19.304) 



(19.305) 



One gets from the Eq. (19.268) 



1 



where 



P.0 =Taa=- {C{r) + i?(r)(4„d - ^) + ^(^KCd - 0') 



C(f) = B^{r)+mlA^{r) + | V(A(r))|^ 
D(f) = 2 ( V (A(r)) ■ V{B{r)) + mgA(r)S(r) 

E(r)=(|V(S(r))|VmgS^(r-)). 



(19.306) 

(19.307) 
(19.308) 

(19.309) 



All these formulae are satisfied for t close to t\^^. In general is anisotropic and 
inhomogeneous. For t\^^ — t is very small we get 



P.o = kc(0 + ^(f)(4d-*))- 



(19.310) 



It is interesting to calculate a time t{r) for which is zero (t(r) depends on a 
space point). One gets (neglecting gradients of A{r) and -B(r)) 



= 4d + 



1 



2ml 



nir 



fir) 



(19.311) 



where 



m = 



2i?i 



k\>ko 



d^ke^ 



ikf 



C%\k\ 



(C2fc2+it2m2e^^l*end) 



A;|<A;o 



d^k e*"^^- 



C%\k\ 



1 + 



(19.312) 

The conchision from these calculations is that after a very short time an energy 
density of quintessence fluctuations is going to zero (almost zero) and probably is frozen 
on a very low level. A time of this process depends on a space point. Moreover, after 
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sufficiently long time (which is really very short) we get a homogeneity and isotropy, 
as far as our rough calculations advise us. Let us come back to Eq. (19.253). Our 
solutions obtained here are for large t and t close to te^^- One can try to match them. 
It seems reasonable to suppose that p^^ (see Eq. (19.276)) is equal to this very low 
level energy density, mentioned above. 

The quintessence field qo (r , t) considered above can be a source of fluctuations of 
an effective gravitational constant Geff- 

Geff = Gn exp {-{n + 2)^Qo(r, t)) (19.313) 

(see Eq. (19.28)). If we use Eq. (19.267), wc get 

Gef£ = Gn exp , _ _\ = (19.314) 

V ^((i?i-SA/2^)2+|Vln^(r)|' + m2)/ 

and we connect contemporary fluctuations of an effective gravitational constant to an 
energy density of quintessence fluctuations. Taking a quintessence fleld from (19.303) 
we get 

Geff = Gn exp {~{n + 2)]3 {A{r) + S(r)(4d " t))) • (19.315) 

In this way an effective gravitational constant depends on a speed of a sound in a 
quintessence. 

In order to get some comparison let us consider a different approximation of a 
quintessence evolution given by Eqs (14.402) and (14.405), 

Q{t) = Qo + ^ sin(a;o^) (19.316) 



where 



or 



Mpi . / n 



/2 /, ,\n/2 



X 



2ai^+'^/'V2H^\ V^pi 

^ \ |_p|l/2 / 1^1 



(19.318) 



n + 2j \R{r) 

In terms of a conformal time r one gets 



Q{r) ^Qo-j sin ln(-ri?iifi) ) (19.319) 
^ = ■ 1 cos f ^ H-rR^H^) ) (19.320) 
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Let us notice that <^o is an arbitrary constant. 
Using Eq. (19.246) and Eq. (19.249) one gets 

SQ^, - SH^SQj; + U\k\' + ^) SQ^, 

^ ^ ^ ^ (19.321) 

= ^ {AuMr\k\) - i?,-cos(r|/c|)) cos ln(ri2iifi) 

where we change r — >• — r, r G (0, +oo). 

Let us consider 5Q^ as quintessence field g^^ (as before) and let us consider equation 
(19.321) for 

T = To + e=TfV^"'''*^"'+^' 0<C« 1 (19.322) 

(also as before). 

We can consider Eq. (19.321) only for r given by (19.322), for our approximation 
works only here. 

Changing a variable from r to ^ and doing some simplifications we get 

orr d%k ^ (j2\U\2^ ^0 



V ^1^0 / (19.323) 



= -^-|<^feCos(wotend)sin(|/c|^ + 5^) 

where 5^ = to|/c| — 5^ (as before). 
For a very small ^ we get 

sin(|/c|e + %) ~sin5g (19.324) 
and we get Eq. (19.279) for (^^ = and for small ^, is expressed in terms of and 



In this way using a Laplace transform method for this equation with initial conditions 
(19.281) one gets 



/ 1 e*i^ e*2? \ 



(19.326) 



where si and S2 are roots of the equation (19.288) and 

^PqUqCj^ sin 5^ cos(a;otend) 



F = ^ ^_ ^ " ^"'^^ . (19.327) 
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In this way we get similar solutions as before 



3Hi 



X 1 + 



^J9Hl - 4(c2|A;|2 + Rlmy^^n^) 



for \k\ satisfying condition (19.298) and 



Sif poJoCj: sill cos(^-()f^,^^^^)f ^^ ^l^'i 



4nd) 



for k> ko (see Eq. (19.298)). 
In this way one gets 



( 



X 1 + 



\lfc|<fco 

3Hi 



(^c2|/c|2 + i?2TO2e2-f^i*end) 



9if2 _ 4(c2|A;|2 + i?2TO2e2^i*end) 



*end) g-^^i4 



2Ri 



d^ke'^^- 



\ 



|fc|>fco 



:2|A;|2+i?2^2g2Hiti^A 



J J 



(19.328) 



(19.329) 



(19.330) 



Thus we get similar dependence on time as before (see Eq. (19.303)). Now with 
the functions 



A{r) 



I 



|fc|<A:o 



(c2|A;|2 + i?2TO2g2ifiti„^^ 



X 1 + 



B{r) = 



^9iy2 _ 4(c2|A;|2 + Rfmy^^r.^) 



ApRiHi 



CfcSin^^ 



|fe|>A;o 



c2|/c|2 + i?2^2g2Hiti„,^ 



(19.331) 
(19.332) 
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and 



m 



\k\> ko (c2|fc|2 + i?2^2g2H,ti^,-) 

2Ri I d^ke'''^ '^k^^^^k 



X 1 + 



k\<ko {cj\k\^ + Rlmy^n.) (19.333) 

3Hi 



9H^ - 4(c2|A;|2 + Rlmle^^^'ln^) 



in the place of A{r), B{r), f{r) (see Eqs (19.306-=-312) and a discussion below which 
is applicable here). 

The general conclusion from our recent calculations is such that a behaviour of 
quintessence fluctuations does not depend on an evolution law of a quintessence for 
time close to t\^^. 

Let us consider Eq. (14.402) for M < 0. In this case one gets 

Q = Qq + Vo sinh(a;ot) (19.334) 

where ujq is given by Eq. (19.318). It is easy to see that we can repeat all the con- 
siderations given above, changing sin into sinh and cos into cosh. In this way one 
gets 



^ Cfe sin 5^ cosh(a;o4^d)y^o^o 



mi 

1 + 



(19.335) 



for |A;| satisfying condition (19.298) and 
for k>ko (see Eq. (19.298)). 
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One finds 



Qo{r,t) 



( 



X 1 + 



\k\<ko 

3Hi 



^J9Hl - 4(c2|A;|2 + Rlmy^<r.a) 



(19.337) 



^end) ^-Hit' 



2Ri 

and consequently 



/ 

\k\>ko 



(^c2|/c|2 + i?2m2e2Hiti„^^ 



COs(c^otend) 

= ^ cosh(u;otLa) ^(^^ 

cos(c^otLd) 
7(r) = 7(r) 



(19.338) 

(19.339) 
(19.340) 



with the same conclusions as for a case with M > 0. In this case an amount of inflation 
reads 



iVi = l^tHi = 



Hi 

ijjQ 



pi 



arsinh 



In 



6\M\ (n + 2) 



1 + y/l + ifi^n 

ipon 



(19.341) 



Let us give simple applications of our inflation theory (which is effectively similar 
to a hybrid inflation) to CMB anisotropy problem. In order to do this we remind to 
the reader some notions of CMB anisotropy theory: 



rp ^ 2^aimYi,m{e) 



(19.342) 



l.m 



where Yij^^e) — Yim{0,if) are spherical harmonics and aim are multipole coefficients 
of CMB. means ffuctuations of a temperature of CMB measured in a direction 

of e parametrized by two angles 9 and (p. A direction of a photon is n = — e. 
After averaging one gets 



{O'lmO'i'm') — ^ll'Smm'Cl- 



(19.343) 
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For a two point correlation function one gets 
/ AT AT \ 1 

( -Tfriei) ■ ^(62) ) = J- + l)CiPi{cos 9) (19.344) 

(see Refs [110] for more details) where Pi{cos6) is a Legendre polynomial. Thus in 
order to compare a theory with observations it is necessary to calculate Q in some 
region of I (i.e., 2 < I < /max)- Usually we subtract effects of relative movement and 
Co = Ci = 0. 

Ci can have different origins coming from several types of perturbations (i.e. scalar, 
vector, tensor) (see Refs [110] for details). In our theory we have scalar perturba- 
tions due to inflation and tensor perturbations due to gravitational waves. In our 
three models of Higgs' field evolution we get a power spectrum of primordial scalar 
fluctuations (see Eqs (18.87), (18.69), (18.10)) and a power spectrum for tcnsorial fiuc- 
tuations (gravitational waves fluctuations) Eq. (19.235). The tensor fluctuations are 
scale invariant 

riT = ?^gr — 1 = 0. 

In the case of scalar fluctuations we calculate Ug and -^^^j^ (see Eqs (18.14), (18.15), 
(18.72), (18.74), (18.90), (18.91)) and we flnd conditions for = 1. Thus we get 
(under some conditions) a Harrison-Zel'dovich spectrum. Moreover can be in 

general nonzero and it is possible to use it to compare with observations in order to 
falsificate some models. In general we get in three cases 

Pr{K) = PJi^"^-^ (19.345) 

Thus via a standard procedure (see Refs [110]) one gets 

cs^ilil r(3-n.)r(/-i + t) 
I 9 23-^^r2(2-^^)r(z + f -^) ^ ^ 

where ~ 1. 

If we take = 1 we get 

l{l + l)Cf = const. (19.347) 

which is in an agreement with observational data. In the case of tensorial (gravitational 
waves) perturbations one gets 

P'^{K) = Po^ri^ngr-i = pg^-K^T (19.348) 
and by a standard procedure 

_ ^gr _ (/ + 2)! r(6 - - 2 + ^) 

^i-^i-^'^o) ^;_2), 26-Tr2(|-nT)r(/ + 4-i|:)- ^'^"^^^^ 
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For TT-T = or Ug^ = 1 one gets 

(see Refs [110]). The singularity for Z = 2 is not realistic, there is only an amplification 
for I = 2. 

Let us notice that our power flat spectrum (scale-invariant) is a good starting 
point for every structure formation theory in the Universe. Using our full P^{K) 
spectras we can do more precise calculations for Cf . Especially in order to compare 
with future very precise cosmological observations (Planck satellite) we should take 
under consideration and deviations from scale invariant spectrum, which has 

been reported from WMAP data. Some further developments of our Pr{K) spectras 
are beyond the scope of this work for they strongly depend on details of cosmological 
models involved (see Refs [110]). In particular we can consider Cf and Cf^ only for 
I < 100. For / > 100, ^ is dominated by acoustic oscillation (see Refs [110]). Cf^ are 
very small for I > 60 (they decay on sub-horizon scales). Finally we write 

Cflil + 1) = const. ^ ( (^^{di) ) ) , (19.351) 



and 



(19.352) 



CfK( + l) = (0^^.^^i|±il_. (19.353) 

The behaviour of Ci for / > 100 is beyond the scope of this work (now). 

The interesting point in future calculations is to consider an influence of quint- 
essence fluctuations. Those fluctuations are of scalar nature. For they depend on 
gravitational waves fluctuations their influence on Cf is negligible. 

We can consider some applications of a quintessence in astrophysics. First of all we 
can develop a formalism concerning a macroscopic flow of a quintessence gas (i.e., a 
relativistic hydrodynamics of a quintessence). For a quintessence field has an infiuence 
on an effective gravitational constant, such a fiow can disturb gravitational interactions 
between galaxies or even stars. In this approach we should add some assumptions, 
e.g. that a quintessence energy density is an energy density of quintessence field in a 
statistical field theory. However, this is beyond a scope of this work. 

Secondly, it is interesting to consider a Bose-Einstein condensation of quintessence 
particles. They are massive scalar particles. Under some assumptions (beyond this 
theory) we can find a wave function of a condensat. This wave function can be consid- 
ered a field of a quintessence and afterwards enters the formula for Geff- In this way 
Einstein-Bose condensation can infiuence effective gravitational interactions between 
galaxies and stars. This is also beyond a scope of the work. 
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As a typical astrophysical application we can consider a problem of N bodies with 
the quintessence field. In this problem N points interact gravitationally with an ef- 
fective gravitational constant depending on a distance. The simplest case is of course 
a two bodies problem. However, this problem cannot be solved analytically. It can 
be considered numerically using some codes for the N bodies problem. This is also 
beyond a scope of our work. Moreover, some numerical solutions can be applied for 
galaxies movement in a cluster of galaxies. 

In all of those problems we should consider quintessence fiuctuations developed here 
as a source of quintessence gas and Bose-Einstein condensat. In the third problem we 
should also consider an interaction of a quintessence field with mass points. 

It is interesting to consider a continuous distribution of a matter (a dust) under 
gravitational interaction and a quintessence. In this way we consider hydrodynamic 
equation coupled to a quintessence field in a Newtonian physics limit (i.e. selfgravitating 
system with Ggfr depending on a quintessence). 
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Conclusions 



In this paper we consider the Nonsymmetric Kaluza-Klein (Jordan-Thiry) Theory 
with spontaneous symmetry breaking and Higgs' mechanism with a scalar field ^ (see 
Introduction for a short description). We get inflation from this theory with a quint- 
essence and several testable cosmological predictions. We find a dynamical model for a 
cosmo logical constant. In the models of the Universe we get several phase transitions 
of the second and of the first order. The real source of a quintessence is a scalar field ^. 
Due to its very unusual selfinteraction potential (coming from higher dimensions) it 
can proceed to the very unexpectable features. Of course this is not the end of the 
story. This is really a beginning. 

Especially we should develop a supersymmetric (supergravitational) extension of 
our theory. In order to do this it is necessary to use a general formalism of super- 
manifolds [136] and super-Lie algebra theory [137,138]. We should develop Einstein- 
Kaufmann connections on supermanifolds and super- Yang- Mills fields based on super- 
Lie group. Prom physical point of view the formalism by P. Nath and R. Arnowitt 
[139] will be very helpful. On the other side we can use also a theory of symplectic 
structure on homogeneous spaces [140]. 

In that way we want to connect our approach to classical approach with supersym- 
metry and supergravity [141] with a geometric formulation [142] geometrizing fermion 
fields. Perhaps our approach is one of the phases of M-theory (see [143]) as a low 
energy theory. 
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